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PREFACE 


The function of a preface is to entice readers to a perusal of the book, 
to which it IS written, by explaining its object and scope. In the present 
instance this explanation may he given quite briefly. We have attempted 
to give a quite elementary and self-contained account of the theory of 
group representations with special reference to those groups (particularly 
the symmetric group and the rotation group) which have turned out to 
be of fundamental significance for quantum mechanics (especially nuclear 
physics). We have devoted particular attention to the theory of group 
integration (as developed by Schnr and Weyl) ; to the theory of two- 
valued or spin representations, to the representations of the symmetric 
group and the analysis of their direct products; to the crystallographic 
groups, and to the Lorentz group and the concept of semi-vectors (as 
developed by Einstein and Mayer) We had originally planned a chapter 
devoted to actual applications of the theory to concrete problems in 
nuclear physics and had secured the cooperation of Professor J. A. 
Wheeler, whose distinguished work in this field is so well known. How- 
ever, considerations of space have prevented the inclusion of this chapter 
in the present volume , we hope to give an account of these applications 
in a future publication 

The three outstanding names m the theory of group representations 
are Frobenius, Schur, and Weyl. Any formal dedication would be pre- 
sumptuous, but we hope that some of the flavor of their work may have 
been caught in the present book. 

If this work possesses merit, it is due to the following circumstances. 
In the first place, we are fortunate in having as colleagues at Johns 
Hopkins, 0. Zariski, A. Wintner, J Williamson, E. R. van Kampen, and 
0. F. G. Schilling, and owe much to their friendly cooperation. Secondly 
the Institute for Advanced Study, Princeton N J., generously invited 
us to be a guest member during 1936-37; amongst our many debts 
incurred during our association with the Institute, we must here record 
those to Weyl and Wedderburn. We highly appreciate the pamstaking 
care and efliciency of the J H. Furst Company in this somewhat difificnlt 
piece of printmg; and we wish to thank the manager of the Johns 
Hopkins Press for his courteous service which has made our relatrons 
with the Press so agreeable. 
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In the days when Ireland was known as the Land of Saints and Scholars 
the usual inscription on an illuminated missal or literary effort was 
“ To the Glory of God and Honor of Ireland.” In imitation of this pious 
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CHAPTER ONE 


GKOUPS AND MATRICES 

The object of this work is a stady of those groups which are of im- 
portance in quantum mechanics (particularly, nuclear physics) and our 
mam interest is in the theory of the representations of these groups by 
linear groups. We proceed, therefore, to explam what is meant by a 
group; by a Imear group; by a representation of a group; and we list 
the particular groups m which we shall be interested. 

1. The group concept. 

We suppose that we have a collection C, finite or mfinite, of elements 
s, i, u, • and an associatire law of combmation, termed product, which 
associates with any two of these elements (s, t), say, taken m a definite 
order, a third element u in C. When this is the case we say that the 
collection C possesses the group property. If, in addition to possessing 
the group property, C possesses another property which we shall shortly 
describe, we shall term it a group, but before describmg this second 
property, we think it desirable to say a few words concerning the law of 
combination which we term product and denote by ts As remarked 
above, the order in which the elements s,t are taken is, in general, 
material so that ts is not, necessarily, identifiable with st We term, 
therefore, st the product oi t by s and ts the product of s by < ; the order 
in which the factors s, t of the product are named, or taken, being from 
right to left. The product ts is itself an element of (7 ts = u, but it is 
not assumed that t and s are distinct nor that u is different from either 
s or t. Thus ss (written s*) is an element u ot C and it may happen 
that u = s. Expressed somewhat technically, ts is a function on ordered 
pairs of elements {s, t) of C to elements of C. It is essential that the 
function ts be one-valued ; i. e. when s and t are given u is uniquely 
determined. The adjective associative means the following : if s, t, u are 
any three elements of C we may first form the product v = <s of s by t 
and then the product lo — uo of v by «. lo = uo — «(<«) , but we may 
also first form the product x — ut of t by u and then the product y — xs 
of s by X y = xs—{ut)s. The product function is termed associative 
when to — y ; i. e. when u{ts) — (ut)s for every triad of elements s, t, u 
of C. The parentheses may, accordingly, be omitted and we may write 
simply uts for the common value of u{ts) and (ut)s. It is clear that if 
s, t, u, V are any four elements of O we have 

v(uts) — v{u(ts)) — {vu) {ts) — {vut)s 
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and m general if 5i, «>, * - aw are any n elements of O', n » 3, 4, 6, ‘ - 

ii(^2 * ®») (^1^2) (^2 5 «) (SiS2Sa) (S4 Sn) ““ 

^ (S1S2 ' SXj) (SXi+l ^+X|) (sXi+X^fl ) ( Sn) 

where Ai, A 2 , * A* is any partition of n into positive integers : 
ft « Ai Aj -)- ■ A** 

This associative law is very significant and important. A product uts 
may be complicated to evaluate m the form u(ts) but trivially easy m 
the form (ut)s. 

As has been emphasized above the order of the factors s, t in the 
product IS, in general, material so that there is no presumption that 
st — ts. If, however, our collection O of elements (s, t, u, ) possesses 
the additional property relative to the product function ts that st => ts, 
every s, i m C, we term the collection C commutative or Abelian relative 
to the given product function. 

Examples 

1. If the elements s,t,u, of C are numbers, real or complex, 
and the law of combination, which we term product, is ordinary addition 
(e. g. 3.6 — 8, not 15) we have as obvious collections possessing the 
group property 

(a) C, the collection of all complex numbers (b) C, the collection of 
all real numbers (c) C, the collection of all integers, positive, negative, 
or zero (d) (7, the collection of all real numbers ^ p where p is any non- 
negative number (e) C, the collection of all even integers, including zero. 

2. If the elements of C are as in Ex. 1 but the law of combination is 
ordinary multiplication all of the collections of Ex. 1 save (d) possess 
the group property, (d) will possess the group property if p ^ 1. 

3. If the elements of (7 are »t X ft matrices ( 1 . e. matrices of m rows 

and ft columns) and the law of combination is ordinary matrix addition : 
[ts)it^ — where V denotes the element in the ;-th row and fc-th 

column of s: then the collection of all such matrices with complex (or 
real) elements possesses the group property. 

All of the collections, possessmg the group property, of Examples 
1, 2, 3 are Abelian. As an important example of a non-Abelian collection, 
we cite 

4. The elements of O' are n X ft matrices (or, as we shall say, matrices 
of dimension n) and the law of combination is ordmary matrix multi- 
plication : 


(ts)t,l — tJSk‘ 
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(the doable use of the Greek label a indicating summation over the range 
1 to n ; thus is an abbreviation for tiW + <2^^* + • • + : 

then the collection of all such matrices with complex (or real) elements 
possesses the group property. That the associative law is obeyed follows 
from 

Ua ^ — ((u<)*)»^ 

(the occurrence of the two Greek labels ot, indicating a double summa- 
tion where a, fi take, independently, aU values from 1 to » so that there 
are n* terms m the double summation). 

It IS clear that the collection is not Abelian for sjtk’^ is not, m gen- 
eral, the same as If, however, we consider the collection of all 

fl -dimensional diagonal matrices; i. e. of all matrices s of dimension n 
whose non-diagonal elements are all zero; Sk-' <= A* if j = fc; -= 0 if 
j ^k and if the law of combmation is ordinary matrix multiplication 
then the collection possesses the grou* property and is Abelian. In fact 
on writing =" /% if ; = k , = 0 if j '9^ k we have 

(fs)u^ — = 0 unless j -« k in which case it ■= /utA* 

so that is is diagonal and si = is If s is diagonal and, tn addtiton, has 
all its diagonal elements equal * 

Ai »= X2 ^ ^ Aft 

we term it scalar. It is clear that the collection of all scalar matrices of 
a given dimension n possesses the group property (with respect to either 
ordinary matrix addition or ordinary matrix multiplication as the law of 
combination). 

The additional requirement we impose upon a collection C of elements 
(s, t,u, ), which possesses the group property relative to a given law 
of combination is, before we agree to term the collection a group is the 
following • we demand that for every s m C there exists an c in G with 
the property se = s and also a f, in G such that si, = c (The placmg 
of the subscript a on t is to emphasize the fact that U will vary with s). 
As far as this imposed requirement is concerned we would be satisfied if 
e or/and t$ is/are not unique, we shall see, however, immediately that 
the already imposed requirement (that C possesses the group property) 
guarantees the uniqueness of e and t,. We may express our second 
requirement as follows : we demand the existence of (at least) one right 
unit and of (at least) one right inverse of each s relative to this unit : 
the sense of the word right being that the unit and inverse elements are 
taken first in forming the products. 
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If « is an arbitrary element of C there exists a t, such that at, a 
and so t,st, — t,e — t,. If u, is a right inverse of t, with respect to a 
(the existence of Ut being guaranteed by our second requirement) we have 

t,at,u, — t,u, — e 

and writmg the left hand side in the form (t,a) (t,u,) it evaluates as 
(fis)e — t,s so that t,a — a. In other words the assumed right inverse 
of a, with respect to a, is at the same time a left mverse of a with respect 
to a. Furthermore as — (at,)a •^a(t,a) — aa — a so that the assumed 
right unit a is also a left unit. The uniqueness of a is then evident; 
for suppose there existed a second right unit a' : ae' — a : then, in par- 
ticular, aa' «« a ; but we have already shown es = a, and, in particular, 
ee' — a'. Hence a — s'. In other words the postulated right unit a is 
unique and is at the same time, a left unit. There is no other left unit 
e'; for from e'a — a we obtain e = a<, — (a's)<, ■— e'(a<«) =a'e = e'. 
In other words there exists m (7 a unique right and left unit a : i. e., 
a unique element a such that for every a in (7 

aa — ea — a. 

It follows also that the assumed right inverse t, of a, which is also a left 
mverse of a, is unique. More precisely there is no other right inverse 
nor left mverse of a. In fact let t', be a second, assumed, right inverse: 
at', —< a. Then t, — t,e — t,(at',) — (t,s)t', — at', — t', so that there 
IS no other right mverse of a than t,. Let u be any left inverse of 
a; tia •— a, then t, -=• et, — {ua)t, — u{st,) =tia — « provmg the 
uniqueness of the left inverse of a. Hence associated with each element 
a of C IS a uniquely determinate element of C (which we term the mverse 
of a and which we denote by a'^) satisfying the equations 

aa"‘ — r^a — a. 

It follows that not only is the product m — is a one-valued function of 
its arguments a, i but a — i'^u is a one-valued function of u, t and 
t — «s'^ 16 a one-valued function of a, «. The essential feature of this 
result IS the following, if t is any fixed element of the group G {ve 
denote by 0 a collection 0 possessing the group property which is at the 
aame time a group) then as a runs over G so also does ia and ai there 
bemg a one-to-one correspondence between the elements a of G and the 
elements « — ia, t) — si of the two rearrangements of G. 

The followmg collections of elements, possessing the group property, 
also satisfy the second requirement and, hence, constitute groups 
1) The collection of aU complex (or of all real) numbers with ordi- 
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nary addition as the law of combination; the nnit e — 0 and — — s. 
Here ts — t-\-8 is obtained from s by the translation t. This word is 
carried over mto the general case and the rearrangement of G indicated 
by £-> fs is termed the left-translation of G mduced by t; the rearrange- 
ment indicated hys-*st being termed the right translation mduced by t. 
For Abelian groups (to which belongs the present example) both trans- 
lations, right and left, are the same. 

2) The collection of all mtegers (or of all fractions — rational num- 
bers) with ordmary addition as the law of combination; the unit e — 0 
and — — s. 

3) The collection of all complex numbers, or of all real numbers, or 
of all rational numbers, loith the exception of zero, with ordmary multi- 
plication as the law of combmation; the unit e — 1 and s'* — 1 -r-s. 

4) The collection of aU non-smgular matrices, of dimension n, with 
complex elements with ordmary matrix multiplication as the law of com- 
bmation ; the unit e — En where En is the n-dimensional diagonal matrix 
all of whose elements are imity The inverse of s is constructed as 
follows: set up the matrix of the cofactors of s, transpose it (i e , mter- 
change its rows and columns) and divide it (i. e. divide each of its 
elements) by dets, the determinant of s. This particular group, and 
various subgroups of it, will engage a considerable portion of our atten- 
tion and we shall refer to it as the full linear group (of dimension n) ; 
the subgroup of it which consists of all non-singular matrices, of dimen- 
sion n, with real elements we term the real Imear group. The collections 
of all non-singular diagonal matrices, of dimension n, with complex ele- 
ments (or with real elements) are Abelian subgroups of the full linear 
or real linear group, respectively; neither the full linear group, nor the 
real linear group, being themselves Abelian ( — commutative). Simi- 
larly the collection of all non-smgular scalar matrices of dimension n 
with complex elements (or with real elements) constitutes an Abelian 
group, the law of combination being ordinary matrix multiplication; 
we refer to this group as the scalar group (complex or real as the case 
may be) of dimension n. 

2. The symmetric group. 

Of fundamental importance for us is the symmetric group or the group 
whose elements are the nl permutations on n S 3 rmbols (1, • ,n). It 

must be clearly understood that the elements of the group are not the 
sets of n letters but the operations mvolved m passing from a standard 
arrangement, say (1,- ',n), to any arrangement of these n letters. 

A typical element s may be mdicated thus : 
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the notation implying that the operation s replaces 1 hy Su 2 hy S:, ■ ■ , 
n by Sn where each of the symbols Si, , Sn assumes one of the ralues 
(1, • ,n) no two of them assuming the same value. It is clear that if 



is any permutation of our collection s may be represented by 
Vu ts) ■ itn ) \ / 

since this means that s replaces ti hy ti by sy, and, in general ts by st^ ; 
since 1 IS m the set h this means that s replaces 1 by a, and, similarly, 

2 by «j and so on. Hence the operation indicated by f really a 

permutation (i. e. the values assumed by the symbols sy, he in the set 

1, • , and are all different) and is, in fact, the permutation t 

By the law of combination ts we understand that we first perform the 
operation s on the symbols (1, , n) and then follow this by the opera- 

tion t. Smce j IS sent by s into Sj and sj is sent by t into t,, the sequence 
of the two operations, in the order first s then t, sends ; into t,, It is, 
therefore, by the remark ]ust made, itself a permutation so that the col- 
lection C whose elements a are the permutation operators s (of which 
there are n') is a collection possessing the group property relative to a 
law of combination which is defined by mere sequential performance 
That the collection is a group follows at once from the observation that 



is a right unit and that 

\Sl,- ,Sn/ \Sl/ 

IS a right inverse of s — t respect to e. A permutation which 

sends <y, ; — 1, • • , n — 1 into fy+i and U into h (i. e. where each of 
the letters ti, tz, , tn, supposed arranged along a circle, is sent into 
its successor) is termed a cycle on n letters and is conveniently denoted 
by the symbol (ti, fj, •,<«): 
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and it IS immediately clear that 


(fl, , tn} “ (fj, f«, , fn, fi) — 

“ (f», tl, ■ 


In other words it is immaterial with which of its letters a cycle starts off ; 
what is significant is the sequence m which the letters are written. It is 
also clear that the inverse of the cycle t = (<i, ■ , tn) is itself a cycle, 

namely, the cycle t with the sense reversed; 

^ “ (^J> fij >t«)“ “(fn, fn-i,” ,fi). 

It is also clear that any permutation whatever can be written in a unique 
manner as the product of cycles, the order m which the factor cycles are 
written being immaterial (since no two of the cycles have a common 

letter). E g., «=-5, s = (264)(13) - (13)(254); 

where we understand by a cycle on less than 5 letters, such as (13) or 
(245) the permutation on 5 letters in which the letters not written down 
are unchanged. Thus 



3.2. 1.4.5 

1.2. 3.4.5 


Similarly f 


2,3,1,4,6\ 
1,2, 3,4, 5/ 


-(123) (4) (6) = (123), 


We shall denote by Si the number of unary cycles (i e. cycles on one 
letter, or fixed letters), by the number of binary cycles (— cycles on 


two letters or iransposihons) and so on. Thus for s 
*„ = 1, «3 = 1, *4 = 0, otj — 0 whilst for 


/3,5,1,2,4 

1^1,2,3,4,5 


) 




0 , 


Since for any permutation s on n letters the total number of letters in 
the various cycles into which it is factored (including the unary cycles) 
IS n we have the basic relation 


( 1 . 1 ) *1 -|- 2*3 -|- w. 

We say that a permutation s which factors into Oi unary cycles, «2 bmary 
cycles etc , has the cycle structure (a) and we shall refer to the collection 
of permutations each of which has a stated common cycle structure (a) 
as the class (a) of permutations on n letters. It follows then that the 
number of distinct classes is the number of distinct solutions in integers 
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(poBitive or zero) of the equation (1. 1). It is important for us to notice 
that this is precisely the number of partitions of n mto integers positive 
or zero ; m fact if we write 


( 1 . 2 ) 


Ui 

ati -f- • • -)- 0^, ^ A] 


* 

it is dear that 


«• — A» 


Ai Ag *4" ‘ ‘ “j“ An flj Ai — Ag — * “ An — 0. 

Conversely given any such partition of n we may associate with it a 
solution (a) of (1. 1) defined by 


(1.3) Ai Ag > fltg ““ Ag Ag ^ , ft* An. 

It is convenient to omit the zeros which may occur at the end of a parti- 
tion of n ; thus if A* > 0, A*+i — Ajug =“ - • — A« — 0 we denote the 
partition (Xi, • , A«) of n by (Ai, , A*) using an exponential nota- 
tion when two or more adjacent A’s are equal. Thus the partition 
(3, 2, 2, 1, 1, 1, 0, 0, 0, 0) of 10 18 written (3, 2*, 1"). For small values 
of n the various partitions of n and their number r are as follows : 

n-1; (1); r-l. 
n-2; (2), (1‘) ; r-2 
n-3, (3), (2,1), (!•); r-3 
n-4; (4), (3,1), (2>), (2,1*), (1‘) ; r-5 
n-6, (6), (4,1), (3,2), (3,1*), (2*,1), (2,1*), (1») , r=7 
n - 6; (6), (6, 1), (4, 2), (4, 1*), (3*), (3, 2, 1), (3, 1»), (2»), (2*, 1*), 
(2,1‘), (I*), r-11 


The number of partitions of n, and hence of classes of the symmetric 
group, increases rapidly with n. For n — 10 it is 42, for n = 16 it is 
231 whilst for n 20 it is 627. It is convenient to arrange, as has been 
done above, the partitions of nin dtctfonariy order; (Ai, ■ , An) precedes 
(A'l, ^A'n) if the first of the differences Ai — A'i,Ag — X'j, ,Afl — A^n 

which does not vanish is positive. 

It is important to know, and easy to find, the number of permutations 
s which belong to the class (oc). We imagine the unary cycles written 
first, the binary cycles next, the ternary cycles next etc., and examine 
any particular permutation s of the class (a). All permutations of this 
class will be found in the collection obtained by subjecting the n letters 
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appearing in the cycle description of s to the n! permutations of the 
symmetric group; but smce the order m which the unary cycles, or the 
binary cycles, or the ternary cycles etc. are written is immaterial, each 
permutation will be found (at least) a^l ajl - * , Onl times m this 

collection. In addition smce each of the binary cycles may start off with 
either of its two letters, and since each of the ternary cycles may start 
off with any one of its three letters, and so forth, without affecting the 
permutation harmg the indicated cycle structure, the number just written 
must be multiplied by • n***; any other permutation of the letters 

appearing m the cycles will change the permutation furnished by their 
product BO that the number of permutations of the symmetric group on 
n letters which belong to the class (a) is 


( 1 . 4 ) 


n! 

Ojl3“* a,I 


an ! 


(where we follow the usual convention according to which 01 = 1). 

The reciprocal of any permutation s may be obtamed by analysmg s 
mto a product of cycles (there bemg no letter common to any two of the 
factor cycles) and so and s have the same cycle structure. In other 
words each class contaws the reciprocal of each of the permutations 
contained in it. Again if s and p are any two permutations of the 
symmetric group on n letters 


we have 

‘ - 1 {”;) t (;' ) t ( ’,) - 1 t (*; ) t (;) - 1 (^;) 


(since in forming the product we read from right to left so that first 
Pj—*j and secondly 3~*si and then, finally, s> The cycle struc- 


ture of t (^;) depends only on s and not at all on p; in oarticular it 
must be the same as the cycle structure of t ^ “ t ^ = a. In 


other words all permutations of the form psp~^, s fixed, p variable, have 
the same cycle structure or, <is we express it, belong to the same class. 
For a reason which will be made clear in the next paragraph we term 
psp~^ the transform of s by p**. Our argument shows that if s and t are 
permutations with the same cycle structure and if the factor cycles of s 
and t are arranged in the same order (so that if (s„Sp,i, ,Sihs) is a 
factor cycle of s then (fp, <p+i, • , <p,*) is a factor cycle of t) then 
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p"* — ® t““PSF'^, m fact 

p-^ sends t) into Sj, after which s sends Sj into Sjti and finally p sends 

sj+i into fj+i BO that psp-^ sends <j into tj^t. Thus — t 

— (134) transforms s — (123) (46) into t — (421) (36). Of course the 
transforming permutation p-‘ is not unique (owing to the variety of 
possibilities in writing the cycle factorisation of either s or t). Thus in 
the example given we may write t in the forms (214) (35), (142) (36), 
(421) (53), (214) (63), (142) (63) so that in addition to the trans- 
fonnmg permutation = (134) already given we have the transform- 
ing permutations (12)(34), (234), (1364), (12)(354), (2354). 

If (* 1 , • , Xn) are n indeterminates we denote by A(*) the difference 
product 

n (*i — *t) = (*i — *2) (*i — *2) (*«-i — x„) 

i<* 

and it is clear that any permutation p of the subscripts 1, • ,n 

attached to the a’s can, at most, change the sign of A(*), since this is 
all it can do to each of the factors (xj — ast). If p contains but one 
cycle on letters (in addition to n — m unary cycles, if m < n) 

1 . e. if p IS of the form (<i, < 2 , , tm) we can analyse it into the product 

of TO — 1 bmary cycles (transpositions) thus . 

P **= (^ 1 ,^ 2 , , t«) (fi, fm) (^ 1 , fm-i) (^ 1 ,^ 2 )* 

Of course this is not a cycle analysis of the type considered above (where 
no two cycle factors had a common letter) since each of the m — 1 
binary cycles has the common letter Since each of the to — 1 trans- 
positions (<i, tm), • , (< 1 ,^ 2 ) changes the sign of A(*), p will change 
the sign of A(*) if to is even and leave it unaltered if to is odd. Hence 
a general permutation, of cycle structure (o), will leave A(*) unaltered 
if *2 + *4 + • '18 even and wiU change its sign if *2 + *4 - 1 - 

is odd. We shall term a permutation even if it leaves A(x) unaltered 
and odd if it changes the sign of A(x). We see then that a class (a) 
contains only even permutations if *2 -i- *4 + «» + 'is even and 
we refer to such a class as an even class; the classes for which 
«2 + <*4 + «« + • 18 odd being termed odd. It is clear from the 
definition of evenness that the collection of all even permutations on n 
letters possesses the group property; and that it is a group (since it 
contains the unit permutation e and since the reciprocal of any even 
permutation p is even belonging, as it does, to the same class as p). 
If t IS an odd permutation the left translation of the symmetric group 


/123 45 \ 
V4 2 1 3 6/ 
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induced hj t: s-^ts translates the even permutations into odd permuta- 
tions and the odd permutations mto even permutations so that there are 
exactly as many even permutations as odd ones in the symmetric group 
on n letters The group of n 1/2 even permutations on n letters is known 
as the alternating group on n letters. We refer to a group containing a 
finite number of elements as a finite group’, and term the finite number 
of elements in the group the order of the group. Thus the symmetric 
group on n letters is a finite group of order »1; whilst the altematmg 
group on n letters is a subgroup of the symmetric group on n letters of 
order n 1/2. 

3. The full linear group. 

Before we can describe this group (which, with its subgroups and the 
symmetric group, will principally engage our attention) it is necessary 
to say some words about what is meant by a linear vector space. This 
18 , in the first place, an Abelian group containing elements s,t,u,- • ■ 
with a law of combination termed addition (rather than multiplication 
as before) and denoted by + (thus we write <-+-■* instead of the pre- 
vious symbol ts) , the Abelian nature of the group is described by the 
formula a -f < — < -f- a, every s, t, and we denote the unit e of the group 
by 0 • s 0 = s, every s. In the second place we assume that the opera- 
tion of multiplication by any complex number is defined over the group 
and that the group is closed with respect to it , in other words if s is any 
element of the group and a any complex number then «s has a meaning 
and IS, m fact, itself a member of the group. Terming the process of 
multiplication by a complex number an operator we may say that a Imear 
vector space is, firstl}', an Abelian group over which there is defined an 
operator (on elements s of the group to elements t of the group), namely, 
multiplication by an arbitrary complex number * : < = as. Thus, briefly, 
a linear vector space is an instance of a group with an operator. As 
properties of the operator we assume the foUowmg : 

(a) (o + fi)s = as -)- fis, )3(as) = (;8a)s; every s of the group and 
every pair of complex numbers 

(b) as = s, every s, when a = 1 ; that as ■= 0 (the unit of the group), 
every s, when a is the complex number zero follows from (a) on setting 

(c) a(f -I- s) — = af -f- as, every s, t of the group and every complex 
number a. 

We refer to the elements (s, t, • ) of the group as vectors and to 

the multiplying complex numbers as scalars. 
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On Betting t — i 0 in (c) it is dear that aO 0, every a and so the 
group consifiting of the single vector 0 u a linear vector space , we refer 
to it as the zero dimensional space, or briefly, the zero space. If there 
exists a vector s other than 0, whilst every vector ^ the space is of the 
form as, we term the linear vector space one-diiaah*ional ; and we say 
that any two vectors as and fis of the one-dimensional Imear vector space 
are linearly dependent. In general n vectors Si, a*, ■ ■ ■ , s» of a Imear 
vector space are termed Imearly dependent if there exists a linear relation 
a*Si -|- a*S 2 -|- a“a, — 0 {other than the obvious, but trivial, one 

which obtains when all the scalar coefficients a', a*, , a” are zero) 

amongst the » vectors, in the contrary case, i. e when no such non-trivial 
linear relation exists, we say that the n vectors Si, ,Sn are linearly 
independent. In other words a hypothecated relation a‘a, -f a% 

a^Sn » 0 together with the datum that the n vectors s,, , Sn are 

linearly independent forces the condusion . all >- 0, h — 1, 2, ■ ■ - , n. 
When a linear vector space contains n and not more than n Imearly 
mdependent vectors we term it n dimensional. If s,, , Sn are n 

Imearly independent vectors of an n dimensional linear vector space 
and t 18 any vector of the space we can hypothecate the relation 
at -|- a‘Si -f- -|- a"s* — 0 and be assured that there exists a non- 

trivial relation of this type (smce the n 1 vectors t, Si, , s. are by 
hypothesis linearly dependent) In such a non-trivial relation a ^ 0 
for if « — 0, 

-f -|- -f a"s» — 0 

and this would force a' — 0, a* = 0, , a" — 0 since s,, , Sn are, 

by hypothesis, Imearly mdependent, but, then, the non-trivial relation 
would be trivial. On multiplying through by a~' and transposing we 
obtain 

t — Ps, + • -I- t"Sn , (t* a*/a) 

{t — s being equivalent to t — a — 0). In other words every vector t 
of an n-dimensional linear vector space is expressible as a linear combina- 
tion of any n linearly independent vectors (si, , .a«) and the Imear 
combination is unique , for if t -f- • + — t'si -|- -j- T*sn 

are two such analyses of t we have — t‘)si + + (t" — r")s» •— 0 
and the linear independence of (sx, ,s») then forces t* — t*, 
i — 1, , n. The n Imearly mdependent vectors (si, • , a») are 

said to form a basis ; the individual vectors being termed the basis vectors. 
The complex numbers (<‘, , t") are termed the components of the 

vector t relative to the basis {Si, ,Sn). It is clear that an n dimen- 
sional linear vector space has many bases; in fact if (ui, u») is one 
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such basis (the existence of one basis being assured by hypothesis) the 
set (»i, • , Vn) defined by 

rj — <,'«! + • • + (; — 1,2, ,«), 

IS a second basis i£ T — (f/*) is any non-smgular n dimensional matrix. 
In fact an hypothecated relation cfivf ■= 0 would appear as ““ 0 

(double summation!) and the linear independence of the n vectors 
(mi, ‘jUn) would force •=- 0, ; — 1, ,n; finally the non- 

singularity of the matrix T (i. e. the non-vanishing of its determinant) 
would then force c* — 0, Ar ■“ 1, 2, , In other words there does 

not exist a single non-tnvial relation c^ojj = 0 so that the vectors 
(vi, ,Vn) are linearly independent and, hence, constitute a basis. 
It 18 convenient to indicate the n vectors (ui, , Un) of a basis by the 
single symbol u so that u is a 1 X n matrix whose elements are vectors. 
Then the equations Vj tj^Ua which furnish the new basis r appear in 
the convenient form (note carefully the order of the factor matrices u 
and T) 

(1.5) v~~uT. 

It IS clear that all bases are obtainable in this way from a given basis u, 
for if V IS any basis and (t/V > denote the components of vi 
relative to the basis u we have, by the very definition of components, 
— ,n; 1 . e. r — aT. That T must 
be non-smgular is evident since the columns of T are the components, 
relative to the basis u, of the vectors (v,, , Vn) , if T were singular 

there would exist at least one non-tnvial linear relation connecting the 
vectors (vi, , i;») (it being known from the elementary theory of 
determmants that if the rank of T is r there are n — r independent 
such relations and the statement that T is singular implying r:S n — 1). 

The essential thing to keep in mmd is that the components of a vector 
are not properties of the vector, they describe the relationship of the 
rector to a hasts When the basis is changed the components will change 
whilst the vector remains the same. If the components of a vector t 
relative to a given basis u be written as an n X 1 matrix x = (a:*, . . , *") 
we have 

t = -1- — ux 

and if the components of the same vector t relative to a new basis 
» — hT are y (yS , y") we have t = vy = uTy so that ux — = uTy 
The linear independence of the vectors of the basis u then forces 

(1.6) x~-Ty, y — T-^x. 
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In other words the change of basis u-+i> — uT induces the change 
of components a: — » y — T'^x Jn particular the vector whose com- 
ponents relative to the basis u are Tx has components x relative to the 
basis r. On denoting by T(t) the vector whose components relative to 
the basis v are the same as those of t relative to the basis u, it is clear 
that the components of T(t) relative to the basis it are Tx. Writing the 
one-to-one relationship between a vector t and its matrix of components 
xvn a given basis u in the form t—*x,x-*t we have T{t) —*■ Tx. If a 
IS any complex number we have at —*■ ax and so T{at) —*T{ax) = aTx 
-*aT[t) ,ii s-*y is any other vector of our n-dimensional linear vector 
spare s-\-t-*y +x and so T{8 -\-t) -*T(y + x) =Ty Tx-*T (s) 
-f- T{t) In other words the transformation t—*T{t) on vectors of our 
apace to vectors of our space possesses the two basic properties : 

(1.7) T(at)=-aT{t), T (s 1) T (s) T {t) . 

We shall term any transformation of the vectors of our space which pos- 
sesses these two properties linear, and so we have the theorem given 
any two bases u,v the transformations from vectors t to vectors T(t) 
which have the same components with respect to the bases u and v, 
respectively, is linear. If the components of t relative to the basis of u 
are furnished by the n X 1 matrix x the components of T{t) relative to 
the same basis are Tx where the connecting relation between the two 
bases is » -» uT. We say that the non-smgular n X n matrix T presents, 
in the basis u, the linear transformation t—*T{t). If w = mP is 
another basis the components of t relative to w are furnished by the 
nXl matrix P~^x (by (1.6)>^« and x—*Tx induces P-^x-*p-^Tx 
-=P~^TP P'^x. In other wordi the transformation i-*T{t) from 
vectors t of our space to vectors T{t) which have the same components 
with respect to the bases u and », is presented in the basis to by the 
n X w matrix P~^TP , the relationships between the various bases being 
» — aP; te—^uP Although the two matrices T and P-^TP which 
present the linear transformation t—*T{t) in the bases u,w, respec- 
tively, are different, the linear transformation is the same Regarded, 
therefore, in the r61e of presenting Imear transformations the two 
matrices T and P'^TP are not essentially different, we term them 
equivalent and say that P-^TP is the transform of T by P. 

The non-singularity of T assures us that the linear transformation 
t-*T{t) of our n-dimensional linear vector space is exhaustive as t 
runs over the entire space so does T{t) In fact if the » X 1 matrix x 
furnishes the eomponente of an arbitrary vector of our space in the basis 
u we obtain this vector m the collection T{t) by choosing for t the vector 
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whose components relative to the basis u are furnished bj the » X 1 
matrix T^^x. It is convenient to refer to the linear transformation of 
the vector space into itself as a hnear mappmg of the vector space on 
itself, and to term the Imear vector space itself the carrier space of the 
linear mappmg or the earner space m which the representative matrices 
T, P-^TP of the hnear mapping operate. 

It 18 immediately evident that all linear mappings of the carrier space 
are of the type just described. In fact d t-*L{t) is an arbitrary linear 
transformation of the carrier space and » an arbitrary basis we denote 
L{uj) by (vj) ; if the » X 1 matnx x furnishes the components of t 
relative to the basis u we have t = so that L{t) => Ii(uo)a!“ -= VoX* 
= Upta^x^ where (tj‘, • , <j") denote the components of Vj relative to 

the basis u. Hence the components of Xi(f) are furnished by the matnx 
Tx 

The collection of all linear mappings (s, t, u, ) of an n-dimensional 
linear vector space into itself is a collection possessing the group property 
relative to the law of combination which is defined by mere sequential 
performance , by this we mean that if s is presented in a basis u by the 
n X w matrix 8 and t is presented in the same basis by the n X « 
matrix T (so that under s an arbitrary vector whose components relative 
to the basis u are furnished by the n X 1 matrix x goes into the vector 
whose components relative to the same basis are presented by the n X 1 
matrix 8x) then ts is presented in the basis u by the » X » matrix T8. 
In fact x—*Sx under s and Sx-*T Sx ■= TS x under t so that 
X TSx under is. The argument shows that linear transformations of 
our carrier vector space whose presenting matrices T are singular (and 
which are, accordingly, not mappings of the carrier space on itself but 
which, rather, transform the carrier space into a linear subspace of itself 
of dimension < n) may be included as far as “ possessing the group 
property ” is concerned. Such Imear transformations are termed singu- 
lar and it 18 now clear that the collection of all non-singular linear 
transformations of our n-dimensional linear vector space into itself con- 
stitute a group (the law of combination being defined by mere sequential 
performance). In fact the identity transformation x—*x (whose pre- 
senting matrix in any basis is the n-dimensional unit matrix En) is a 
right unit and x — » IT"*® is a right inverse of ® — » Tx. This group is 
known as the full hnear group of dimension n; it is presented in any 
basis by the collection of all non-smgular nX n matrices (with complex 
elements). If the elements of the n X n matrices are restricted so as to 
be real we have the real hnear group of dimension «. We shall shortly 
enumerate certain important subgroups of the full Imear group but we 



16 


OBOTTPS AKS UATRIOBS 


pass at once to a description of the mam topic of the present work: 
the theory of the representation of groups. 

4. Group representationfl. 

Let C be a collection of elements {s,t,u, • •) which possesses the 
group property relative to a law of combination ts, and let us suppose 
that we are able to associate with each element « of (7 an n X w matrix 
D(s) havmg the property that D(ts) = D{t)D{s), every s,t in C. 
Then it is a triviality that the collection of n X u matrices D{s) pos- 
sesses the group property relative to ordinary matrix multiplication as 
the law of combination. We term the collection of n X » matrices 
D(s) a representation (of dimension n) of the collection C of elements 
s, t, . Observe that we do not require any more than we have said ; 
we do not, for example, require that t^s implies D(t) =^D(s) ; nor 
do we require that any or all of the matrices D(s) be non-singular, but 
we do require that Z)(s) be unambiguously determined by s. A quite 
trivial representation of any collection (possessing the group property) 
18 found by assigning to each element s the n-dimensional zero matrix 
A less trivial but equally evident representation (one-dimensional) of 
any collection which possesses the group property is found by assignmg 
to each element s the one-dimensional unit matrix i e the number unity. 
We shall refer to this one-dimensional representation as the identity 
representation. 

When the collection C not only possesses the group property but 
actually is a group 0 (i. e. possesses a unit e and an mverse s~^ of each 
of its elements) the n y, n matrices D{s) constitute an re-dimensional 
representation of the group O provided they are all non-singular It is 
clear that the representation contams, as the representative of the unit 
element e, the n X n unit matrix In fact from se = s follows 
D(s)D{e) <^D{s) and this implies, on multiplication on the left by 
D'^is), D(e) —En Also sr's = e implies D{r')D{s) =I>(e) =En 
so that the collection of matrices 2?(s) contains the reciprocal of each of 
its members. Hence the distinct elements of the collection D{s) form a 
group. 

If the elements s of ff are non-smgular » X u matrice-’ the association 
2 )(s) m-s furnishes an n-dimensional representation of O, so that 0 is 
an n-dimensional representation of itself In particular the full linear 
group of dimension n is an n-dimensional representation of itself. We 
shall devote considerable attention to the problem of determming all 
representations (of a certam very general class) of the full Imear group 
but we pass now to a representation of dimension n, of the symmetric 
group on n letters. 
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6. Kepresentation of the symnetric group by peimatation matrices. 

Let s -» t ^ g ■“ t he a typical element of the sym- 

metric group (— group of n I permutations) on n letters. Denote by 
D {s) the ny,n matrix of which all the elements in the ;-th column are 
zero save the one in the sy-th row which is unity: D{s) •— (<ry*) where 
o-y* = 1 0 unless fc •= sy, j — 1, 2, • , n. Then the matrices D(s) furnish 

a representation, of dimension n, of the symmetric group. In fact the 
element in the l;-th row and ;-th column of the product Z>(0-D(*) “''a*<ry“ 
and this will be zero unless the labels h, j are such that we can have 


simultaneously a 
associated with 


= sy, — Hence D(i)D(s) is the matrix 

the permutation ^ ^ (s**) 


1 . e. 


D(t)D{s) =D(ts). The matrices D(s) are termed permutation matrices ; 
all elements in each column are zero, by definition, save one which is 
unity. And since the numbers (si, ,Sn) are all different all elements 
in each row of D (s) are zero, save one which is unity. If u is any basis 
in our earner space and we introduce the basis »>=itZ?(s) we have 
Vj — = MdO'y* — w,i so that the ;-th vector of the new basis r is the Sy-th 
vector of the original basis u In other words the basis transformation 
associated with D(s) amounts merely to a renumbering of the basis 
vectors 

If T = (t^f) IS any » X « matrix and P is the permutation matnx 
D (p) associated with the permutation p “ t transform of T 

by P, namely P~^TP is readily calculated. In fact p‘* ■ 


a) 


and 


P‘‘ = D{pr'^) so that the element m the fc-th row and ;-th column of 
p-ipp™ (ta») all terms but one vanishing in the double summation 
(P'^)o*ia®(P) y^. In other words P~^TP is obtained from T by applying 


the same permutation — t 


(;> 


the rows and columns of T. Con- 


versely, a fact which is of importance to us later, two matrices which are 
such that one is obtainable from the other by applying the same permuta- 
tion to its rows and columns are transformable, one into the other, by 
means of a permutation matrix. 

6. Linear metric spaces. 

In order to describe certam subgroups of the full Imear group which 
are of importance for us it is necessary to discuss certam classes of Imear 
vector spaces which we term metric. We say that a linear vector space 
2 
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is metric when we can associate with each ordered pair of vectors of the 
space a complex number (known as the scalar product of the first of the 
two vectors by the second) and having the properties about to be given. 
We shall denote the scalar product of the vector s by the vector t by the 
symbol {s\t) , so that (sjf) is a function on ordered pairs of vectors 
of our linear vector space to complex numbers In describing the postu- 
lated properties of the scalar product we shall denote, as is usual, the 
conjugate complex of a given complex number by superposing a bar on 
the symbol for the number. The postulated properties are as follows • 

(1) (Si -f- Sj I i) =■ (si 1 f) + (*2 1 1 ) 

(2) (<|s)_(j|<y 

(3) (“*10 “*(*|0> “ complex number 

(4) (* I *) — 0 5 the equality implying s = 0 . 

It is easy to draw a series of immediate implications of these postulates 

Thus (1) implies (si-f * 2 + + s«IO “ (si|0 + (**10 + +(s«l0 

Combining ( 1 ) and (2) we obtain (slfi-fij) = («|<i) -f- (s|t 2 ) and, 
generally, (s I <1 4 - < 2 4 - (s[<j) _|. (s | 4 . 4-(s(0.) 

n m 

and this combined with the previous generalization yields ((2*y)|(2^*)) 

n m 

— 22 (silt*)- A combination of (2) and (3) yields (sl“t) = “(«!<) 

J=1 Jlc-1 „ 

and 80 if ^ are arbitrary complex numbers (( 

n m „ 

— 2 2 It follows at once that if our linear vector space 

J=1 k=l 

is n dimensional we can express (s \t) as a function of the components 
of s and t relative to any basis, the function being linear in the com- 
ponents of s and linear in the components of t. In fact it the components 
of s in the basis u are furnished by the n X 1 matrix x whilst those of t 
in the same basis are furnished by the n X I matrix y we have s = ux, 
t<—uy so that 

(a|#) — {nx\uy) — (t4a®“|«ay^) 

We denote by H the n X u matrix of which the element in the j-th row 
and k-th column is (ut | uj ) and observe that H is Hermitian H = H* , 
the star or adjoint A* of any given nX fn matrix A being the m X n 
matrix obtained from A by interchanging its rows and columns and then 
taking the conjugate complex of each of the elements Thus the (j, le) 
element of A* 1 . e. the element in the j-th row and k-th column is given 
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by a\> — dj’‘, it being an immediate consequence that {AB)* = B*A*. 
In particular the star of the n X 1 matrix {= vector) y is the 1 X »» 
matrix y* whose elements are ,5". In this notation, then, 

(a I <) =1 = y*IIx and we may term H the metrical matrix rela- 

tive to the basis u. It is clear from (2) that (s | s) is real and we express 
the postulate that (sis) = x*Hx is ^ 0, the equality implying a; == 0, 
by the statement that the Hermitian matrix H is positively definite. 
It IS clear that if we introduce a new basis e — = uT the new metrical 
matrix will be T*HT', for if z,tu are the new presentations of s and t, 
respectively, we have x = Tz, y = Tw so that y*Hx = w*T*HTz. If T 
has the property that T* is the reciprocal of T (in which case we shall 
term it unitary and denote it by U) the new metrical matrix is merely 
the transform of hy 17 : U*HU. The collection of unitary ny^ n 
matrices is defined by 

V*U==UU*=En 

and it IS clear that this collection possesses the group property in fact if 
U^*U^^UJJi*~~En and En 

then 

=■ {U2*Ut*)UiU2=U2*{U,*Ut)Ut‘==U,*U,^En 
and 

(17iI7,) (t7il7,)* = (i7iI7,) (f73*I7i*) = l7x(17zC7.*)Z7i* = 17il7i 

Moreover the collection contains the unit En[En* =- E„') and the 
reciprocal U* of any of its elements ((17*)* = 17'). Hence the coUee- 
tion of all Ji X n unitary matrices U constitute a group, this is an impor- 
tant subgroup of the full linear group and is known as the n-dimenswnal 
unitary group If we observe that det {A*) = det A, A any n X. n 
matrix, and that det (AB) = det A det B, A, B any two nX n matrices, 
it is clear that the defining equation 17*17 = UU* = En implies that 
I det 17 I = 1 , i. e det U is, for every element of the n-dimensional 
unitary group, a complex number of unit modulus. If we select from 
the n-dimensional unitary group those matrices whose determinants are 
actually unity (and not merely of modulus unity) we obtained a collec- 
tion obviously possessing the group property and actually constituting a 
group, this subgroup of the n-dimensional unitary group (and, hence, 
also of the full linear group) is termed the n-dimensional unimodular 
unitary group. The subgroup of the full linear group obtained by taking 
all n X « matrices (unitary or not) of determinant unity is known, 
similarly, as the n-dimenswnal full unimodular group. If we take that 
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subgroup of the n-dimensional unitary group irhich consists of all unitary 
matrices 0 with real elements we have the n-dtmensional full, real 
orthogonal group, Smce the elements of 0 are real 0* is simply the 
transpose O' of 0 (i. e. the matrix obtained from 0 by interchanging its 
rows and columns) and we may write 

O'O-^OO' — En. 

Since detO is real and of unit modulus (0 being unitary) we have 
det 0 = ± 1 , the subgroup of the real orthogonal group obtamed by 
selecting the real n X n orthogonal matrices whose determinant — 1 
(i. e. the ummodular real orthogonal group) is known as the proper real 
orthogonal group or the rotation group (of dimension «) and we shall 
denote it by the symbol i2n , the same symbol with an attached prime, i. e. 
JZ'« being used to denote the full real orthogonal group which contains 
not only the real « X « unitary matnces of determinant unity (= proper 
orthogonal matnces or rotations) but also the real n X a unitary matrices 
of determinant — 1 (== improper orthogonal rotations or reflexions). 
The full orthogonal group (as opposed to the full real orthogonal group) 
consists of all n X » matrices 0 satisfymg O'O ■= 00' = En. Any element 
of the full orthogonal group has its determinant = ± 1 so that we may 
speak of proper and improper orthogonal matrices (even when the ele- 
ments are complex) and we observe that the proper orthogonal matrices 
constitute a group known as the proper orthogonal group One should 
clearly notice that an orthogonal matrix is not, in general, unitary, 
a real orthogonal matrix is, however, unitary the terms real imitary 
and real orthogonal being synonymous. 

It IS important to notice that we can always find a basis m which the 
metrical (Hermitian) matrix is the unit matrix E^ so that (s | f ) ■= y*x. 
This fact rests on the following theorem* every positively definite Her- 
mitian matrix H can be presented in the form T*T where T is a non- 
singular matrix The factorisation is evidently not unique since if 
8 UT, U any unitary n X » matrix, 

8*S=-(T*U*){UT)=T*{U*U)T = T*T. 

We shall prove the theorem with the additional condition that T is tri- 
angular, 1 . e. all elements below the prmcipal diagonal vanish. We first 
remark that all diagonal elements hi? of a positively definite Hermitian 
matrix are not only real but positive. In fact if x is the vector all of 
whose components are zero save the k-th, which is unity, we have 
x*Hx — hi? and hence, by the very definition of positive definiteness, 
ht? > 0. Next we observe that our theorem is true when n — 1, in this 
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case H is t he 1 X 1 matrix Ai* > 0 and we have merely to take 
T — T* — y/hi^. To prove the theorem we argue by induction with 
respect to n ; i. e. we assume the theorem true for a given value n — 1 
and deduce its validity for n. Now H being a positively definite » X n 
Hermitian matrix the matrix obtained by erasing the last row and column 
of N IS a positively definite n — 1 X » — 1 Hermitian matrix En-i ; in 
fact the form x*IIx m the n variables x — {x'-, , ar") reduces, on setting 

a:" •= 0, to the form in the n — 1 variables i = (a;^, , a:""^) 

and so ^ 0 , every the equality implying ^ == 0 In other 

words Hn-i IS a positively definite n — 1 X « — 1 Hermitian matrix. 
Hence by the induction hypothesis H»-i = Tn-i*!*-, where Tn-t is a 
non-singular n — 1 X « — 1 triangle matrix. We ad]Oin a last column 
whose first n — 1 elements constitute an undetermined n — 1X1 
matrix f and whose last element is tn* — V obtaining in this way an 
n X n triangle matrix 



(jTn-j an n — 1 X« — 1 triangle matrix, 0 the zero 1 X « — 1 matrix, 
i an undetermined n — 1X1 mainx). It is clear that 

0 *' 
in 


T* on 

" V <»-/ 


where 0* is the zero n — 1X1 matrix and the ordinary rules of matrix 
multiplication yield 


T% Tn = 


Tn-i 

V Tn., 


rv.i\ 

hn” ) 


Since (<„“)' — 


(The reader will note for future use the following trivially evident fact: 
let A and B be any two matrices (not necessarily square) for which AB 
has a meaning (i. e. A has as many columns as B has rows) and let A, B 
be divided up into submatrices thus . 



Here (A,, J.^) have the same number of columns as have also (A,, An) 
and similarly (il,, ^ 2 ) have the same number of rows as have also 
{A,, An) and the same remarks are applicable to the submatrices 
Bi, Bi, Bs, Bf Furthermore A, has the same number of columns as B, 
has rows and Ai has the same number of columns as B, has rows. Then 
the very definition of matrix multiplication shows that 

4 0 ( AlB, -j- A3B4 A1B2 

-|- AfBt A1B3 -|- AnEnf 
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the indicated matrix products AtBi etc. all having a meaning) . To finish 
the proof of our induction let be the n — 1X1 matrix formed by the 
first n — 1 elements of the last column of 27 and set the undetermined 
vector |“= which is possible since Tn-i, and hence T*n-i is 

non-singular. Then 


( 1 . 8 ) 




/T*n-xTn.i -n \fSn.x V \ 

V A-V V V* ^n”J 


H 


completing the proof by induction. 

If, then, in a certam basis u, (s | f) = y^Hx = y* (T*T)x = {y*T*)Tx 
we introduce the basis v = bT'^ m which s is presented by the n X 1 
matrix Tx = i and t by the n X 1 matrix Ty = ij. Hence (s 1 1 ) = 

It 18 dear that there are many bases in which the scalar product (s|<) 
has this particularly simple, or canontcal, presentation ri*i. If u is such 
a basis and we write v ■= uU* so that a is presented in the basis v by 
Hi = A and t by Ur/^/iwe have (s j t) = = /i.*A, conversely all of 

the jyrtvtleged or preferred bases (i e bases in which (s|<) has the 
simple or canonical form y*x) are obtainable from any one of them by a 
unitary transformation . v = u27*. For, writing, momentarily, v = bT"*, 
the postulated identity (a | <) =■ y*x = coupled with ( = Tx, rj = Ty, 
yields y*T*Tx = y*x. This being an identity in x, y we must have 
T*T = F» so that T and == T* are unitary. We shall term these 
privileged bases unitary and we see that all unitary bases are derivable 
from any one of them by a unitary transformation. When we agree, 
as we shall generally do, to restrict ourselves to the use of unitary bases 
we refer to the linear metric space (plus this restriction on the choice 
of a basis) as a unitary space. The reader will observe that when our 
space IB real, i. e. when the components of all vectors are real, the 
canonical presentation of the metnc is (s|t) =y’x so that 


(s|s) (a:^)* (i")®. 


In this case the space is termed rectangular Cartesian and the basis 
orthogonal (so that rectangular Cartesian means Eui lidean plus a restric- 
tion on the choice of axes of reference). We extend the geometrical 
language familiar in Cartesian geometry to unitary spaces. Thus 
(s I s) = x*x IS termed the squared magnitude of s and s, t are termed 
mutually orthogonal when (s 1 1) = 0 (a condition implying, by the postu- 
late (2), (f 1 s) =* 0). It follows that the n vectors which are presented 
in a unitary basis by the n columns of a unitary matrix are each of unit 
magnitude and any two of them are mutually orthogonal. We shall term 
a set of n vectors which possesses these properties a unitary set. 
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A further observation is of significance. The statement that all unitary 
bases are obtainable from any given one of them by a unitary trans- 
formation may be expressed in the following equivalent form : If s and t 
are any two vectors of our unitary space and if they are subjected to the 
same arbitrary unitary transformation U then their scalar product 
remains unaltered, (s|<) = (Us\Ut). In fact if the vectors s and t 
are presented (in a unitary basis) by the n X 1 matrices x, y, respectively 
Us,Ut are presented, in the same basis, by the matrices Ux,Uy, respec- 
tively, and so 

{Us\Vt) = (Uy)*Ur = (y*U*)Ux = y*(U*U)x = (y*x) — 

Hence the group of ra X « unitary matrices may be defined as the collec- 
tion of n X u matrices which present, in a unitary basis, those Imear 
transformations which leave invariant the scalar product (s|<) “ y*® 
of any two vectors of the n-dimensional linear metric space. 

Before leaving this brief introduction to the theory of linear metric 
spaces we must proie Schwarz* inequality and the triangle inequality. 
Denoting by | s | the number = -f- V(*|s) (termed the norm of s) 
Schwarz* inequality is 

(1 9) |(i|«)| ^ Ml Ml, every s, t; 

the equality implying i >== as where a is a real complex number. We first 
observe that, by postulates (3) and (8), 

M*®s 1 «= I s |, ® 

If s, t are any two elements of the linear metric space and A is a real 
parametei we have 

(s-f Af|s + A<) S:0; le (s|s) -f A{(i|s) + (s|<)} + A*(<|<) ^0 

every A Hence {(<|s) -j- (s|<) }” < 4(sls) (t|t) and since (<|s) + (s|f) 
IS twice the real part of (<|s) we have 

(Beal part of (f|s)}® S (s|s)(f |<) ; | Beal part of (t |s) | < | s I M !• 

The right-hand side is unaffected if we replace s by e**s whilst the (< |*) 
of the left-hand side is multiplied by {B any real number). Hence 
on choosing 6 equal to the argument of (f|s) we find 

|(t|s)|<!<| Ml- 

The equality would imply s + At = 0, A real, so that Schwarz' inequality 
has been completely proven. 

The triangle inequality is expressed by the formula: 
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(1. 10) I s + < I < I * I + I < I, every a, t. 

In fact 

(, + + <) _ (5|s) + (t|a) + (s\t) + (t\t) 

<(a|a)+2|a| | < j + («|<) - {] a | + I < 

proving the stated inequality. Since the right-hand side is unaffected on 
replacing t by e*% $ real, we have 

ja-f <aW!<|al.f 1 <| 

and, in particular, on setting B — tt 

The triangle inequality may he written in the equivalent form 

|s| ^ls + <|— Ml 


or, on writing a-}- t=—u, s = u — t, 

\u — — |f| every «, < 

or, equivalently, 

(«-f-/|2:|ii| — |<| every u, t. 

7. Canonical forms for matrices. 

If {xi, , *,) are n linearly independent vectors they constitute a 
basis *. Denotmg by X the n X « matrix whose columns are furnished 
by the components of the various vectors (xi, , Xn) the statement 
that X 18 a basis is equivalent to (i. e. implies and is implied by) the 
statement that X is non-smgular. Hence the matrix H — X*X is a 
positively definite Hermitian matrix; the Hermitian nature is evident 
since H* — (Z*Z)* — Z*Z** = Z*Z = H and the positive definite- 
ness IS readily proven as follows. Let the n X 1 matrix y present an 
arbitrary vector , then y*TIy = y*X*Xy — where z = Xy. Hence 
the vanishing of y*Hy implies the vanishmg of * and hence of y — X~^z 
(it being here essential that Z is non-smgular). We can, accordingly, 
write H = Z*Z in the form T*T where T is a non-singular triangle 
matrix : Z*Z — T*T. We introduce the matrix U — XT~^ and readily 
see that U must be unitary; in fact X=—UT, X*=^T*U* so that 
T*U*UT = T*T. On multiplying each side on the left by the reciprocal 
of T* and on the right by the reciprocal of T we deduce U*U = En 
so that U IS unitary. Hence any non-smgular matrix Z can be factored 
m the form Z = UT where V is unitary and T is a non-singular triangle 
matrix. This important result is known as the orthogonaiisation process 
of Schmidt', it assures us that the individual vectors of any set of n 
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linearly independent Tectors can be expressed, in a recurrent manner, 
as linear combmations of tbe vectors of a unitary set. In fact if 
Bi, ' * • ,Un are the vectors presented by the columns of U (so that 
Ml, , u„ form a unitary set) the matrix equation X = UT is equiva- 
lent to the set of equations 

Xi -= ti^Ui ; Xs “ U^Ui + f J®«3 ; ■ Xn = -t- tn^lh + ' + U*th,. 

We shall need in a moment a particular case of this result which may be 
phrased as follows given an arbitrary vector ^ 1 ( 7 ^ 0 ) we may construct 
a unitary set of which an appropriate multiple of Xi is the first vector. 
We have merely to take at random n — 1 other vectors * 2 , , Xn such 

that (xi, ,Xn) are linearly independent (1 e. such that the matnx 
X of their components is not zero, for instance if Xi^ 7^ 0 we may take 
® 2 -= *2 = (0, 1, 0, 0, ), *n — a«-=(0, 0, 0,1)). Then the 

orthogonalisation process of Schmidt furnishes a unitary set whose first 
vector «i = Xi/ti'-. 

If A 18 an arbitrary n'X, n matrix (singular or not) there exists at 
least one direction in the carrier space in which A operates which is 
invariant under A, 1 . e. there exists a vector a: 7 ^= 0 such that = As 
where A is an appropriate multiplier. In fact if A is chosen as a root of 
the algebraic equation of degree n obtained by equating det (A — A®») 
to zero the set of n homogeneous equations implicit in Ax Ax has at 
least one non -trivial solution x 7 ^ 0 We term A a characteristic constant 
and X an associated characteristic vector of A It is clear that if x is a 
characteristic vector associated with A so also is ax (a any complex 
number 7 ^ 0 ) and so there is no lack of generality in assuming that x 
18 a unit vector : x*x = 1 (a normalisation which leaves x still undeter- 
mined to the extent of a phase factor e*^, 9 real). We are now able to 
prove a fundamental theorem due to Schur: 

An arbitrary matnx A may be transformed by means of a unitary 
matnx to triangle form. In other words there exists at least one unitary 
matrix U such that XJ^ATJ is a triangle matrix. The proof is most 
readily given by means of an induction with respect to n, the dimension 
of the matrix , the theorem is true for «■=! {U = smce every one- 
dimensional matrix is triangular) and we assume it true for a given 
dimension n — 1 and then show it must be true for the next higher 
dimension n. Let x he any unit characteristic vector of A (the associated 
characteristic constant being A) , we can take x as the first vector of a 
unitary set (tti, ■ ,Um). Hence if 61 is the vector (1, 0, 0, • • ,0) 

and U IS the unitary matrix whose columns are the vectors (ui, * , Un) 
we have Uei=^x so that the equation ^Ix — Ax may be written 
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AUei = XUei or, equivalently, i7*AZ7ei = Xei. Hence U*ATJ is of the 

( X t* \ 

„ . ) where is an undetermined 1 X « — 1 matrix and An-x 

0 An-l/ 

isann — 1X» — 1 matrix whilst 0 denotes the n — 1X1 zero matrix. 
We can, therefore, by the induction hypothesis, find an» — IX « — 1 
unitary matrix Un-i such that TJ\-iAn-JJn-i = Tn-i. The n X « matrix 


^ J ^ ^ = y is unitary ( F* = F'^) and 

F-i7..4VV-(; fJ(J ^J-(; 


X i*u, 
0 U*n.xA, 




(1.11) 


/X 

AO T-i A 


finishmg the proof by induction since Z7F, being the product of two 
»i X n unitary matrices, is itself an « X « unitary mattrix. 

If the triangle matrix T which is the canonical form of A (under 
unitary transformations) is such that 2'*T = TT* it must be, not only 
triangular but diagonal. In fact tlie diagonal elements of T*T are the 
squared magnitudes of the columns of T whilst the diagonal elements of 
TT* are the squared magnitudes of the rows of T. Thus, for instance, 
T*T = TT* implies that the squared magnitude of the first row of T 
equals the squared magnitude of the first column of T and this implies 
that the only non-zero element in the first row of T is the first one; 
turning then to the second row and column of T we see, by the same 
argument, that the only non -zero element in the second row of T is the 
second, and so forth. Since T = U*AU we have T* = U*A*U so that 


r*r= (U*A*U) {U*AU) = U*A*{UU*)AU = U*{A*A)U 
end 

TT* = (V*AU) {U*A*U) = U*A{UU*)A*U = U*{AA*)U. 

Hence if A is such that A*A = A A* we can find a unitary matrix such 
that U*AU IS diagonal. The converse is obviously true if U*AU is a 
diagonal matrix B then the evident relation B*D = DB* (the subset of 
the set of all m X w matrices which consists of all nXn diagonal 
matrices possesses the group property and is Abelian I) ^yields 

n*A*AU = U*AA*U 


and on multiplying both sides on the left by U and on the right by U* 
we obtam A* A = AA*. Terming a matrix A which satisfies the con- 
dition A* A = AA* normal we have the result that every normal matrvx 
can be transformed, by means of a unitary matrix, to diagonal form and. 
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conversely, if a matrix can he transformed, by means of a unitary matrix, 
to diagonal form it is normal. 

It 18 clear that any Hermitian matrix is normal (H* = HI) as is also 
any unitary matrix {U*U — UU* •= En^)- Of importance for us in the 
next section is the fact that any non-singular matrix A can be written 
as the product of two normal matrices; in fact we now prove, more 
specifically, that any non-singular matrix A can be expressed, in a unique 
manner, in the form A = UP where U is unitary and P is a positively 
definite Hermitian matrix. In fact A*A is a positively definite Her- 
mitian matrix and hence, in particular, normal. Hence there exists a 
unitary matrix V such that V*A*AV = D is diagonal. D is evidently 
Hermitian (D* = D) but it is also positively definite, for if x is any 
n X 1 matrix the relation x*Dx = 0 is equivalent to z*A*Az = 0 where 
z = Vx Hence, in turn, 

Az = Q, z = A-^(Az) =0, x = V~^z — 0 

showing the positive definite character of £> (it bemg evident that 
x*l>x = z*A*Az ^ 0) . Uenee the diagonal elements of D are positive 
and we denote their positive square roots by (pi, • ,pn). Let A denote 
the positively definite Hermitian matrix which is diagonal and whose 
diagonal elements are (pi, , p») and set P = VAV*. P is a posi- 
tively definite Hermitian matrix and is such that P* = A*A ; in fact A® 
IS, by construction, JJ and so 

P- = (VAF*) (FAF*) = FA®F* = F2?F* = A*A. 

We now set U = AP-^ and prove at once that U is, as the notation 
implies unitary. In fact U*U = (P”*A*) (4P”*) (note that P*=P) 
= P-^ ( A ) P-® = P-‘ (P® ) P-® = (P-®P) (PP^® ) =■ We have, 

therefore, proved the possibility of writing any non-singular matrix A 
m the form A = UP where U is unitary and P positively definite. The 
second part of our announced theorem, namely the uniqueness of such a 
factorisation of A is trivially evident. In fact A — UP forces A*A = P® 
and so P- is uniquely determmed by A ; on presenting P® m its canonical 
diagonal form it is clear that P is uniquely determined by P® (owing to 
the positive definiteness of P) , hence P, and consequently U =• AP"® 
are uniquely determmed by A. For 1X1 matrices (— ■ complex numbers) 
U IS of the form e**, real, and our theorem reduces to the polar fac- 
torisation a = e** p, p > 0, of any complex number a ^ 0. In this 
(degenerate) ease we can mterchange the order of the factors and write 
a — pe** (both factors P and U being diagonal and hence commutative 1). 
In general an arbitrary non-singular n X » matrix A can also be factored 
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in a unique manner m the form A =—QV} we merely factor in the 
form A* — V*Q , and it follows at once that F — 17. For A — QV — UP 
yields A — F • V*QV —UP and the positive definiteness of V*QV 
(which IS a direct consequence of the positive definiteness of Q) together 
with the uniqueness of the factorisation A — UP of A forces V —U, 
V*QV — P 1 . e. Q — UPU*. From the two unique factorisations 
A — UP — QU we read A* A — P*, AA* — Q* so that a matrix A is nor- 
mal when and only when its two unique factorisations are A = UP — PU ; 
for we have just seen that P* — together with the assumed positive 
definiteness of P and Q force P — Q. We may say, briefiy, that an 
n X n non-stngvlar matnx A ts normal when and only when the two 
factors U,P tn tts polar faetonsation are commutative. 

A — UP — PU. 


Both U and P being themselves normal we have shown that any non- 
singular n X u matrix may he written as the product of two normal 
matrices 

We close this section by directing attention to a simple form for an 
arbitrary matrix (singular or not) under transforming matrices which 
are not restricted to the unitary group as this form will be useful to us 
in the next chapter. We first observe that since y*x is unaffected by any 

permutation labels (1, -jn.) any permutation 

matrix is unitary (and, being real, real orthogonal;. We wish to show 
that under transformation by an arbitrary matrix of the full linear group 
an arbitrary given n X n matrix can be written in the block form 


A 



0 

Az 



where Aj la e triangle square matrix with all its diagonal elements —hj 
; i=- 1, • • ,k, and no two of the complex numbers Ai, , Vi, are equal. 

The simplest proof is, as usual, by induction with respect to n, the 
dimension of A (the theorem being trivially evident when » — • 1). We 
assume, accordingly, the truth of the theorem for the dimension n — 1 
and show that this assumption implies its truth for the next higher 
dimension n. Let, then, A be any n Xn matrix; it has, under trans- 
formation by unitary matrices, the Schur canonical form 


U*AU 
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virhere Ai is a characteristic number of ji, f* is a 1 X « — 1 matrix and 
r,-! isann — 1X» — 1 triangle matrix. By the mduction hypothesis 
we can £nd a transformmg matrix Bn-i such that B^^Tn-iBn-i has the 
block form of the theorem and we can (by means of a further trans- 
formation by a permutation n — 1 X » — 1 matrix, if necessary) arrange 
that if any of the blocks has Ai as its common diagonal element this 
block will appear first. Since the product of the diagonal elements of 
Tn-i (i. e. its determmant) is the same as the product of all the diagonal 
elements of the various blocks of the “ block matrix ” into which it is, 
by the mduction hypothesis transformable (this product being also the 
determinant of the block matrix and det = det r«.i 1) it is 

clear that a block with Ai as its common diagonal element will certainly 
appear if Ai is a diagonal element of Tn-i and, furthermore, the dimen- 
sion of this block IS precisely the number of times Ai appears as a diagonal 
element of Denoting, momentarily, by G the n X a matrix 



we have 


GrW*AUC 


(o Bt){ 


(A. 

(0 


Ai 
0 




)■ 



This matrix will have almost but not quite the form stated in the theorem ; 
the deficiency being that across the top row there will be, in general, 
non-zero (instead of zero) elements m the columns occupied by the 2nd, 
3rd etc. blocks. In other words 0~'^V*AU0 will have the form 


Ai ij*i iTt 

0 0 

0 0 B, 

where »;i*, ijj*, are one row matrices whose numbers of columns are, 
respectively, the dimensions of Bj, Bj, (these mdicating the various 
blocks of the matrix into which ZVi is, by the induction hypothesis, 
transformable). In order to remove the unwanted 1 / 2 *, i;s*j we 

Q ^ * 1 and on the 

left by its reciprocal ^ ^ reader will 

observe that D is not unitary (save in the trivial case D — Bn) ; the 
mduction would not go through, faihng precisely at this point, if we 
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restricted ourselves to unitary transforming matrices. Denoting TJCD 
by F we have 


F-^AF — 


— B 2 ) +»J*2 

0 Bi 0 

0 0 Bt 




The matrices Ai — -Bj, Ai — Bt, • are non-singular (whilst, on the 
other hand, Ai — Bi is singular) where Ai denotes, m each instance, the 
scalar matrix of appropriate dimension whose common diagonal element is 
Ai. Hence on settmgi *2 = — ij* 2 (Ai — Bt)'^, f*a = — >j*8{Ai — Ba)~^, 
and so forth the unwanted non-zero elements of the top row are removed. 


On writing 

/ Ay ^*1 (Ay By) -j- i;*i' 

Vo By 

^ “= Ay, By = At, 

we have 


(At 

0 0 \ 


(1.12) 

F-^AF = { 0 

At 0 I 



Vo 

0 ■ 7 



and the induction proof is finished. It is clear, since fi* is arbitrary, 
that the various component blocks can be further simplified. In fact 
each block A,, At, • , which is already a triangle matrix with ii com- 
mon diagonal element, may be presented, by a proper choice of basis, by 
a matrix all of whose elements are zero save those in the main diagonal 
(which are all equal) and those one step above the main diagonal, these 
latter being sets of I’s, each set being separated from the next by a zero), 
followed, possibly, by a set of zeros. The sets of I’s can. by means of a 
transforming permutation matrix, if necessary, be arranged m order of 
non-incieasing length and then we have the basic result two n X n 
matrices A, B are transformable, one mto the other, by an element of the 
full linear group of dimension n, when and only when their blockstructure 
IS the same; 1. e. when A] ■= B„ j = 1,2, . The equality implies 

first that the dimension of = the dimension of B, , next that Ay = n, 
and jSnally that the sets of I’s, together with the concludmg set of zeros, 
if such exists, are the same for each. But this basic result, which is the 
goal of the theory known as elementary divisor theory, is not essential 
for us and we relegate its derivation (which is, now, fairly simple) to an 
appendix. 


8. The rational one-dimensional representations of the full liTienr 
group. 

After the prelimmaries of the precedmg section we are easily able to 
find all the one-dimensional representations of the full linear group which 
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are of the type known as rational', whilst the problem is simple, just 
because the representations are restricted to be one-dimensional (i. e. to 
representations by 1 X 1 matrices or numbers), the method of argument 
18 typical and the result of some importance for us. Denoting the ele- 
ments of the full linear group of dimension n by s, t, u, (so that s, 
for instance, is a non-singular n 'X.n matrix) and the elements of an m 
dimensional representation r of the group by D{s),D(t), (so that 
Z>(s) IS a non-singular my.m matm) we say that the representation T 
IS continuous if each of the mr elements of D{s) is a continuous function 
of the n® elements of s, every s If each of the elements of D(s) is a 
polynomial function of the elements of s the representation T is cer- 
tainly continuous, we term it rational integral. If we allow the elements 
of D(s) to be rational functions of the elements of a (i. e. each of the 
elements of D(s) is a quotient of two polynomials in the elements of «, 
of which the one in the denommator does not vanish) we term the repre- 
sentation r a rational representation of the full linear group, it being 
clear from these definitions that every rational integral representation is 
rational and that every rational representation is continuous. 

We now turn to the question at issue, namely, the determination of 
all rational one-dimensional representations of the full linear group. 
The fact that the representation is one-dimensional (so that D(s) is a 
number, a function of the n‘ elements of s) introduces an essential sim- 
plification , the representation is Abelian 

Dist) =D(s)Dit) =Dit)D{s) =D{ts). 

In particular D(t-^sl) —D(stt'^) =D{s). In other words D{s) is 
known if wc know D{u) where u — ir'^st is the transform of s by any 
element t of the full linear group In particular if s is a normal matrix 
we know D(s) if we know D{u) where « is any diagonal matrix; but 
this implies that we know D(s), s any element of the full linear group, 
if we know D{u) where u is any diagonal matrix. In fact s can he 
written in the form s = pq where p, q are normal matrices (p. 27 ) and 
the representation property yields D{s) = D(p)D{q). The one- 
dimensional nature of the desired representation, therefore, simplifies 
the problem to that of determining I?(s) where s, instead of running 
over the full linear group, runs only over that Abelian subgroup of it, 
which consists of the non-singular diagonal w X « matrices. Denotmg 
by (si, *2, , Sn) the diagonal elements of the diagonal matrix s, D(s) 

18 a function of the n variables (si, • , s») which satisfies the equation 

(derived from the basic relation D{s)D{t) =D(st)) 

, tn) “*-^(81^1,52^2, * ',antn). 
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It is important to notice that S 2 , • • * , «■) is a symmetry function 
of its n arguments; m fact the diagonal matrix (si, * ,Sn) transforms 
mto the diagonal matrix (s^ ^ ■ • , St,) under the permutation matrix 

P associated with the permutation Writing sy— •e"' 

/ — 1, , n, and log D (a) — /(<r) the function f of the n variables 

(<ri, 0 - 2 , • • ' ,trn) satisfies the equation 

fWu’ ’ j<r») +f(,Ti,- • ,T,) -=/(<ri + Ti, ,ffn + T«). 

It IS an immediate consequence that 

if'n) —fi(<ri) +f 2 (o 2 ) 

where is an abbreviation for f(ai, 0, 0, ,0), and so on; hence 

we have only to determine the n functions fi{x), j/n(a) of a single 
variable x. Denoting any one of these by the unlabelled symbol f(x) we 
have f(x) +/(y) “/(a + y). If ] is any positive integer it follows 
immediately that f(]x) , and on replacing x by xj) this yields 

f(-) “ Combining these two results we see that if j, h are any 

Vf/ } /h \ /x\ k 

two positive integers f [-7 x J— kf I- J - f(x) and, on setting a — 1, 

/k\ k \} f \] / } 

f y-J “■ C j where C is the constant /(I). It is clear from the basic 

relation f{x) + f{y) =■ /(a + y) that /(O) — 0 and then that f{ — a) 

— — /(a) and it follows that f —C^itkis any integer positive, 

negative or zero and } is any positive integer. In other words the func- 
tion /(a) — Cx of the variable a vanishes when a is real and rational. 
If we assume first that /(a) is a contvnuom function of a 1 . e. that the 
sought-for one-dimensional representation of the full linear group is 
continuous we see that fix) •= Cx for all real values of a In particular 
fii"i) = Cio-i if <ri is real and, in terms of the original variables, this 

yields D{si, 1, 1, , 1) “ provided s, m real and 

positive. The assumption that the sought for representation is not only 
continuous but rational “ quantises ” the undetermined constant (7, • it 
must be an integer positive, negative, or zero. Furthermore the difference 
D(si, 1, ,1) — 18 a rational function of the complex variable s, 

which vanishes for all real and positive values of the argument s, , but a 
rational function of a single variable s, cannot vanish for more than a 
finite number of values of its argument (namely the number giving the 
degree of the polynomial in the numerator of the rational function) 
without vanishing identically. Hence D{si, 1, • , 1) ■“ or, equiva- 
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lently, fi(<ri) — ■ Civi for all values of the complex variable o-i- 
Arguing similarly for the other functions >fn(.<rn) we obtain 

f(ai, , an) — Ci<ri + Cjo-j + + Cnan, or equivalently, 

D(Si,- ,Sn) • SnP’ 

where {Ci,C 2 , >Cn) are integers positive, negative or zero. The 

fact that D(si, , $») is a symmetnc function of its arguments forces 

Cl = Ca = — Cn = C (say) so that 

■D(Slj ,S«)“(SlSj Sn)^ 

or, equivalently, D{s) = (det s)° , s a diagonal element of the full linear 
group 

Since the determinant of a matrix is invariant under transformation 
of the matrix by any element of the full linear group it follows that 
D(s) — (dets)^, s any non-singular normal matrix If s is any non- 
singular matrix we write s = tu where f, ii are normal and find 

Z)(s) = D{t)D{u) =“ (det <)‘^(det == (det^ti)^= (dets)*^. 

We obtain thus the desired theorem: 

All rahonal one-dimenswnal representations of the full linear group 
are obtained by talcing a constant integral power, positive, negative or 
zero, of the determinants of the elements of the group (The fact that 
rational onc-dimensional representations of the full linear group are 
actually obtained m this way being trivially evident) Wo may readily 
deduce from this result the fact that all rational representations of a 
given dimension m of the full linear group are known when we know all 
rational integral representations of dimension m In fact the elements 
of the matrices D{s) of any rational representation have a lowest common 
denominator <#«(s), say, so that D[s) =P(s) — <#>(s) where g>(s) and 
the elements of P(s) are polynomials in the n® elements of s (tie m* 
elements of P(s) and </>(s) having no common factor and <^(s) being 
normalised, for convenience, by the condition <^(e) = 1, e bemg the imit 
element of the fuU linear group). From the basic representation property 
D(ts) = D{t)D(s) we read off 

P(is)—4,its} =P(t)P(s) -^4,(t)<t.(s) 
or, equivalently, 

4,{ts)Pis) ^^{s) ^ ^{t)I^^{t)P{ts) 

The elements of the matrix on the right hand side are polynomials in 
the elements of s and therefore the elements of the matrix on the left 
3 
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hand side must also be polynomials m these n’ Tariahles. Since ^(s) 
denoted the lowest common denominatoi of the elements of D(s) the 
elements of P{s) and ^(s) have no common factor and so il>{ts) must be 
divisible by ^(s). Smce they are of the same degree the quotient must 
be mdependent of s and on setting s — e we find 
so that ^(s) furnishes a one-dimensional rational, mtegral representation 
of the full linear group. We know, therefore, that <^{s) = (dets)*^ 
where C is an integer positive or zero and also that P(ts) = P(t)P{s). 
In other words P(s) furnishes a rational mtegral representation of the 
full linear group Hence any rational representation of dimension m 
of the full linear group is obtainable by dividing the matrices P{s) of a 
rational integral representation of the full linear group by a common 
integral power, positive or zero of the determinants of the elements of 
the group. 

Appendix to Chapteh One 

The canonical form for an n X n matrix A under transformation by 
an element of the full linear group of dimension n. 

We have seen that A can be transformed by an element of the full 
Imear group to block form 



where each component block Ay is a triangular square matrix with all its 
diagonal elements equal , we may, therefore, limit our attention to the 
problem of obtaining a canonical form for each such block In fact if 
Cr'AiCi = Bi, = Bj etc. and we denote by C the matrix 



it IB clear that 

/Bi 0 0 \ 

C-^AC =- I 0 B, 0 j 

We consider, then, a matrix A of dimension m which is triangular and 
has all its diagonal elements = A, the mY.m matrix B — A — AB» is 
therefore triangular and has all its diagonal elements zero. It is clear, 
then, that B* is a triangular m X matrix with aU its diagonal elements 
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zero and in addition all elements which are one step above the diagonal 
zero; and that ^ is a triangular matrix with all its diagonal 

elements zero and m addition all elements which are either one step or 
two steps above the diagonal zero. Continuing m this way we see that 
5* — ■ 0 whilst, possibly, a lower power of B than the m-th may be the 
zero matrix. Let fc S m be the positive integer defined by B* = 0, 
^0. If fc = 1, B — 0, J. — XEm IS already m its canonical form, 
no transformation being able to change it. We assume therefore > 1. 
Then the collection of vectors u of our carrier space which are annihilated 
by B*"^, i. e. which satisfy B*"^ii -= 0, constitute a proper Imear subspace 
Bi of the carrier space. B, is a proper subspace of the carrier space since 
B*"* 9^ 0 and we denote by Ri, of dimension p, > 0, any subspace com- 
plementary to Si ; 1. e. such that Si and Bi have no common vector whilst 
any vector of the earner space is of the form ri Si where r, is m Ri 
and Si IS in Si. Denoting by BJZi the collection of vectors Bri it is clear 
that BBi constitutes a linear vector space which is a subspace of 
Si ; BRi C Si. In fact B*“^ Bri = B*ri ■= 0 ; hence Bi and BRx have 
no common vector The fact that no vector of Bi is annihilated by B*"^ 
assures us that no vector of B, is annihilated by B, B*, , B*”*. Since 

no vector of Bi is annihilated by B the space BBi has the same dimen- 
sion Pi as Bi; in fact if {xx, ,Xfx) constitute a basis for Bi 
{Bxi, , BXf^) constitute a basis for BRx. Furthermore (if & > 2) 
no vector of the space Bi BRx (i. e the linear space each of whose 
vectors is of the type n -f- B/i, n and /i arbitrary vectors of Bi ) is 
annihilated by B*'* (since no vector of Bi is annihilated by B*"^) ; for an 
hypothecated relation B*"* (ri -|- B/j) = 0 would yield, on multiplica- 
tion by B, B*"^! = 0 implying ri — 0. Substituting this in the hypothe- 
cated relation we find B*’Vi — 0 implying r'x •= 0. The vectors of the 
earner space which are annihilated by B*”® form a Imear subspace S2 
which 18 also a linear subspace of Si ; we denote by Bs a linear subspace 
of the carrier space which is complementary to S2 and contains Ri -|- BBi. 
The remammg component B2, of dimension pi, say, is contamed m 
Bx- Bi -1 - BBi B2 “ B2 (the dimension of Bi being 3pi-t-p2). If 
A: > 3 we proceed in exactly the same manner ; we consider the space 
B(BBi -i- B2) and make the followmg observations' 

1 ) this space is a subspace of S2 and hence has no vector m common 
with B2; m fact it is annihilated by B*^* because BRx B2 is annihilated 
by B*"^ (being contamed in Si). 

3) it has the same dimension pi -|- p2 as BRx + Ri, for an assumed 
relation B*ri -|- Bfi = 0 forces Bri + ^2 = 0 smee no non-trivial vector 
of B2 IB annihilated by B (not bemg annihilated by B^^) and this forces 
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Bri — 0, f z — 0 the spaces BR^ and Rz having, by detinition of Rz, no 
vector in common. Hence the space Rz + B{BBi + Sz) is of dimension 
3pi + 2pz. Ho vector of this space is annihilated by B*"* , for an assumed 
relation B*'* [tz + B*ri + Bfz] -would force, on multiplication by B, 
B*'*r2 + B*'*<'z = 0. Since Rz C S,, B*"*fz — 0 and so B*"V2 — 0 
forcing Tz -= 0. Entering this in our hypothecated relation we find 
B*-=(Bri + t'2) “ 0 forcing Brj + f2 = 0 and hence fz ■= 0, Bfi “ 0 
and finally rj -= 0. The linear subspace 8z of our carrier space which con- 
sists of the vectors annihilated by B*^’ is a subspace of 8z , we denote by 
Rz a complementary space to 8z which is spanned by Rz H- B(BBi -j- B2) 
-j- Rz where ^3, of dimension p„ say, lies m 8z (the dimension of Rz 
being 3pi 2p2 + Pa) • If fc > 4 we proceed in exactly the same manner 
as before, to show how the construction ends we shall suppose (which 
implies, obviously, no real lack of generality) that fc = 4. We consider 
the space B (B^Bi -j- BRz -|- Rz) which is a subspace of 8z and of the 
same dimension, namely pi -f- pz + Pa as B®Bi + BRz + Rz. The space 
B,-l-B(B“Bi+Bfi2+-fia) IS, accordingly, of dimension 4pi-f-3p2+2ps, 
we denote by R^CLSz a complementary space (of dimension p*) to 
Rz -4" B(B*'Bi *4” BRz "t" Rz) so that Rz *4" B{B^Rx “I- BRz -4* -Ba) -I” Rz 
IS the entire carrier space of dimension m = 4pi -4- 3pa + apa -)- pa. 
Since Rz =* Rz *4* B {BRx -j- Rz) -I* Rz and Rz “* Rx "I* BRx -j- Rz we have 
analysed our earner space 8 as follows : 

8 ■“ Rx "I" BRx -j- B^Rx B^Rx -j- Rz *4" BRz "I- B^Rz -4" Rz "4* BRz -I- Rz 

where no two of the parts have a common vector and the first four parts 
have the common dimension pi, the next three parts the common dimen- 
sion P2, the next two parts the common dimension pa and the last part 
the dimension pz. Let us take an arbitrary basis u in Bi , then Bu is a 
basis in BRx, B^u is a basis in B'Bi and B°u is a basis m B‘Rx. We 
choose the vectors of B^u as the Ist, 5th, 9th, vectors Si, ea, eo, 
of a basis for the entire space, the vectors of B*», in the same order, 
being taken as the 2nd, 6th, 10th, vectors Sz, Sa, Sio, of the basis 
for the entire space Since Bex — B*Ux = 0 the first column of B is the 
zero vector , since Bez =— B’«i =■ «i the second column of B — ex and 
so on. Proceeding similarly with bases v, to, t for Rz, Rz, Rz we obtain 
a basis e for the entire carrier space in which the matrix B appears in 
the form 




The original matrix A = AJ?™ + S follows from this by replacing the 
common diagonal element 0 by A. The numbers fc, pi, p^, , pk (of 

which both fe and pi > 0) are evidently invariant under any trans- 
formation by the full linear group and so two matrices are equivalent 
under the full linear group when and only when they have the same 
canonical block structure, i e. the same numbers m,k,pi, for 

each block. The numbers m are the multiplicities of the various charac- 
teristic numbers of the matrix The invariant numbers m, k, pi, pi, • pt 
are connected by the relation kpi-\- (k — l)pi-j- -{■pk—m. If 
k = m the only possibility is pt = Ps =” Ps — =- ■= 0 , m other 

words two m y(, m matrices, both of which have but one characteristic 
number, are transformable one mto the other by an element of the 
m-dimensional full linear group if the common characteristic number A 
IS the same for both and if the (m — 1)-Bt power of the difference 
between each matrix and XEm is not the zero matrix. The dimensions 
of the blocks which actually occur are termed the degrees of the elementary 
divisors of the matrix Thus when k =■ m there is but one elementary 
divisor of degree m. 
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REDUCIBILITT 

We shall concern ouTselveB in the present chapter vith canonical or 
normal forms for certain collections of n X n matrices which are regarded 
as representing, in a given basis, linear operators in a given n-dunensional 
carrier space; the normal forms being obtained by an intelligent choice 
of a basis which is appropriate for tiie entire collection. In the applica- 
tions which we shall wish to make the collections of matrices will 
generally be collections possessing the group property; usually the col- 
lection will constitute a representation of some group in which we are 
interested. But the general remarks we wish first to make have no special 
reference to the group property; they apply to any collection whatever 
of n X A matrices. 

1. Reducibility. 

Let A be a typical matrix of our collection and s a typical vector of 
the carrier space. If 8i is a linear subspace of the carrier space 8 which 
possesses the property that when s is in 8i so also is As (a property 
conveniently indicated by ASidBi) we say that Si is an invariant 
space of the linear operator which is presented by the matrix A ; and if 
Si IS an mvariant space of all the linear operators which are presented 
by the various matrices of our collection we say that Si is an invariant 
space of the collection. Every collection of n X n matrices possesses two 
trvoval mvariant spaces; namely the entire carrier space and the zero 
space. We shall refer to any other invariant space as a proper mvariant 
space. Let now S, be a proper invariant space (of dimension m) of our 
collection and let us introduce a basis whose first m vectors («i, ■ • • , a») 
he m 8i, Smce Aej has for its components the elements of the ;-th 
column of A (i. e. since Aej is presented by the ;-th column of A) 
the statement that 8i is an mvariant space is equivalent to the statement 
that each of the first m columns of each matrix A of our collection has 
its last n — m elements zero. In other words when the basis is so chosen 
that its first m vectors he m the m-dimensional invariant space 8i each 
and every matrix A of our collection has the form 



where A!|^ is an m X matrix, is an m X n — m matrix, and 0 
IS the n — my, m zero matrix. When this is the case we term the col- 
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lection of matrices A reducible ; and when it is not the case we term the 
collection irreducible. In other words reducibilitj is equivalent to the 
existence of a common proper mvanant suhspace for the collection. If, 
tn additwn to being reducible, our collection has the further property 
that it possesses a second invariant subspace complementary to the 
first (and hence of dimension n — m) we choose as our basis one whose 
first m vectors (ei, he m Si and whose last n — m vectors 

(cmi-i, • * , Sn) lie m Si The statement that St is an invariant space 
of the collection is equivalent to the statement that e<ich of the last 
n — m columns of each matrix A of our collection has its first m elements 
zero , in other words when the basis is so chosen that its first m vectors 
he in 8i whilst its lost n — m vectors he in St each and every matrix A 
of our collection has the form 



where 0 is the zero n — m X matrix whilst 0* is the zero m X « — tn 
matrix. When this is the case we term the collection of matrices A 
completely reducible or analysahle , and when it is not the case we term 
the collection non-completely-reducible or non-analysable. In other 
words complete reducibility or analysability is equivalent to the existence 
of a common pair of complementary invariant spaces for the collection. 
It IS a triviality that complete reducibility or analysability implies 
reducibility but the converse is not m general true ; we shall see, however, 
that the converse is true for most of the groups in which we shall be 
mterested (being true, in particular, for every finite group). We 
shall be particularly concerned with non-completely-reducible ( “ non- 
analysable) collections and we prove at once a basic theorem : any matrix 
which IS commutative with each and every matrix of a non-analysable 
collection has all its characteristic numbers equal. Thus, in particular, 
if the matrix is normal it is scalar (— A^«). (The reader will note 
carefully the hypotheses of the theorem : the collection is assumed non- 
analysable, it may well be reducible unless reducibility implies complete 
reducibility.) In fact let P be the n X » matrix which is commutative 
with all the matrices A of our non-analysable collection and present P 
m the form 
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of Chapter 1, p 28 , Pit being an ni* X triangular matrix with all its 
diagonal elements — A*, fc = 1, ■ • ,j, and kk^Kfitlc-^p. We sec- 

tion A mto blocks indicated by the structure of P : 


Then 



^ where dpO is an mg X matrix. 


ap-Ia,^p^ 


) 


(the columns (block) of A being multiplied on the nght by Pi, Pa, 
respectively) whilst 


/Pi^i" Pi4a> 

P.1— (PaAi* 


) 


.Ph 


(the rows (block) of A being multipbed on the left by Pi, Pa, • • • , Pj, 
respectively). The assumed commutativity of P and A gives us a series 
of equalities and we examine more closely one of these, namely 
•da'Pa = Piila^- It IB quickly seen that this implies At^ =■ 0 ; in fact 
the last row of Pi^la^ is Ai times the last row of At^ and on comparing 
this with the last row of ^a'Pa it is clear that the last row of Az^ is zero 
(it being an essential requirement for this step of the argument to go 
through that Aa=?^Ai); the same argument then shows, smce we now 
know that the last row of Az^ is zero, that the next to the last row of 
Ai^ IB zero; and so forth. The same argument shows, in general, that 
Ap^ — 0, p g BO that A has the same structure as P implying that the 
collection is, contrary to hypothesis, completely reducible. Hence all the 
characteristic numbers of P are equal. If the non-completely-reducible 
collection is Abelian each of its matrices is commutative with all the 
matrices of the collection and hence each matrix of the collection must 
have all its characteristic numbers equal; and if the matrices are normal 
they must, accordingly, all be scalar. But this would impfy the complete 
reducibility of the collection save in one case; namely the case when the 
matrices are one-dtmensional. Hence a non-analysahle Abelian collection 
of normal matrices is necessarily one-dimenswnal. In particular a non- 
completely-reducible representation of an Abelian group by normal (e. g. 
unitary) matrices is necessarily one-dimensional. 

When a collection of n X n matrices A is completely reducible (so that 
each matrix A is presentable m the form 
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ill an m X matrix and an n — wiX» — m matrix) we say that 
the collection {A} is the direct sum of the two collections whose typical 
matrices are ili and il2) respectively^ and we denote the direct sum thus 


If either ili or il23 or both, are completely reducible we may, by proper 
choice of basis in each of the carrier spaces of Ai and A2, respectively, 
present them as a direct sum, and so on. The process must finally stop 
since each analysis lowers the dimension of the carrier space; we end 
therefore with the analysis 

^1=41-4- "t" ■ ■ ■ "I* 4.1; 


where each of the component collections { 4 y) is non-completely-reducible. 

We now turn our attention to the case where the collection of matrices 
4 is an n-dimensional representation r “=•{!>(.?)} of a group 0 with 
elements s, t,u,- • . If the collection is reducible (not necessarily 
completely reducible) each matrix D(s) may, by choice of an appropriate 
basis, be presented m the form 


where X>i(s) is an to X m and I*2(s) au n — to X « — m matrix whilst 
a(s) IS an TO X »» — matrix and 0 denotes the n — to X to zero matrix. 
Since det J 3 (s) =det Z>i(s) detD2(s) the non-smgularity of D{s) 
assures us of the non-smgularity of both I>i(s) and Z>2(s), every s. 
Furthermore a direct application of the definition of matrix multiplica- 
tion yields 

-Kwix.) 

so that Di{st) = i),(s) 2 ?i(<) ; Di{st) = Di{s)Dt{t). Hence the col- 
lections of matrices furnish representations r,, r2 of 

dimensions to and n — to, respectively, of our group 0 . We term 
Fi = {Hi (s) } the representation of O which is induced by F in its 
mvariant subspace (here spanned by Si, • ',em). In the particular 
case where the origmal representation F is not only reducible, but also 
completely reducible, we may write H(s) =Hi(s) -f-H2(s) i. e. 
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and •we term r the snm of Ti and r2 : r — Fi + Fj. Since D{s) may 
be transformed, by means of a permutation matrix P, mto 

P-^D(a)P - 1. 6 . i^> 2 ?(s)P - D,(s) + Di{») 

and since the representation of O furnished by the matrices P~'-D{s)P 
is the same as that furnished by the matrices D(s) (the apparent differ- 
ence in the mdividual matrices being due merely to a different choice of 
basis) we have F — F2 Ti- In other words the process of addition of 
representations is commutative. We define multiplication of a repre- 
sentation Fi by a positive integer p as the addition of Fi p tunes : 

pFi — • Fi Fi -J- - • Fj (p terms). 

After analysing the completely reducible representation F in the form 
F — Fi F2 we examine each of the representations F,, r2. If either is 
completely reducible we analyse it in the same manner as F and contmue 
this process till it ends when none of the component representations 
Tij F2, • • , Tit is completely reducible ; this end is certainly reached 
smce every one-dimensional representation is non-completely-reducible. 
When the analysis is finished . F — CiFi c^Vt -|- -f c»F* (c/ a positive 
integer or zero) we say that the completely reducible representation F 
IS reduced and term the non-analysable representations F^ for which 
Cy > 0 the non-analysable (or irreducible when reducibility implies com- 
plete reducibility) components of F, the coefficients Cf being termed the 
multiplicities of the various non-analysable components. 

It 18 clear that when a collection of matrices A is reducible (or com- 
pletely reducible) so also is the collection of matrices A*. In fact the 
hypothesis that the collection {A} is reducible assures us that each 
matrix A of the coUection may be presented m the form 

A / Am *n-m\ 

“W AJIT/ 


(where aJILm is the m X « — m zero matrix when the collection is 
completely reducible). Hence A* may be presented in the form 


A* 



0 * \ 
I 

«»“m / 


and it IB then dear that the collection of matrices A* poBsesseB as an 
mvariant space the space spanned by the » — m vectors ftn+i,- • 

(and, m addition, if is the mXn — m zero matrix, the com- 
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plementary space spanned by the m vectors Ci, ■ - - , em) proving the 
theorem stated. 

2. The analysis of any rational integral representation of the full 
linear group into a sum of homogeneous such representations. 

We have seen in Chapter 1, Section 8, that any rational representation, 
of dimension m, of the fiiU linear group may be obtained by dividmg 
the matrices of a rational integral representation, of dimension m, of 
the full linear group by an integral power (positive or zero) of the 
determinants of the matrices of the full Imear group. We now show 
that any rational integral representation, of dimension m, of the full 
Imear group may be written as a sum of homogeneous rational integral 
representations of the full linear group ; a rational integral representation 
by matrices D(s) being termed homogeneous of degree p when the ele- 
ments of D(s) are homogeneous polynomials of degree p in the n* 
elements of the matrix s. In other words, the rational integral repre- 
sentation whose matrices are D(s) is homogeneous if and only if 
D{xs) -=!e’‘D(s), X any complex number. Smce D(En) ‘—Em it follows 
that a necessary condition for homogeneity is D{xEn) ‘—a^Em and it is 
immediately seen that this necessary condition is sufficient. In fact the 
basic representation property, namely D(ts) ’=D{t)D{s) tells us, on 
setting t — ' xEnj that 

D{xs) = D{xEn)D(s) •=3 ^D{s). 

We now consider the Abelian subgroup of the full linear group which 
consists of the linear operators which are presented m a given basis by 
non-singular diagonal matrices and we denote by x the non-singular 
diagonal matrix whose diagonal elements are {xi, • ■ , Xn) ; thus xy is 
the non-smgular diagonal matrix whose elements are (xiy,, ■ ■ ,Xnyn)‘ 

Then the collection of matrices I>{x) may or may not (so far as wo 
know at present) be completely reducible; if it is completely reducible 
we reduce it so that P"^i?(*)P — 2?i(*) -+-■ -}-2?j(*) where each 

part D]c(x), h = l, constitutes a non-analysable Abelian collec- 

tion (P being some element of the m-dimensional full Imear group). 
We consider, in particular, the collection Di{x) where it is understood 
that if the collection D{x) is not completely reducible Ei(x) stands for 
D(x). Since Di(x) is a non-completely-reducible Abelian collection 
each of its matrices must have only one characteristic number ^i{x), 
say. The elements of Di{x) are certain Imear combinations of the ele- 
ments of D{x) and so <t>i(x) is a rational integral (—polynomial) 
function of the n variables (xi, ■ • , Xm ) ; for the sum of the diagonal 
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elements of ■Di(*) is the product of ^i(x) by the dimension of Di(x), 
The characteristic vectors of -Di(*) being all necessarily associated with 
the single characteristic number ^i(x) of Di(x) constitute a linear 
vector space, Si, say, of dimension ki. If « is any vector of Si we have, 
by definition, i?i(*)M = and on multiplication on the left by 

Di(y) we find (owing to the commutativity of Di{x) and I>i(y)) 

Z>i (*) 2?i (y) « = Di (y) 2)i (*)u — Di (y) <#.i (*)«=> <#>i (*) f?i (y) « 

so that Di{y)u also lies in Si ; in other words Si is an invariant space of 
2?i (y) . Hence H, (y) has at least one characteristic vector in Si (as is 
at once seen on introducing a basis whose first k vectors lie in Si). On 
denoting such a common characteristic vector of Di(x) and Hi(y) by u 
we have 

Hi (isy )« = Hi(*)ZJ (y) « = <^i (y) Hi (*) u==4>i (*)<^i (y)« 

so that ^i(x)4)i(y) is a characteristic number of Di{xy) ; but Di(xy) 
has, like all the matrices of the collection Di{x), only one characteristic 
number, namely <t>i(xy) and hence <l>i{x) is a polynomial in the » 
variables (xi, ,Xn) which satisfies the equation 

*i(®l, ■ ,yn) • -.iPny.). 

By the reasoning of Chapter 1, Section 8, it follows that <^i(*) 
== iTi'* ajn'" where Ci is an integer positive or zero, ;“=•!, , n. 

[The reader should carefully note that whilst in that section we were 
able to derive the further result c, = Cz = = Cn we are unable to 

do so here , the reason being clear. There we had a function defined for 
all elements of the full linear group and not, as here, merely for the 
diagonal elements We were able to show, consequently, that ^(*) must 
be a symmetric function of its n arguments because the diagonal matrix 
*= (xi, ,x„) can be transformed mto Xf= (x,,, • ,Xf„) by a 
permutation matrix. But this permutation matrix is outside the diagonal 
subgroup of the full linear group {Eh being the only diagonal permuta- 
tion matrix!) In other words no diagonal matrix is transformable into 
any other diagonal matrix by a diagonal matrix, simply because the 
diagonal subgroup is Abelian. We are unable, therefore, to say (it would 
be, m fact, false) that <l>i{x) is a symmetric function of its n arguments 
(®i, ,a;ii)]. In particular <^),(xEn) =!*» where pi — Cl -H • -i-c« 

IS an integer, positive or zero. On factormg out from Bi{xEh) we 
obtain a matrix ^i(x.E«) (defined by fi{xEn) »-Hx(xj&«) -=-a^) all of 
whose characteristic numbers are unity and which satisfies the equation 
lf'i(®£«)i^i(y.Bn) — il/iixyEn). We propose to show that ^i{xEn) is the 



HOMOQEyEOtJS BEPBESBKTATIONS 


46 


unit mi-dimensional matrix. Admittmg this for the moment it follows 
that A {xEn) = a/f^Emi and, generally, Dic{xE„) — aP>*Emu “■ 1> 

If any of the integers pu pi, are equal we place the corresponding 
matrices Dic(xEn) together (by means of a permutation matrix) and so 
we know that there exists a basis in which D {xEn) has the form 

x»iEg^ + + • + x’‘'Et„ pi> p2>- • > pr 2: 0. 

Since D($) is permutable with D(xE„) it follows that E(s) is com- 
pletely reducible. 

fA,(s) 0 
0 A2(s) 

D(s) - 

where j1/(s) is a qy X qi matrix. The matrices A.y(s) constitute a 
representation of the full linear group which possesses the property 

Ay (as) •=x^>A{s) 


since D(xs) = E(xEn)D(s) ; in other words it is homogeneous. Hence 
we have the result every rational integral representation of the full 
linear group of dimension n is either homogeneous or else expressible as 
a sum of homogeneous rational integral representations of the full linear 
group. Combining this with the theorem of Chapter 1, Section 8, we 
see that all rational representations of the full linear group are known 
when wo know the homogeneous rational integral representations. 

It remains to prove that the matrix ^i(aA) is the unit matrix H*,. 
We write a == and denote ^,(aA) by /i(f)> bo that /l(^) — Em^ has 
all its characteristic numbers zero (as is at once seen on presenting 


il/i{xE„) in its Schur canonical form). Denoting the constant matrix 
/i(l) — Emi by Ai we have = 0 so that for positive integral values 

of $ the matrix g, (I) = Em^ ^Ai H- 

^ where is the binomial coefiBcient — 

IS identical with (£mi-|-Ai)*. Hence gi(f)fl'i(iy) — Pi(l -f ij) where 


f, ij are positive or zero integers. The difference pi(| + ij) — gi(i)gi(v) 
IS a polynomial in the two variables |, and since it vanishes (for any 
given positive integral value of one of the variables) for an mfinite 
number of values of the other it must vanish identically. In other words 
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+ 7 ) 9ii()9i(v) complex values of i and ij. The matrix 

satisfies the same equation: + fiW 

— Emi + Ai gi{l) and this is sufficient to imply fi{0-^gi{i), 

every £. In fact gi(ki) — ^ positive mteger, so that 

9i(k!) — {^ 1 ( 1 )}* and similarly /,(fc) — {/i(l)}* so that gi{k) 

k any positive integer. Since both fi(t) and are continuous func- 
tions of ^ the equality fi($) “ ^i(l) will be proved for all positive real 
values of { if we can show that it holds for all positive rational values of (, 
i. e. for all values J — fc/I where k and I are positive integers. Since gtik/l) 
fiW^) = it IS sufiBcient to show that 

— gi(l/Z), Z any positive integer. Setting /t(l/Z) =Si, gi(l/Z) =Ci 

we have to prove BiCi'i — Em^ (that Oi is not smgular is a consequence 
of 9i(()9i( — i) “^i(O) —Emt so that gi{$) is non-singular for all 
values of ; now Bi' >= /i(l) = Bi*, -{■ Ai so that Ai commutes with 
Bi; Cl is a polynomial in Ai so it also commutes with Bi and hence 
(BiCx-i)«-B.‘f7r‘ “/i(l)^r‘(l) —E^. Br, like all M(), has all 
its characteristic numbers unity, and Ci, bemg a polynomial in Ai (all 
of whose characteristic numbers are zero) with first term Emu has all its 
characteristic numbers unity. Hence C-r^ has all its characteristic 
numbers unity (use the Schur canonical form!) and this implies that 
BiOr' has all its characteristic numbers unity (since the commutativity 
of Bt and Ci implies that of Bi and Cr‘). Writing BjOi'^ Bm, Fi 
it follows that Fi has all its characteristic numbers zero so that Bi"> — 0. 
Let ki be the lowest power of Fi which vanishes : Bi** — 0, ^ 0 ; 

since (BiCr*)' — Bw, we have (Bm, -f Bi) * — B«, or 

-|- -|- Bi* -= 0. On raising this to the fci — l-st power (if ifci > 1) 

we find (on using Bi*» — 0)Bi*»"* — 0 contrary to the definition of fci j 
the only way out of the dilemma is to have ki ■= 1, 1 . e. Bi = 0 implying 
Bi — Ci, i.e. /i(l/Z) =^i(l/Z) or, consequently, fi{k/l) = gi{k/l) , 
k,l any positive integers. The contmuity of fi{(),gi(i) then ensures 
fi(() — gi(f)> i “oy positive real integer. Since /i(^) is a rational 
function of a: — ef and gi (I) is a polynomial in f = log x the only way 
we can have /i(f) -- fl'i(^) for all positive values of ^ is to have i4i = 0 
so that the logarithms disappear from gi{(), this reducing to the con- 
stant matrix Em,. We then have /, (f) = Em, for all positive real values of 
(, i. e. }lii(xEn) — Em, for all real values of x which are > 1. Smce the 
elements of ^i(a:B«) are polynomials in x it follows that ^i(a:Bn) — Em, 
for aZZ complex values of x ; which is what we had to prove. 
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3. Schur’s Lemma. 

A fundamental theorem concernmg irreducible collections of matriceSj 
known as Schur’s Lemma, is the following: 

If {A) and {B} are two irreducible collections of matrices, whose car- 
rier spaces are of dimensions n and m, respectively, and if there exists an 
n X m matrix P such that AP — PB, every A, B (this equality meaning 
that given any A of the first collection a P of the second collection may 
be found such that AP = PB ; and, vice versa, given any B of the second 
collection an A of the first collection may be found such that AP — PB) 
then we are confronted by a simple alternative: either 

1) P 18 the zero n X fn matrix, in which case B is evidently 
indeterminate when A is given and A indeterminate when B 
IS given 

or 2) P 18 square and non-singular; in which case the collection of 
matrices B =— P~'^AP is equivalent (under the full Imear 
group) to the collection of matrices A. 

The proof of this basic theorem is trivial : let the columns of P pre- 
sent the vectors p,, • , pm; then the columns of AP present the vectors 
Api, , Apm whilst the columns of PB present certain linear com- 
binations of the vectors (p,, ,Pm)- In other words the linear 

space spanned by the m vectors (p,, '>Pm) is invariant under the 

collection of matrices A. Hence the granted irreducibility of this col- 
lection assures us that the linear space spanned by these m vectors 
(Pi, , Pm) IS either the zero space or the entire carrier space. In the 
first case P is the zero n X m matrix, whilst in the second tn'Sin and 
n of the 7/1 vectors (pi, ,pm) are linearly independent. Starring 
the given equality AP = PB we find B*P* = P*A* and we know that 
the new collections {A*} and {B*} are irreducible; hence, unless P is 
the zero n X m matrix (in which case P* is the zero m X n matrix), 
the number of columns of P* (namely n) S: the number of rows of P* 
(namely m). Combining both results we obtam the stated theorem: 
either P is the zero matrix or P is square (m = n) and non-singular 
(smee the n vectors presented by its columns are linearly independent). 
The reader should note carefully the hypotheses of the theorem : both col- 
lections A and B are assumed irreducible. Non-analysability is not enough 
(unless, as is, for instance, the case for all representations of all finite 
groups) reducibility implies complete reducibility (“— analysability). 

It IS clear, by the same argument, that if we are given but one irre- 
ducible collection of n X » matrices A and a fixed n X *n matrix P such 
that AP — 0 then either P is the zero matrix or the vectors represented 
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by the columns of P span the entire n-dimensional earner space ; in this 
case Aei — 0, Ae^ — 0, • , Ae^ — 0 or, in other words, the columns of 

A all present the zero vector i. e. { J.} is the trivial collection which con- 
sists of the single zero matrix. 

4. Burnside’s Theorem. 

In Older to derive this consequence of Schur’s lemma, it is necessary 
to say a few words about a concept which is fundamental in the theory 
of group representations, namely, the trace of a square matrix. This is 
the sum of the diagonal elements of the matrix 

(2.1) aa“. 

Since the /-th diagonal element of the matrix product AB {A, B both 
n X w matrices) is we have Tr{AB) = aa^hf- and the symmetry 

of this in the symbols a, b yields the important result 

(2.2) Tr(BA) ■==Tr(AB). 

It follows that the trace of a matrix of dimension n is invariant (heiein 
lies its importance) under transformation of the matrix by any element 
of the full linear group , in fact if P is any non-singular n X matrix 
we have 

Ti(P-^AP)^Tr(P-U P)-^Tr(P P-^A) ^Tr{PP-^ A) -=^TrA. 

We see, then, on transforming A to its Schur canonical form, that 
7'r(yl) == the sum of the n characteristic numbers of A. 

Let now r be an iircducible lepresentation, of dimension ?i, by matrices 
B(s), of a group G whose elements are s,t,u, and let us suppose 
that there exists an n X « matrix P such that 

Tr{P*D{s)) = 0, every s. 

Since the collection of all n X w matrices constitutes an Abelian group, 
under addition as the law of combination, we may regard any ny, m 
matrix as a vector in an rtm dimensional linear vector space (the nm 
different matrices each of which has all elements zero save one, which 
is unity, being evidently linearly independent and every ny m matrix 
being a linear combination of these). If A, B are any two ny m 
matrices B* is an m X « matrix and so B*A is an to X matrix whose 
;-th diagonal element is = 2 bpap Hence the trace of this 

a 

pioduct IS 

(2. 3) Tr{B*A) -= b*a^af(^ — 2 

0./S 
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and it is evident that 

Tr{A*B) ~~Tr{B*A) 

(a relation which is a consequence of the trivially evident relation 
Tt{A*) =^TtA). It is, then, evident that the ni» dimensional linear 
vector space whose elements are n'X. m matrices may be assigned the 
metric 

(2.4) (A\B) ~.Tr(B*A). 

(That (A 1 .4) SO, the equality implying A — 0, is evident since 
(A I A) — Tr(A*A) •= 2 and any term of this double summation, 

a,ff 

a^aj' say, is positive or zero and, if zero, da*’ — 0). 

Our assumed relation Tr{P*D(s)) — = 0 may be expressed by the state- 
ment that there exists a vector P in the «* dimensional linear metric 
space (whose elements are n X « matrices) which is perpendicular to all 
the matrices D(s) of an irreducible representation of a given group Q 
(and hence to the linear vector space spanned by the matrices D(s) of 
the given irreducible representation). The collection of vectors P, m 
this n’‘ dimensional space, which are orthogonal to the linear vector space 
B spanned by the matrices D{s), constitutes a linear vector space S (of 
dimension ], say, and spanned by the vectors Pi, • , P/, say) comple- 
mentary to B. The definition of S is such that it P C.B (i?(a) | P) “ 0, 
every a j m particular {D(st) | P) =0, every 8,t, i. e. (P(«)I)(t)jP) — 0. 
But this expresses the fact Tr{P*D{s)D{t) ) ■= 0 i e. Tr{Q*D{t) ) — 0 
where Q-=D*(s)P. Hence (Z>(<) jQ) -= 0, every t, so that Q d 3, 
every s. On setting P = Pn, k=~l, 7;, m turn, we have Z?*(s)P|6 

“= Pah^t lc = l, the <»"• being undetermined complex numbers 

which constitute a ; X ; matrix T*{s). Each of the ] n'X. n matrices P» 
contains n* elements so that there are yn* elements altogether in the set; 
we select from these the jn elements which he in the same column, say 
the g-tb, of the y matrices and consider the n X J matrix Mg of which 
the element in the i-th row and m-th column 13 (Pm)e‘- Then our 
relation 2?*(s)P* = Pa<** appears in the form 

- MgT*(s) ; (g - 1, • ■ • , «). 

But the irreducibility of the collection I>(s) implies that of the collection 
2>* (s) and so the columns of Mg are either zero or else y S n and the 
y vectors (of the carrier space of B(s)) constituted by the columns of Mg 
span the entire earner space If T*(s) is the zero matrix the non- 
singularity of Z>* (a) implies Mg — 0, every q (on multiplication on the 
left by D*~^{s)). If the collection of matrices T*{s) is irreducible 
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we star the relations written above, obtaining T(s)M*q'^M*QD(8) im- 
plying n ^ ; (unless all M*q — 0) and the fact that the n vectors (of 
the earner space of T(s)) constituted by the columns of M*q span the 
entire carrier space. Combining the two results we see that either 
Jfg — 0, every q, or else there exists one Mq which is a non-singular 
n X » matrix so that the matrices T(s) = M*aD(s)M*q-^ furnish the 
same representation T of as the matrices D{s). If the first alternative 
holds, 1 . e. Mq — 0, every q, we have, by definition of the Mq, P* — 0, 
ifc — 1, • , ? BO that 8 18 the zero space, its complementary space R 

being the entire n’ dimensional spare. In other words the matrices D{s) 
span the entire n’-dtmenswnal linear vector spouse (whose elements are 
nXn matrices). If the other alternative holds, we transform T(s), 
which is equivalent to I)(s), by introducing a new basis in S so that 
r(s) becomes D{s) and we know that there exists a non-singular n X » 
matrix M*q having the property 

D{s)M*q — M*J)(s), every s. 

This IS sufficient to imply that M*g is a scalar matrix, for evidently any 
scalar matrix satisfies the same relation : 

Ri^S^XgEn Xg^nD^s") 


so that D(s)(M*q — XqE») = (M*q — \qE„)D{s). If A« is a char- 
acteristic number of M*q the matrix M*q — A,Pn is singular and hence, 
by Schur’s Lemma, it must bo the zero matrix In other words M*q = XqEn 
and, by the very definition of ilf,, it follows that (Fm)B*“=0 unless 
min which case it — A*. The relation (Z)(s)|Pm) —0 i. e. 

2 (Pm)/i“(P(‘8^) )fl“ = 0 reduces, therefore, to '^Xp{D{s))^ — 0 i.c. 

0/3 a 

D(s)X = 0 where A is the vector, of the carrier space in which E(s) 

operates, whose components are (Ai, jA»). The non-singulanty of 
P(s) forces A = 0 so that all the matrices M*q, and hence all the matrices 
Mq, vanish, implying, as before, that the matrices D(s) span the entire 
n® dimensional space.. However, our proof of this fact rests on the 
assumption that the collection of matrices T*(s) is irreducible. If the 
collection T* (s) is reducible we present it, by proper choice of basis in 
the space 8, in reduced form 



Q*(s) 

T*e{s) 


) 


where the square matrix r*i(s) (of dimension ji < j) is a member of an 
irreducible collection (obtained by letting s run over 0). Taking only 
the first ]i of the ) equations D*{s)Pii — Patk'^ we argue with these 
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precisely as abore where the irredacible collection T*i (a) takes the place 
of the previously assumed irreducible collection T*(s). We find that all 
the vectors Pi, • • • , Pj, must vanish contrary to the hypothesis that they 
span a space of dimension ji ^ 1. Hence the theorem is true in general : 
the matrices of an irreducible n-dtmens%onal representation of any group 
contain n? linearly independent matrices (Burnside’s theorem). An 
equivalent statement is the following, the elements of the matrices 
D(s) of an irreducible representation, of dimension n, of any group O 
are linearly independent, no non-trmal relation Tr{P*D[s ) ) «= 0, every 
s, existing between them. In the course of the proof we have derived the 
very useful result: the only matrices commutative with all the matrices 
of an irreducible collection are scalar matrices. The reader will compare 
this theorem with a previous theorem where a weaker assumption (non- 
analysability instead of irreducibility) led to the weaker result (all char- 
acteristic numbers equal instead of matrix being scalar). 

Frobenius and Schur have given a useful generalisation of Burnside’s 
theorem which runs as follows. Suppose we have several non-equivalent 
irreducible representations Tj, r^, • • , Pj of a given group Q by matrices 
Di(s),Di{s), • ,I)g(s) of dimensions ni,n.8, , «j, respectively. The 

ordered set (Ai, ,A<,) where A] is any Uj dimensional matrix, 
} = 1, ,q constitutes an Abelian group under the law of combination 
(Ai, , Aj) (Bj, • , Bj) — (Ai -f- Bi, • • ,Aq-\-Bq) and, fur- 
thermore, has defined over it the operation of multiplication by an 
arbitrary complex number a: «(Ai, • ,Aj) — (aAi, sA:, ■ ■,aA,). 

It constitutes, therefore, a linear vector space and the dimension of this 
linear vector space is -j- n.* -f- na*. If we denote by A the 

typical vector (Ai, • •, A*) of this linear vector space, the formula 

(A I P) = Tr{P*i Ai) + Tr(P*^ A,) -f • -t- Tr(P*, A,) 

evidently defines a metric over the space. If the vectors D(s) 
— (l>i(s), span a subspace R of the linear vector space, 

the vectors P — (Pi, • , Pq) which are completely perpendicular to B 

span a complementary space S and if this is of dimension ; and is spanned 
by Pi, • ,Py the typical vector of 8 is Po®“, • ‘ixt arbitrary 

complex numbers. The statement P C B is equivalent to (D(s) | P) — 0, 
every s; and this implies {D(st) | P) — 0 every s, t. Written out this is 

irr(P*fcZ?»(s)Dfe(t))-0, 

1 . e, (D(i) |0) =0, every t, where Q— (l>*i(s)Pi, 2>*2(s)P*, • • •, 
I)*q(s)Pt). Hence P C B implies ^ C B. On setting P in turn — P», 
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i — 1, • where Pk—(Pt,i,'‘ >P*.q) D*m(s)Pk,m 

— Pa.mtit^(s), OT — 1,2,- • ,q, the fe’' being undetermined complex 
numbers which constitute a y X / matrix T*{s). For a fixed "value of 
m, say m = 1, we repeat the argument used in the proof of Burnside’s 
Theorem , the conclusion being first that all the matrices Pk.i vanish or 
else that the matrices T(s) furnish the same representation Ti of Q as 
do the matrices -Di(s). In this latter case they do not furnish the same 
representation of 0 as Fj, r,, , or Pj and hence the matrices 

Pk, 2 , tPkq vanish, every k. We are then back in the previous case 
(i. e. Burnside’s Theorem) so that the matrices Pk.i must vanish, every h. 
In other words the vectors D(s) span the entire + n** + • • • + nq 
dimensional space , or, equivalently, the tii* + n 2 * + ' elements of 

the matrices D^{s), Dq^s), ,Dq{8) are Imearly independent, no non- 

« 

trivial relation of the type 2 rr{P*jfc2^(s)) — 0, every s, existing 

ifc^j 

between them. 

6. Bounded representations of a given group G. j 

If r IS an n-dimensional representation, by matrices D{s), of a group 
0 with elements s, t, u, we may picture D (s) by a pomt in a real 
2n’-dimensional rectangular Cartesian space whose coordmates are the 
real and imaginary parts of the n* (complex) elements of i?(«). Then 
(■D(s) |I?(s)) = TrI)*(s)D(s) is the squared distance of the repre- 
sentative point from the origin (which represents the zero matrix). 
We say the representation is bounded when the representative points all 
lie within some “ sphere ” with center at the origin , i. e. when there 
exists a fixed number M such that Tr(D*{s)D{s ) ) ^ Ilf, every s. It is 
clear that a collection of n X n matrices is bounded when and only when 
the set of elements of the matrices of the collection is bounded. For 
example every representation of a finite group is bounded, or if the 
elements s, t, arc described by a finite number of real parameters 
which run over a closed point set as s runs over 0 the representation is 
bounded if it is continuous, i. e. if the elements of P(s) are continuous 
functions of the parameters which specify s (for any continuous function 
defined over a closed point set is bounded over the set). Terming such 
a group G compact we may say that any continuous representation of a 
compact group is bounded. The (Euclidean) squared distance between 
the representative points p, q of two n X « matrices A, B bemg 
(A — B\A — B) it IS clear that not only does {A — B \A — B) — 0 
imply A — B = 0, 1 . e. p — g but that q->p as B-* A and vice versa. 
In fact the formula | 3 — p |* = 2(Sa* — 6fl“) (ff/s* — 6/j*) shows that 
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I 3 — P I < * iniplieB \aiJ — W 1 < € every j, h ; and, conversely, 
\a^ — 6*^ I < £, every k, implies | g — p\<ne. Furthermore not 
only does the Schwarz’ inequality: |(j1 | B)|* (A\ A) {B | B) hold 

(this inequality bemg valid for every linear metric space) but 

(2.5) MB|<|A||B| 

where | A | (called the norm ol A) denotes the positive square root of 
(A \ A). To see this we first make the trivially evident remark that the 
norm of a matrix is unaffected by multiplication of A, on the right or 
left, by any unitary matrix V : 

\AU\ = \ VA I = 1 .4 I ; n,V arbitrary unitary matrices. 

In fact 

I 417 1» = {AV 1 4Z7) =. Tr[{An)*AU} =■ Tr[(4J7) (417)*] 
— Tr(AVU*A*) — TrAA* => rr4*4 — | 4 |* 
and 

|y4|=-=(F4|y4) = Tr[(F4)*y4]=rr(4*F*y4) = rr4*4=>j4l*. 

Hence, in particular, the norm of a matrix is invariant under trans- 
formation by any element of the unitary group- j U*AU ( = | 4 |). 
In particular the norm of a normal matrix is the square root of the 
sum of the squared moduli of its characteristic numbers (the Schur 
canonical form of the normal matrix being diagonal). If the normal 
matrix is a non-negative Hermitian matrix P, with characteristic num- 
bers (Ai, , A„) so that Aj > 0, y -= 1, , «, | P |a =. Ai® -f- A,* 

+ -f A„' ^ (Ai -j- Aj -f -f- A»)® = {TrPy so that, since | P | 
and Tr(P) are both non-negative, |Pj<rr(P), Writing P in the 
form T*T we have | T*T | ^ Tr{T*T) = | P j* and this result (valid 
for any m X w matrix T) leads at once to the stated mequality. Thus 

145 1= = Tr{B*A* AB) = Tr{BB*A*A) = (4*4 | B*B) 

< [(4*4 I 4*4) (B*B I B*B)1’* (Schwarz’ inequality) 

— I 4*4 I I B*B I < I 4 I* I B I* 

implying | 4B | < ( 4 | | B |. It is evident that if either 4 or B is the 
zero matrix the inequality may be replaced by an equality (both sides 
being zero). If neither 4 nor B is zero and one of them 4, say, is such 
that 4*4 has at least two non-zero characteristic numbers, the weak 
inequality | 4B | ^ | 4 | | B | may be replaced by the strong inequality 
1 4B I < I 4 I I B I for then I 4*4 | < | 4 |». 
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When £ axe 1X1 matricea ^ complex numbers) our inequality 
becomes the modulus equality 

\AB\-\A\ |B|. 

As far as convergence questions (where the interest is centered on 
dominattons rather than equalities) are concerned, the inequality 
I AB I ^ I A I I £ I IS just as forceful as the equality \ AB | ■= | A | | £ |. 
Thus if we have a sequence of n X n matrices Ai, A 2 , • • , Am, • • • 
we say that the sequence converges to a limit matrix L when the sequence 
of norms \L — Ai |, , | L — Am I, • (each of which is a non- 

negative real number) converges to the limit zero; it being evident that 
then each element of Am converges to the corresponding element of L. 
From the triangle inequality we derive | A, — Aj | = \ {L — A,) 
— {L — A,) I ^\L — A, I -t- 1 £ — A, I so that it is trivially evident 
that a necessary condition for convergence of the sequence A,, A 2 , ‘ , 

Am, • • IS I Ap — Ag I — » 0 as p, g tend, independently of each other, 
to 00 . But this necessary convergence condition is sufficient, 1 e. it 
serves as a criterion for convergence (Cauchy convergence principle 1) 
In fact if we consider for a fixed p the sequence Ap — Ap,i, • • , 
Ap — Ap„m , ' ' ' we know that we can choose p so that the norm of each 
and every one of these < c where < is an arbitrarily assigned positive 
number (say 1). Hence the sequence Ap^i, Ap+ 2 , ,Ap 4 m, ' is 
bounded (the representative points all lying within the “ unit sphere ” 
whose center is at the representative point of Ap). The representative 
points possess, accordingly, at least one accumulation point and we denote 
by L the matrix represented by this accumulation point. Then, by 
definition of an accumulation point, we know that to any assigned t we 
can find an m such that I L — Ap4m | < < and if p is chosen large enough 
so that I Apm, — Ap., I < *, every q (which can always be done smce 
\Aj — ^|— »0 as 00 , by hypothesis) it follows, on applymg 

agam the triangle inequality, that | L — Ap„ | < 2t every q, proving 
the convergence to the limit L of the sequence Ai, • • • , Am, (and 
mcidentally the uniqueness of £; since two L’s would have to satisfy, 
again on account of the triangle inequality, \Li — Lj | < 4t, * arbitrary, 
1 . e. £1 — £2 — 0 or £2 =- £ 1 ) . If we have an infinite series £ — Ai -f- A* 
-1- • • Am -H whose elements are n X » matrices we say that 
the infinite series converges to the value S if the sequence of partial sums 

81 — ■ Ai, £2 “ ■ ■ ■ 8m ““ Ai Ap Am, • • • 

converges to the limit £. It is dear, for example, that the exponential 
series 



UATBIX FOWEB SEBIEB 


56 


exp A 


-^-+^+o+---+S + 


converges lor every n X n matrix A (simply because 

expM|-l + M|+i^+ •• + ^ + 
converges for every non-negative number | ^ |)> In fact 


and so 

|s,-Sp1- 


8q — 8p 



P + 11 


+ • 


AQ-l 

q-ll 




+ 


g — 11 



(by the triangle inequality) 


Since a continued application of the basic mequality | AB | £ | ^ | | B | 
gives \ A” \ '^ \ A I i4* I ^ 1 yl I’, , \ A* \ \ A \^. Hence the 

convergence of the numerical series exp | A | implies the convergence of 
the matrix senes exp A Similarly the series 


log(B + 4)-4— ^+ .-f (— + . . . 

a q 

converges if | 4 | < 1. It is clear that if B =— P~^AP is the transform 
of A by any element of the full linear group exp B = exp 
= P-^ (expil)P. If A IS normal P can be so determined that B is 
diagonal and then exp B is diagonal, the diagonal elements being 
exp di, , exp dn where di, • , are the diagonal elements of the 
(diagonal) matrix B. If, for instance, ^ = ?7 is unitary, its charac- 
teristic numbers A,, • ,An are all of unit modulus. A)t<=exp (idt), 
fc — 1, • , n, ftt real ; hence, if V is the Schur canonical form of 

U,V <— exp 1 ® where ® is the diagonal (Hermitian) matrix whose 
diagonal elements are (0i, ,0n}- This implies 


U — exp (iH) ; H an Hermitian matrix. 


Conversely it is obvious that if H is an arbitrary Hermitian matrix 
U — exp (iH) IS imitary; for V* — (exp (iH))* — exp ( — iH*) 
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— exp ( — luff) and hence UU* — En (for the ordinary rule for multi- 
plication of power senes shows that exp A exp B = exp {A -|- B) pro- 
vided A and B are commutative •, m particular exp 4 exp ( — A) 

— exp O—Eri). The factorisation A =- UP ^QU ot any n X « matrix 
(Chapter 1, Section 7) may, therefore, be written m the form, 

4 = e<»P=.0e‘H, 

a result which is a direct generalisation of the polar factorisation of 
complex numbers : a = e*^p = pe**. In general if A is any ft X n 
matrix it may be presented in the Schur canonical form (in which it 
appears in triangle form) with the characteristic numbers (\i, X 2 , ,Xn) 
of A along the main diagonal ; then exp A appears in triangle form 
with exp Ai, ■ , exp An along the mam diagonal. Hence 

det (exp A) — exp Ai exp Aj • exp An = exp (Ai Aj -t- • • An) 

— exp {TrA). 

If therefore TrA = 0, exp A is unimodular and, conversely, if exp A 
18 unimodular TrA is an integral (positive, negative or zero) multiple 
of 27rt. 

It IS clear that the limit F of a convergent sequence of unitary matrices 
Z7i, ffj, • , Urn, IS itself unitary. For on writing F ■= 17™ -4- « 
we have 

V*v = (ff*„ -(- **) (ff„ -f .) = P* -t- -f e*e, 

and so 

1 F*F — ffn 1 - I -I- «*ff« + 1 

^ I U*mt 1 -1- I i*Um 1 1 c*e I (Triangle inequality) 

— I * I I <* j -4- ! <*« I — » 0 with c 

Hence | F*F — E-n |, bemg independent of e, = 0 and so F*F = En. 
In other words the unitary subgroup of the full linear group is compact ; 
so that any continuous representation of the unitary group is bounded. 
The same remarks apply to the full real orthogonal suogroup of the 

full linear group and to the proper real orthogonal subgroup of the 

full linear group. The full linear group itself is not compact (since a 
sequence of points in the representative 2ft®-dimensional real Euclidean 
space may not have an accumulation point but may — » 00 ) ; nor is the 
full unimodular group compact if ft > 1 : For if A is any element of 
the unimodular group so is the matrix B obtamed from A by multiplying 
any row of it by any complex number (=^ 0) and dividing any other 
row of it by the same complex number ; hence | B | may be as large as 
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yre wish (being certainly not less than the modulus of any smgle element 
of B), 

We now proceed to prove a quite fundamental theorem: namely the 
theorem that any hounded subgroup of the full linear group is equivalent 
to a unitary group. Since any representation of any group is a sub- 
group of the full linear group it foUows that any bounded representation 
of any group G is equivalent to a unitary representation of G. In Ime 
with our agreement to regard equivalent representations as identical (the 
apparent difference being due to a quite accidental choice of basis) we 
may say : all bounded representations are unitary. An important conse- 
quence of this theorem is that, as far as bounded representations are 
concerned, there is no distinction between reducibility and analysability 
or complete reducibility. Let then {A} be a bounded collection of » X » 
matrices constituting a group. The hypothesis of boundedness is expressed 

by 

1A1<M 

where is a positive number independent of A. It is clear that the 
hypothesis of boundedness implies that any accumulation point of the 
collection {A} is itself non-singular. In fact let L be any accumulation 
point of (A) and let {Am}, to = 1, 3, • • ,be a convergent sequence 
from (A) with limit L The matrices Am"*, m == 1, 8 , , are in 

(A), since the collection {A} is a group, and hence this sequence is 
bounded. Let K be an accumulation point of it and let {AJi}, 
TO =■ 1, 2, , be a convergent subsequence (from the sequence Am"^) 

whose limit is K. Then we have the relations 

■f' “ + Am; K — 

where both | Am | and | J?m | < t (an arbitrary positive number) if to 
IS large enough. Smee 

LK — Bn -f- AmA'* Ap^Dm “t" AmD„ 

we have 


1 -Sn I “ 1 AmA^ -4- Ap„Bin -f- A^Dm | 

^ I A*, n 1 + Ms- i \n„ 

S 21f€ -[-€*—» 0 with e. 


+ |Am| |i)m| 


The left-hand side being independent of e we have | LK — Bn | — 0 
implying LK == B- so that L is non-singular. The closure of (A), i. e. 
the collection of all matrices A together with aU their accumulation 
points, IS itself a subgroup of the full linear group. In fact if i is any 
accumulation point of {A} which does not belong to {A} we select a 
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conveTgent sequence [Am], m — 1,2, -, with limit L and considei 

the sequence {AmA), A any element of the OTigmal group {A}. This 
sequence has an accumulation pomt £ and we select the subsequence 
{Af,,} of {An} such that {A|i,A} is a convergent sequence with linut K. 
Then we have L — Ap. An ; f — Ap.A Dm where both | A« | and 
I Dm I < * (an arbitrary positive number) if m is large enough. Hence 
LA — K AnA — Dm implymg | LA — Z|<|An| |A|4-|-D«i| 
^ {M + 1)£— » 0 with €. Hence LA —K so that LA belongs to the 
closure of (A). If Li,Li are two points of accumulation of {A}, 
neither of which belongs to {A} we consider two convergent sequences 
{An}— >2/1 and {H*,} —* L,; the sequence {AnSm} has an accumulation 
pomt K and we select the convergent subsequence {Ap„B,„} —*■ K. 
Then, exactly as before, we find LiLt — K. Hence the closure of {A} 
possesses the group property; it actually is a group since it contams En 
(already a member of {A}) and the inverse of each of its elements. The 
closure of {A} is evidently closed; m fact if J is any accumulation 
point of it each neighborhood of J contains at least one element of the 
closure of {A} other than, possibly, J itself. But this implies that each 
neighborhood of J contains at least one element of {A} other than, 
possibly, J itself; for if £ is a member of the closure of {A} which does 
not itself belong to {A} there are members of {A} arbitrarily near L. 
Finally the closure of {A} is bounded, for \Am\‘^M implies | £ | S Jf 
where {A*,} is a convergent sequence with limit £ ; m fact 1 £ | ^ | £ — Am | 
-}- I Am I ^ df + « and the fact that | £ | is independent of e forces 
I £ I :< If . 

The useful implication of the discussion of the previous paragraph is 
the following’ if we can show that any bounded and closed subgroup of 
the full Imear group is equivalent to a unitary group this wiU imply that 
any boimded subgroup of the full linear group is equivalent to a rmitary 
group. For if the closure of {A} is equivalent to a unitary group, {A} 
itself, being contained in its closure is, ii fortiori, equivalent to a unitary 
group. We consider therefore a bounded and closed subgroup {A} of 
the full linear group. The fact that | A* | = | A ( forces \ A* A \ 
^ I A* I I A I S df“ so that the collection of positively definite matrices 
P — A*A is also bounded; furthermore it is closed. In fact if £ is an 
accumulation point of the set {P} it is the limit of a convergent sequence 
{Pm} where P« — A*mAm. If K is an accumulation point of the 
sequence {A*,} we have, as before, £ — A%„Ap„ + A*, JT — A,„ + Dm 
where both | Am | and | Dm ] < « (an arbitrary positive number) if m 
18 large enough. Hence ) £ — K*K | -*■ 0 with e and its independence 
of e forces | £ — K*K | — • 0, i. e. £ — K*K proving the closure of the 
set {P} since K belongs to the closed (by hypothesis) set {A}. 
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Before finishing the proof of our theorem it is necessary to make some 
remarks concerning a bounded and a closed point set {P} lymg m a real 
rectangular Cartesian space. Let n denote the dimension of the linear 
snbspace 8 of lowest dimension which contains the given hounded and 
closed point set and let x — (x'-, ■ ■ ■ , x") be a rectangular Cartesian 
coordinate system in 8. The pomts of 8 which satisfy the equation 
(a; I c) where (c|c)— »1, he on a “ h 3 qjerplane ” pos- 

(a) 

sessing the orientation c and as p vanes we obtain a family of parallel 
hyperplanes; the numbers x,c,p being all real. An application of 
Schwarz' inequality gives |pj-— |(a:|c)|S|x| |c| — |a;| so that 
all points of the hyperplane (x \ c) -= p have a distance from the origin 
^ I p |. Restricting our attention to those hyperplanes of the parallel 
family (a | c) =-> p which contain pomts of our given bounded set [P) 
it follows that the numbers p form a bounded set: 

— af <p<Jlf 

where \ x\ :^ M, x any point of the given bounded set {P}. Denoting 
by P-(c), p+(c) the greatest lower and least upper bounds, respectively, 
of the bounded set of numbers {p} we term the collection of points x 
for which 

(a!|c)=p; p.ie) :<p<p4c) 

the c-slice of our n-dimensional rectangular Cartesian space determined 
by the point set {P}. The very definition of the terms greatest lower 
{and least upper) bound is such that every point of (P) is contained in 
each c-slice determined by (P) whilst no narrower slice having the 
orientation c contains all of {P} (the obvious definition of the term 
width of the slice between the parallel hyperplanes (* | c) — pi, 
(a: j c) =p 2 being | pj — pi |). Then the collection of points common 
to all c-shces determined by P is termed the convex of (P) and denoted 
by Co{P). It IB an immediate consequence of the definition that 
{P} C Co{P) (since {P} is contained m each and every c-slice deter- 
mined by {P}) , and that Co{P) is bounded (every c-slice determined 
by {P} being contained m the slice — (a; | c) ^ JIf so that Co{P) 
18 a subset of the spherical region j z | ^ Hf). If z, y are any two 
points of a c-slice determined by {P} all points of the line segment 
joming z and y (i. e. all points xx-j-fiy where are non-negative 
numbers whose sum is unity) he also m the c-slice. In fact the mequali- 
ties p-(c) ^ (z I c) < p,(c), p.(c) ^ (y I c) ^ p*(c) force p.(c) 
^ a(z I c) -f- j8(y | c) — = (az )3y j c) P+(c). It follows, therefore, 
that if z, y are any two points of <7o(P), i. e. any two points each of 
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which is contained in all c-slices determined by P, then all points of the 
line segment joining the points x, y are contamed in Co{P). In techni- 
cal language Co{P) is convex (this property being the reason for the 
name convex of P which is abbreviated by the symbol Co{P)). It is 
clear that Co(P) is closed; simply because the points of each c-slice 
determined by P for which \ x [::S M form a closed set. In fact (x \ c) 
IS a continuous function of x-. l(y | c) — (a:|c)|-=|(y — ®|c)| 

— I y — ® I “lid so the set of points defeed by p-(c) ^ (a: | c) ^ P+(c), 

\x\-^M, IB closed; in fact if a:,, as*, • is a convergent 

sequence of points of the c-slice determined by (P) (for which 
( I M) their limit x belongs to this c-slice. Simply because 
I a: — XI \ < « implies | (a: [ c) — (aij | c) j < « so that p.(c) — e 
< (a; 1 c) < pt{c) 4- c and the arbitrary nature of the non-negative 
number c forces p-(c) ^ (a: | c) ^ p+(c). 

It IS important to notice that the contmuity of (x | c) coupled with 
the assumed closure of {P} assures us that each of the boundary planes 
(x I c) ==p-(c) and (x | c) = p^{c) of any c-slice determined by (P) 
contains at least one point of (P) ; for the continuous functions 
{x I c) — P-(o), Pi-(c) — (x 1 c), of the variable x, defined over the 
closed set {P}, must each assume at some point x of (P) its greatest 
lower bound zero. We term these boundary planes of c-slices determmed 
by {■P} planes of support of P. These planes of support constitute a 
closed set; i. e. if (cm, p^.{cm) ), m — = 1, 2, 3, is a convergent sequence 
with limit (c,p) then p=“p*(c). In fact let Xm be any point of {P} 
in the plane of support (x | Cm) = p*{em) of {P} and let a; be an 
accumulation pomt of the bounded point set Xm, to ■= 1, 2, so that 
a: 18 a point of the closed set (P). We may assume the sequence aim 
converi/ent since if it were not we would merely select from it a con- 
vergent subsequence Xp^,Xp„ ,Xp„, ■ with limit x and consider, 

instead of the convergent sequence {Cm,p*(Cm)), its convergent sub- 
sequence (cp„,p*(c,„)). Then the continuity of {x | c), regarded as a 
function of both its arguments (which contmuity is a direct consequence 
of the Schwarz’ inequality |(® | y)| :< | x | | y |) tells us that, for arbi- 
trary positive €, I (a: I c) — (x« | Cm) | < «, m sufficiently large. The 
definition of a:* implies (x» | c*) =p^.{cm) and so (a: | c) — p forcing 
p<p,(c). But if y IS any pomt of {P} on the plane of support 
(x|c)=Pt(c) of {P} we have (y|c)— p,.(c) and hence | p*(c) 

— (y I Cm) 1 < *, TO sufficiently large; if p were < p^c) we would have 
P+(cm) < p*(c), TO sufficiently large, and hence (y | Cm) < p,.(c). Thus 
P*{o) — (y 1 Cm) < « implying p^(c) — p,(cm) < t, TO sufficiently large, 
i.e. p+(c) — p. 
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If, now, X is any point of Co{P) which does not lie on any plane of 
support of {P} we have p+(c) — (* | c) >0 every c. This continuous 
function of the plane of support (c, p,(c)) must (since the planes of 
support form a closed set) have a greatest lower bound b which is > 0. 
The entire spherical neighborhood of x consisting of pomts y for which 
I y — x\ < b belongs, accordingly, to every c-slice determined by P and 
hence to Co(P) j in other words x is an interior point of Oo{P). Hence 
each boundary point of Co(P) lies on at least one plane of support of P. 
We use this to prove a result which is essential for us : every point of 
Co{P) IS a linear combination, with non-negative coefficients whose sum 
IS unity, o/ » + 1 points of [P). The theorem is evidently true if P is 
a point set lying on a straight line (n = 1) since then C'o(P) is the line 
segment joining the points p-,Pt which points belong themselves to P, 
owing to the closed nature of (P). In order to prove our theorem by 
the method of induction we assume it true for all bounded closed sets 
{P} lying in a rectangular Cartesian space of n — 1 dimensions and 
derive from this assumption its validity for all bounded closed sets {P} 
lying in a rectangular Cartesian space of n dimensions. Let, then, {P} 
be a bounded, closed set in a rectangular Cartesian space of n dimensions 
(it being understood that it does not lie m a rectangular Cartesian space 
of n — 1 dimensions) and let Q be an arbitrary point of Co(P). 
Denotmg by P an arbitrary point of (P) {R^Q) we construct the Ime 
segment RQ all of whose points belong to Co(P) , producing this Ime 
segment, if necessary (in the sense {R—*Q), it will strike the boundary 
of C'o(P) m a point T, say T being a boundary point of Co{P) must 
lie in a plane of support of (P) and the convex of those points of P 
which lie in this plane of support contains T (this convex being the 
intersection of Co{P) with the plane of support). The plane of support 
being of dimension n — 1 we know, by the hypothesis of the induction 
proof, that T is a linear combination with non-negative coeflBcit nts whose 
sum IS unity of n points of {P}. But Q is a linear combination with 
non-negative coellicients, whose sum is unity, of the points R and P; 
m other words ^ is a linear combination, with non-negative coefficients 
whose sum is unity, of n -j- 1 points of P, so that the proof by mduction 
18 complete. 

We relegate to an appendix to this chapter the proof of the somewhat 
plausible theorem that the convex Co{P) of every bounded, closed point 
set {P} possesses a mean center which belongs to the convex. If, then, 
{A} IS a bounded, closed subgroup of the full linear group we construct 
the set (also bounded and closed) of positively definite matrices P — A* A. 
Each point of the convex Co(P) of this set, being a linear combination 
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with non-negative coefficients (whose sum is unity) of points of {P}, 
is a positively definite matrix. In particular the mean center C of Co{P) 
is a positively definite matrix. If B is any fixed element of the group 
{A} the set {AB} is the same as the set {A } ; and hence the set 
{(4S)MP} — {B*A*AB) — {B*PB) is the same as the set {P}. The 
2n* coordinates of the representative point of B*PB are homogeneous 
linear functions of the 2n* coordinates of the representative point of P. 
To see what the 2n* X matrix of this linear transformation is we 
argue as follows : treating the elements p,^ of P as the components of a 
(complex) vector in an n^-dimensional space the n* X n* matrix T of 
the transformation P — * B*PB has for its (rs, }k) element 

T»^bW. 

If D denotes the matrix reciprocal to B (so that D* is reciprocal to B*) 
the matrix 8 whose (rs,]k) element is is inverse to T' 

(,T8) =• 0 unless (r, s) — {}, fc) in which case it = 1. 

Hence T is non-singular. Splittmg the complex vector p,'' and T into 
their real and imaginary parts, i. e. writing p,' =• 1/ -f im,’’, T = J + iK, 
where I — (2/) and m = (»»«’') are real as are also J and K the trans- 
formation p-*Tp—‘(J + iK){l + %m) induces the transformation 
whose matrix is 



on the 2n®-dimenBional real vector (I, m) It is readily seen that the 
non-singularity of the complex matrix T = J iK implies the 

non-smgulanty of the 2n* X 2n“ real matrix F. In fact the transforma- 
tion on the 2fi“ real variables (Z, to) becomes, when presented in the 
basis obtamed by setting p = l-\- tm, p^^l — tm, a transformation on 
the 2»‘ complex variables (p, p) whose matrix is 

{I 1)- 

The determinant of this matrix is det T det f = ( det P |® and so 
detP “ I det T j* since the deterimnant of any matrix is unaffected by 
a transformation of the matiix by any element of the full Imear group 
(here of dimension 2n‘). Hence if x is any point of the c-slice deter- 
mmed by (P), ^ = Pa: is a point of the Pc-slice determined by (B*PB), 
he. 16 a pomt of the Pc-slice determined by (P). In other words 
B*Co{P)B belongs to Co{P) every B, but this implies that B*~^ 
B*Co(P)B P'1, 1 . e. Oo(P) belongs to B*-Wo{P)B'^ every B and 
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hence (on replacing B by S'*) to B*Oo(P)B every S, Hence B*Oo{P)B 
— Co{P). If G IB the mean center of Uo(P), B*CB is the mean center 
of B*Co(P)B , in fact the mean center x of any region S is furnished 

by a quotient of two integrals : * = ^ xdv -7- dv and if x is sub- 
jected to a non-singular linear homogeneous transformation F we have 

Fx=- Fxdv -i- J" dv = J’ Fx I det Ff dv— J' | det S | do 

=“ I F{x)dF -¥■ C dll', (do' — volume element of F(8)) 

JFiB) JP(8) 

— f ^do'^ f do' 

Jris) Jf(8) 

= mean center of F{8). 

Hence B*CB = C, every S; and C being positively definite we may write 
it in the form T*T, T non-singular. Thus B*T*TB ■= T*T so that 
TBT-^ 18 unitary, every B, T independent of S. In other words the sub- 
group {B} of the linear group is equivalent to a unitary group. 

When our subgroup {^1} is finite we may prove its equivalence to a 
imitary group without having recourse to the convex of (P) where 
P — A* A. We merely average P ■= A* A over the collection constructmg 
the matrix 

C = - 2 , r the order of {A], 

r A 

it being trivially evident that, then, B*CB = C, every B. The rest of 
the argument is the same as before. When {il} = {!>(«)} is a repre- 
sentation of a finite group 0 , with elements s,t, • , we may, instead 
of averagmg over the representation, average over the group, i. e. con- 
struct the matrix 

C = - 2 D*{s)D{s) ; g the order of G, 

9 « 

and it IS again evident that D*{t)CD{t) = C, every t, so that the rest 
of the argument is the same as before. For some infinite groups it is 
possible to define an averaging process over the group, in which integra- 
tion replaces finite summation, and again prove the fundamental theorem 
without having recourse to the convex of (P). This group averaging 
has other important uses beyond the proof of the unitary equivalence 
theorem and we shall discuss it in a later chapter. 
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Appendix to Ghapteb Two 
The Tolume and mean center of a convex point set. 

We understand by a convex point set a bounded, closed point set 
having the property that it contains the entire line segment joinmg any 
two of its points; (so that, for instance, the convex of a bounded closed 
set IS a convex pomt set) ; and we regard the pomts as points of a real 
n-dimensional rectangular Cartesian space where n is the dimension of 
the set (i. e. the set contains n -|- 1 and not more than n + 1 Imearly 
mdependent points). Since the point set contains the entire simplex 
(analogue of segment of a line (n = 1) ; triangle in a plane (n = 2) , 
tetrahedron in space (n ■=— 3) ) determined by any n-\-l Imearly inde- 
pendent points of it, it certainly contains interior points (i. e. points of 
the set such that not only the points themsehes but entire spherical 
neighborhoods of them belong to the set) and we place the origin of our 
rectangular Cartesian coordinate system at one of these interior points. 
If a 18 any unit vector : (a j a) = 1, the line segment through the origin 
having the direction of a (i. e. the collection of points po,p^0) has 
one and only one pomt in common with the boundary of our convex set ; 
namely the point Xo = poa(po >0) such that pa belongs to the convex 
set if p'^po whilst pa does not belong to the convex set if p > po* If 
x — pa 18 any point on the ]om of the origin and Xo (produced if 
necessary) the ratio p/pa is a non-negative function of x which is posi- 
tively homogeneous of degree one: i. e, if f{x) denotes p/po, f — 0 and 
f{kx) — lef{x), (it being evident that /(O) =0). The non- 

negative function f{x) has the important property f(ar)-t-/(y) 
^f{x-\-y), this being an immediate consequence of the fact that 
f{x) 1 if and only if x belongs to our convex point set. In fact on 
writmg x/f{x) =^, y/f{y) =v, {x¥^0, y^O), f{i) =1, /(,) =l 
(owing to the positive homogeneity of /) and so tj belong to our convex 
point set. On writing f(x)/[f{x) + f{y)'\ =«, f(.y)/U{x) +/(y)] 
— fi the pomt af -t- belongs to the line segment joining x, y and hence 

to our convex pomt set. Hence f{^ f(^x)+f{y) '}~ equivalently, 

/(® + y) — /(*) -f /(»). This convex property of f(x) forces its 
continuity. In fact, if «i>= (1,0,0, • ), • • , e» — (0, 0, • • ,1) 
and M dominates the 2» numbers /(±: et), fc — 1, • • , «, 

f{x)<f{x^e0+ ■ |a:*|-f-. •-|-|**|} 

where *—(*', • • ,a!^) (so that the points for which | a* | 

nM 
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ft — 1, ■ , n, all belong to our convex set). Observing that the basic 

convexity property f(.x + y)^f{x)+f(y) implies — f{y)-<f(x) 
— f{x-\-y), every x,y, or, equivalently, (on writing — y for y, and 
x + y for x)—f(—y)<f{x + y) — f(x)<f{y), every (x,y), we 
have I f{x + y) — f{x) | dommated by the greater of | f(y) |, | /( — y) | 
and, it fortiori, by Jlf ( | | + + 1 y" I ) proving, incidentally, the 

continuity of f(x) every x. If a: is a unit vector, | a; | — 1, the con- 
tinuous function f(x) defined over the closed set | t | — 1 assumes its 
least upper and greatest lower bounds (both positive) as x wanders over 


the unit sphere | a; | = 1. Denotmg these by - and -i respectively we 

t* Jh 

have, for arbitrary x (owing to the positive homogeneity of f(x)) 




Hence the spherical region defined by | z | ^ i2 contains all points of 
our convex set (these being characterised by 1) and has one pomt 
in common with the boundary of the set (so that it is, in fact, the 
smallest spherical region centered at the origin which contams all the 
points of the convex set) , and the spherical region defined by | z | ^ r 
belongs entirely to our convex set and has one point in common with 
the boundary of the set (so that it is, in fact, the largest spherical region 
centered at the origin which is entirely contained in the convex set). 
The fact that our convex set lies entirely in the spherical region 
j z I ^ 5 implies, a fortiori, that it lies entirely in the “ cube ” (centered 
at the origin) | z* | ^ fj, ft = 1, , n, and the fact that the spherical 

region | z | ^ r belongs entirely to our convex set implies, ft. fortiori, 

that the “ cube ” (centered at the origin) | z^ [ < ~, ft = 1, , », 

y/n 

lies entirely in the point set. If we have an arbitrary “ cubical grid ” 
of mesh 6 and if N denotes the number of elementary cubes of the 
grid which contain only points of our convex set, it follows that 
I\r(5)“< (2fJ)", if we have a second cubical grid of mesh S' and if Q 
denotes the number of elementary cubes of this grid which contain 

at least one point of our convex set, il follows that §(8')"S 

The fact that the Q cubes, of mesh S' completely cover our set and 
hence completely cover the N cubes of mesh 8 forces 0^0(8')" 
— .^^(8)*. We now show that the non-negahve number Q(S')’' — W(8)" 
IS dominated by a number which tends to zero as 8,8' tend, inde- 
pendently of each other, to zero. The bounded set of numbers l\r(S)" 
6 
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possesses an accumulation pomt V as this number 7 is, then, 

the limit of QCy)" as (and hence not merely an accumulation 

pomt but the hrmt, i. e the unique accumulation pomt, of N{S)'‘ as 
8->0). It 18 the volume, in the usual sense, of the convex set. To prove 
this statement let < be an arbitrarily small positive proper fraction: 
0 < e < 1 and consider the collection of points of our set for which 
/(®) :< 1 — t. Owing to the contmuity of f{x) we may make the mesh 
S so small that each and every point of those elementary cubes which 


contain a point of our set for which f^l — c is such that / < 1 — r, 

say. In other words the mesh 8 can be made so small that if a cube 
contains a point for which / ^ 1 — « the entire cube lies in the pomt 
set; similarly the mesh S' can be made so small that if an elementary 
cube contains a pomt of the convex set every point of this elementary 
cube 18 such that f{x) < 1 + «• If is the number of cubes of edge 8 
which contain a point of the set for which / ^ 1 — * and we move each 


pomt X of these N cubes out from the origin to the pomt 


1+^ 
1 — e 


* we 


( 1 + e 

. ~ 8 1 which covers all the 
^ * ' /I 4- c X" 

pomts X for which f(x)^l-j-€ and hence ^©(8')". 

This implies 


with t. This proves the existence of a volume or, equivalently, the 
multiple integral of unity 

v^fdv 

for any convex set 

The existence of the mean center of a convex set follows at once. We 
integrate the vector x over the region occupied by the N cubes of our 
mesh (obtainmg N{S)''X}i, say) and also over the Q cubes of our 8' mesh 
(obtaining Q(y)”xg, say). The Q cubes of the 8' meSh cover the convex 
set which, m turn, covers the N cubes of the 8 mesh so that the difference 
of our two mtegrals is the mtegral of x over a region whose volume 
“ Q(8')" — N{S)”. Considering any component x^ of the vector x and 
observing that | a:^ | :< (1 + <)^ over the Q cubes of the 8' mesh we 
obtam 


I g(8')»V — I < (1 +€)5 I e(«')" — fV(8)» |. 
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Hence N(S^)xyl, Q(S')''xq> converge as S,8'-*0 their common limit 
being, when divided by V, the j component of the mean center x: 


■f 


dv 


of the convex set. When our convex set is the convex of a given hounded 
closed set (P) it is clear that x is itself a point of Co{P ) ; in fact the 
mequalities 

p-(c) < (a: I c) < p4c) 
which define a c-slice determined by (P) force 
P-(e) ^ (®lc) ^p.(c) 

so that X belongs to each c-sliee determined by (P) . In other words ® 
IS a pomt of C'o(P). 



CHAPTER THREE 


GROUP CHARACTERS 

In this chapter we propose to discuss a method of multiplication of 
representations of a given group which enables us to derive new repre- 
sentations of the group from one or more given representations; and to 
apply our results to the determination of the number of non-equivalent 
irreducible representations of any finite group. 

1. The Kronecker product. 

Let A be any my, m matrix of which the element in the ;-th row and 
fc-th column is Ok^ and let B he any n y n matrix of which the element 
m the p-th row and g-th column is b^. Then the mn X mn products 
constitute an mn y mn matrix C of which the element m the 
(;, p) row and column is Ok^b^ , G is termed the Eronecker 

product of A by A and is denoted by A y B It is convenient to arrange 
the row (and column) index-pairs (;, p) (and (k, g) ) in dictionary 
order so that (), p), for example, precedes (/, p') if ; < / or if ; — - 
p < p'. When this is done A yB may be conveniently presented m the 
block form 

C Oj'B Ui^B 
(h^B 

( B 0 0 \ 

0 B \ = B-\-B-i- -j- H ( TO terms) 

so that Emy. = Enm It IS dear that H X A is in general different 
from AyB 

C 6i’A bM 
bM 

Nevertheless R X A is obtainable from A X R by applying the same 
permutation to the rows and columns of the latter. Let us denote by 
ihP)* the position of (p, j) when the ordering is dictionary-like, the 
label with the range n coming first, e g., if m = 2, n — 3 the dictionary 
order where the label with the range 3 comes first is (1, 1), (1, 2), (1, 3), 
(3, 1), (3, 3), (3, 3) whilst the dictionary order when the label with the 
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range 3 comes first is (1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2). Hence 

(1.1) *- (1,1). (1,2)*- (1,3), (1,3)*- (2,2), (2,1)*- (1,2), 

(2. 2) * — (2, 1), (2, 3)* — (2, 3). Then if the (;, p) column of 4 X S 
IS transferred to the (j,p)* position and the (k,q)TOW to the (&, g)* 
position we obtain B X In other words 

(3.2) (BXA)^PUXB)P-^ 



Notice that P is quite independent of the elements of A and B being 
completely determined by their dimensions 
The Kronecker product A X B has several evident but important 
properties. In the first place it la associative In other words if A, B, 0 
are any three square matrices of dimensions m, n, p respectively then 

AX(BXG)-~(AXB)XC, 

each side of this equation being the matrix of dimension mnp of which 
the element in the (}i, j,) row and (ki, ka) column is otj' btJ^CkjK 

Owing to tins associative property we may omit the parentheses and 
denote either side of our equation by 4 X -B X C. If we multiply a given 
matrix A, of dimension n, by itself in this way m times we obtam the 
Kronecker m-th power 

[A-i„ = AXAX XA 

< : m ttmit) * 

This IB a matrix of dimension n” of which the element m the 
(.hihl ,;»,) -throw and (fci,fc„ ,fcm)-th column is anj-. 

The second important property to which we wish to call attention con- 
cerns the ordinary matrix product of two Kronecker products. Let 
Ai, A 2 be two mX VI matrices and Bi, B 2 be two n X « matrices and 
consider the matrix product of the mn X mn matrix At X B 2 by the 
mn X mn matrix Ai X Bi (il, X B,) (Ax X Bj) This is an mn X mn 
matrix of which the element in the (y, p)-th row and (fc, g)-th column is 
(«i)a^(6i)s’’(02)*“(6s)«^ where the summation labels a, j3 have the ranges 
1, • , m and 1, , n, respectively. On summing first with respect 

to a and then with respect to we obtain the product of the (;, k) 
element of A^Ax by the (p, q) element of B 1 B 2 . Hence 

( 3 . 3 ) (ill X Bi) (A2 X Bi) “ AiAx X B1B2. 

If A and B are non-singular square matrices, of dimensions m and n, 
respectively, it follows that 
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60 that (A X -B) 18 itself non-eingulap, its inverse being X 
Since A X B = (A X E^) {E„ X B) we have det (A X B) 
— det (A X En) det X B). But det X B) — (detS)" and 
det {A X En) — det {E„ XA) = (det 4 )" since AXEn and EnXA 
are similar. Hence det (j 1 X B) — (detA)" det (B)“. If, in par- 
ticular, A and B have the same dimension n we have 

det (A X B) = (det A)« (det B)* >= det (AB)". 

Finally (A X B)* — (A* X B*) ; in fact the (.]p,kq) element of 
(A X B)* = aj'‘bpi = a*iJ which is the (}p,leq) element of 
(A* X B*). In particular if A and B are both unitary matrices, U, V 
say, we have 

{U X V)*(U XV) = (U* X V*)(U X F) = (U*U X F*F) 
(Em X En) = Emn 

SO that (17 X F) is itself unitary 

Let now Fi, r, be representations by matrices Di(s), ^2(3), of dimen- 
sions m, n, respectivelv, of a given group 0 with elements s,t, • ; 
then the matrices jDi(s) X - 02 (s) furnish a representation, of dimension 
mn, of 0 . In fact Di(s) X 02(3) is non-smgular, every s, smce Bi(s), 
Ba(s) are non-smgular, every s; and 

(B,(<) XD 2 it))(l},(s) XD 2 (s)) 

— (Di(t)Di(s) X D2{t)D2(s)) ■=X>i(< 9 ) X D2(ts). 

We term this mn-dimensional representation the Kronecker product of 
Fa by Fi and denote it by Fi X F-. The product Fa X Fj is a repre- 
sentation by the matrices 02(3) XDi{s) butl?2(s) X Di(s) = P(Di{s) 
X ^2(3) )P~'^ where P is a non-singular (permutation) matrix which is 
independent of s. In other words the Kronecker product F2 X F, of 
Fi by F2 is the same as the Kronecker product F, X Fa of F, by Fj : 
Kronecker multiplication of representations of a given group is com- 
mutative We may, in particular, form the Kronecker product F X F 
of a representation F of a given group G by itself, and, continuing, we 
may form the Kronecker m-th power of F 

[F]„ = F X F X X F . 

^ 171 fu«.t<7r 8 ' * 

If F IS of dimension n, [F]m is of dimension n”. For instance the ele- 
ments s, f, u, of the full linear group on n letters constitute an 
fl-diniensional representation F of the full linear group. The Kronecker 
m-th power of F furnishes a representation, of dimension n**, by matrices 
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D{s), of the fnll Imear group, it is a homogeneous rational integral 
representation of degree m smce the j^m) 

element of D{s) is 

We may give a convenient geometrical picture of the Kronecker product 
-d X -B X C X as follows. Let x, y, z, be arbitrary vectors m 
the carrier spaces of A, B, G, , respectively and write f — Ax, 
ri = By,i = Cz, . Theni^i — — = ’ 

so that Ja,*« Ca,*‘ x'^y^z“ . Hence AX BXG 

IB the matrix of the transformation induced on the mnp products 
by the transformations x —¥ Ax, y — > By, 2 — > Cz, of the 
vectors x, y, z, . The products »**y*^> 2 *“ may be regarded as the 
components of a vector in a linear space — ^the carrier space of .4 X B 
XC .In particular the Kronecker m-th power AX AX A X A 
(m factors) is the matrix of the transformation induced on the n™ 
products Xm’-" (where Xi, , Xm are m arbitrary vectors of an 

n-dimensional carrier space) by the transformation x-*Ax of this car- 


rier space. 


For example let n => 2, 



and let us calculate 


the Kronecker square of A. We have — x'-, ^ = tx^ -f- 
=. iy^ -|- so that = a:y , ^ ' 2 ;“ — ; £ V — tx^y^ 

-)- x‘y'^ , = <*a:*y* -)- tx^y^ -j- ta^y'^ -f- Hence 


[^] 2 “ 


^1 0 
t 1 
t 0 
<» < 


0 o' 
0 0 

1 0 
t 1 

J 


Let V denote the vector of the carrier space S of X -A X 

X .4 (m factors) whose »!»•) component is Xm^" 

where x,, X 2 , , Xm are arbitrary vectors of the carrier space of A If 


p = t permutation on the tn symbols (1, , to) we denote 

by p(v) the vector, m the carrier space S of [4.]m whose (;i, ,jm) 
component is aJm-'"", and, generally, if denote the 

components of any vector v of B we denote by p(v) the vector of 8 whose 
(ju , ;m) component IS The to ’ equations r — p(v)=0, 

every p, define a Imear subspace B ot 8 and R ts an invariant space 
of the operator [A'\m = A XAX X 4, (to factors). In fact if 
. y« denote the components of an arbitrary vector r; of J? we have, 


by definition of R, every p 


Hence, 


if [4.]mtJ — V), 



78 


GBOUP CHAB^OTXBS 


• ifm _ a^'“ ■ •“ “ ai** ’ *** 

OI Ob Of, Ofa 

_ ail • • a^" «“»»’ • *•" — a^* ” *o^*’ ’ 

Aj Om fll On 

proving the invariance of JZ under If r is a representation by 

matrices 2>(s), of dimension n, of a group (? with elements s,t, 
it follows that the representation [r]m by matrices [i)(s)]iFi, of dimen- 
sion n”, of G has Ji as an invariant subspace and, hence, induces m i2 
a representation of 0 of dimension equal to the dimension of B. This 
representation is termed the symmetrized Kronecker m-th power and we 
shall denote it hy [r] («,. 

It 18 clear that the carrier space S of [^]m is the complete n” dimen- 
sional space obtamed by assigning arbitrary values to each of the com- 
ponents For, if not, the aggregate of vectors of the type 

where Xi,X 2 , ,Xm are arbitrary vectors of the car- 
rier space of A, would span a proper linear subspace of the complete m™ 
dimensional space , there would, therefore, exist one or more non-trivial 
equations of the type Ca,o, , -== 0. But the validity of 

such an equation for all vectors Xt, ,Xm from the carrier space of A 
forces aU the coefficients , i* to vanish In fact on setting et, 
k=~l, ,n, m turn, we find c*,. , ob.,*®!®' *???"“ every k, 

and an argument by induction with respect to m justifies our statement 
(it being clearly true for m — 1 =— 0, every », forces Cj = 0, 

every ;). It is similarly clear that the space B is spanned by the collec- 
tion of vectors where x is an arbitrary vector 

from the carrier space of A (which vectors obviously belong to B). In 
fact if this were not the ease each vector = x>^ xf" would 

he in a Imear subspace of iZ, i. e tn addition to the linear equations 

v~-q(v): vti' = defining B there 

would have to he at least one non-trivial equation c»,, — 0. 

We use the equations v = q(v) to secure the symmetry of the coefficients 
Cii im (with respect to permutations of the labels 1, 2, , m) and 

then we have the identical vanishmg of the m-th degree polynomial in 
the n variables (x^, , x”) • 

Pi* •Pn Pi Pn' 

Pi + Pa+ -|-pii — m 


where dp,, 
Pi twos, 


, p, denotes Cy,, y„ if the set contams pi ones, 

,Pp n’s; (the numerical factor ^ — — being the num- 


Pi! 


p»' 


ber of permutations of m things of which pi are alike, pi alike and so on). 
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But the identical vanishing of this polynomial forces the vanishing of 
all its coefBcients, i. e. of all c/,, . and this proves that the vectors 

V = a:-*"* span, as x wanders over the carrier space of A, the 

entire subspace R. 

The matrices of the symmetrized Kronecker m-th power may be found 
by using the following principle. Let r be any reducible representation 
of a given group and let an invariant subspace R {oi dimension m) of 
its carrier space be defined by a set of n — m linearly independent 
homogeneous equations 

(k — 1, ,n — m). 

We introduce a new basis in which the last n — m components of a 
vector X are 4 “** the other m being obtained by eliminating n — m ot 
the si’s by means of the equations In this basis r is 

reduced since any vector for which =— 0, k = 1, ,n — m, goes 

over, by hypothesis, into a vector whose last n — m components are zero 
The representation induced in by r is obtained by considering the 
transformation of the remaining m coordinates Thus, to be specific, 
suppose we have eliminated {x”*^, , x") so that our new components 

of any vector x are (*', We find the repre- 
sentation induced in R by eliminating a:”**, , x" from x—* Ax and 

since we need only the coefficients of x^, ,x^ we may write at the 

beginning = 0, , — 0. For example if r is the Kronecker 

71(tI 1 ) 

square [4] 2 our — r — - equations i-=0 are — v‘'' = 0. 

it 

fl I J \ 

We introduce as our first — ^ — - coordinates the quantities v’’"’, r^s, 

and eliminate the remaining quantities if’’, r > s, by means of the equa- 
tions = 0, 1 . e. we replace v'’', r > s, by v*'*’. In other words [A'\ ( 2 , 

IS the matrix of the transformation on the — ^ — - products x’'x', r S s, 

mduced by the transformation x—*Ax of any vector * of the carrier 
spaces of A. Similarly [il] (m) is the matrix of the transformation on the 
distinct products a:^" induced by the transformation x Ax 

of any vector x of the carrier space of A , and the dimension of the car- 
rier space of [^] tm) IB the number of such distinct products. Thus if 
we consider the representation F, of dimension 2, by the matrices 

'’w-C 0 

of the (Abelian) group of complex numbers under addition the matrices 
of the symmetrized square are 
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/I 0 0\ 

s 1 0 , 

\s» 2jt 1/ 

the Tepresentation being three-dimensionftl To get the symmetrized 
TO-th power we write i* — a:', + ** and consider 

— (a:')^(sx' The representation is of dimension m + 1 and 

if the components of v, i e. are written in the order 

(x‘)* (x')''‘-V, (x')“-=“(x®)% , (x*)® the matrices of the sym- 

metrized Kronecker m-th power appear as 


(3 4) 




10 0 0 
s 1 0 0 

2s 1 0 







where 



denotes the binomial coefiBcient ml — r ' m — r i 


In general the dimension of the symmetrized Kronecker product is 
the number of combinations of m letters (fci, , km) each of which 

can take n values (repetitions being allowed) It is, therefore, the 

number of terms in the expansion of (zi + * 2 -f- -(-Zn)®, in fact 

if there are pi I’s, pj 2’s, pnfi’s in the set ki, ,km we have 
Pi + Pa + -f- Pn ” w* and we may associate each component x*» x*" 

of a vector v oiR with a term in the expansion of ( Zi Z 2 -|- -j- 

Denoting the desired dimension of fJ by m) it is clear, on expand- 
ing (Zi-t-Z 2 -|- +*ii)® by the binomial theorem (writing Zi -j- Z 2 

-t- -H in the form z, -f- (*2 -f Zh) ) that 


(3.5) N{n,m) = N{n,m — l)-\-N{n — 1, m) 


(the first term on the right being the number of terms that have Zi as a 
factor and the second being the number of terms free of Zj) Now 
A'’(l, m) — 1, every m, N(n, 1) = n every n, setting n = 2 in the dif- 
ference equation (3.5) we findN(2, m) — N(2,m — 1) =fV(l, m) = 1 
so that N(2, m) = m -H constant = m 1 since N{2, 1) >— 2. Then 
N(3, m) — N{3,m — 1) — N(2, m) = m -|- 1 so that N{3,m) 
“ i(™ + 1) (wi + 3) (the additive constant being zero since N{3, 1) 
— 3). Proceeding in this way we arrive at the general formula 

(m w — 1)1 
m* n — II 


(3.6) 


N(n, m) 
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which may readily be verified by induction (using the difference formula 
(3.5)). 

The symmetrized Kronecker second power, or square, is of dimension 
jjiay be regarded as the transformation on the - - 


products x^x' (r < a) of the components of a vector x m the carrier space 
of A when x undergoes the transformation x — > Ax. If A is unitary and 
X 18 any vector in the earner space of A the product x*x is invariant 
under A and hence Trxx*xif is invariant under A (which is merely 
another way of stating that the Kronecker square [j4]j is unitary when 
A is unitary) . If we write z*'-* = V 2 x'x*, r <. s , z’"’*' = afx'' (which 
IS merely a transformation of basis m the carrier space of [ii]( 2 )) it fol- 
lows that z*z IS invariant when x undergoes the transformation x — » Ax. 
In other words \_A'\i 2 y, when presented in this new basis, is unitary. 
If a/ 18 the (r,s) element of A the (rs,pq) element of [4] ( 2 ), when 
presented in the new basis, is furnished by the formulae 


t-^1 ^ > [■d]<2)5’« “= V® ip q) 

[^] mp'p = va" iWh’ (»■<«), [A] ,2>5:; = <hra,‘ -f o/o,,* 

(r < s, p < ?) 


These are obtained by writing 4* = | and calculating V 2 
(r < s') in terms of x^xf, V3 x*X^ (?<?)• 

Another example of the symmetrized Kronecker power is the following. 
Let A be a unitary 2X2 matrix and consider the symmetrized Kronecker 

m-th power [A],™). This will be of dimension — and may be 

obtained as the transformation induced on the products (x’)’'(a:“)*''^, 
A: = 0, 1, , w, by the transformation x Az of the vector x =• (x^, x® ) . 

Smce the iioii-symmetrized Kronecker m-th power of a unitary matrix 
IS unitary it follows that if v is the vector = Xi^‘ XnJ" 

(where each j has the range (1,2)) j;*t; is mvariant under the non- 
symmetnzed Kronecker m-th power. On setting Xi = X 2 “ =■ Xm, 

v>i’ ’ becomes symmetric m the labels 1 to m , if ft of the 
superscripts ,jm assume the value 1 and m — ft the value 2 

the term v>^' furnishes, under permutations of the m super- 
scripts ji, ft I ~~ft having the same value 

(x^)*(x“)“'*. If, then, we write (x^)*(x*)"*^, which 

amounts merely to a change of basis in the carrier space of [A](«i), 
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*•* 18 invariant under x-*Ax bo that [^] (m) i8> when presented in this 
basis, unitary. It is convenient to write m = 2; (so that ; takes the 
half-integral values -J, 1, %, 2, ) and to denote h — ; by /» so that /> 

assumes the m + 1 •— 2; + 1 values beginning with — ] and ending 
with + Then the transformation induced by x-* Ax on the 2j + 1 
quantities 




(x^)i*>‘(x’)/-i‘ ^ 

VO +,.) !(;-/*)!’ ^ 


-} + i. 




(the constant factor m ' being omitted as unimportant) presents [A] («) 
as a unitary matrix. As A runs over the 2X2 unitary group we obtain 
in this way a 2j + l-dimensional unitary representation Py of this 2X2 
unitary group. If this unitary representation were reducible, it would 
be completely reducible, i e. each of its matrices could be presented in 
the form Ti -f- 7*2 where Ti is of dimension p, say, and 2’2 is of dimension 
2j + 1 — p. Then every matrix of the form oEp pEiui-r arbi- 
trary complex numbers) would be commutative with each matrix of Py. 
If, then, we can show that the only matrices which are commutative with 
each and every matrix of Py are scalar we shall know that the various 
representations Py of the 2X2 unitary group are irreducible and this 
we proceed to show. We consider first the diagonal unitary (and uni- 
modular) 2X2 matrices 


A{«) 


^exp (t6) 0 

, 0 exp (- 


■i9) 


)■ 


9 real. 


The corresponding matrices of [A](m> are also diagonal since x—^A(0)x 
forces S'* -♦ ij* = exp (2i/»6)^'‘. Since the elements of these diagonal 
matrices are all different, the only matrices which commute with any one 
of them are diagonal in fact if D le an n-dimensional diagonal matrix 
and T is any n X n matrix the (r, s) element of BT is drf/ whilst the 
(r, s ) element of TD is so that if the diagonal elements (di, dj, d») 

of D are all different and J)T = TV then f/ = 0 if , s, i. e. T is 
diagonal Conversely if V is commutative with T and t,’" 0 then 
dr ■“ d,. We next consider the non-diagonal (but still unimodular) 
unitary 2X2 matrices 


A ^ , da -(- — 1, a ^ 0, J ^ 0. 

The last row of [A] ( 2 y) is found by evaluatmg where y 

so that y* — (ax'- -|- bx‘). We find V2; 1 


Ax 
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(;+/*) 10 -/*)! 


(a:^ )/+<*(»* ) 




Hence the element in the ;-th row and ju-th column of [i4](aj) is 

•vl 7 — i — Smce neither h nor a is zero none of these 

elements vanishes and hence any diagonal matrix which commutes with 
[■4](iy) must be scalar. This proves the irreducibility of the repre- 
sentation Fy of the 2X2 unitary subgroup of the two-dimensional full 
linear group and in fact more The matrices of Fy which correspond to 
the ummodular 2X3 unitary matrices furnish a representation of this 
“ smaller ” subgroup of the two-dimensional full-linear group , and it 
might well be that whilst Fy is irreducible (i. e. possesses no proper 
invariant subspace of its 2; 1-dimensional carrier space) yet the sub- 
group of it formed by the matrices which correspond to the ummodular 
2X3 unitary matrices is reducible. But our argument shows that this 
IS not the case, the represenlalions we have ohtained of the ummodular 
2X3 unitary group are irreducible. We shall see later that there are 
no other continuous irreducible representations, i. e. unitary irreducible 
representations of this group (it being understood that the identity 
representation, in which every 2X2 unitary matrix is represented by 
the 1X1 unit matrix is cared for by setting ; — 0). 

The method de.scribed in the foregoing paragraph for 2X2 matrices 
is evidently applicable to the general case of n X u matrices Here 

18 the transformation induced on the ” — rV 

(a:")!*' where p, -f- P j + — m On introducing the 

change of basis z*’ — wij ^ (x")*" in the car- 


change of basis z*’ 


(x")*" in the car- 


^ . — i V**' / — f 4** 

^ Pi I p» 1 

rier space of this symmetrized Kronecker m-th power appears as 

a unitary matrix when A is unitary [.d.],™, is diagonal, with diagonal 
elements exp i(pi6i pzflj -f- Pn6n) when A is diagonal with 

diagonal elements exp Hence the only matrices commutative with 

all those diagonal matrices (of this type) of [d],™, for which 0i 62 
-1- 0m = 0 are diagonal and as before they are seen to be scalar 

if they also commute with all those matrices of [d] which correspond 
to ummodular unitary matrices d Hence the representations (rational, 
integral of degree m) of the unitary subgroup of the full linear group 
(or of its ummodular subgroup) obtained in this way, 1 , e. by means of 
the symmetrized Kronecker m-th power, are irreducible. 
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2. The orthogonality relations for a finite group. 

If X IB any m X n matrix it may be regarded as a vector m the car- 
rier space ot Ay, B where A is any mym matrix and B is any n X « 
matrix. If a/, the element in the r-th row and s-th column of X, is 
regarded as the (r, s) component of the vector X the result of operating 
on the vector X by X B is the vector whose (r, s) component is 
Oo*' 6s* 1 e. X — > F — AXB' where 5' denotes the transpose of B 

(the matrix obtained from B by interchanging its rows and columns) . 
If B is the con]ugate complex of B an equivalent form of statement of 
this fact IB the following 

Under the transformation AyB the vector X—*Y — AXB* We 
say that the vector X is an invariant vector of X -B when Y — X, i. e. 
when X ^ AXB* (it being trivially evident that if X is an invariant 
vector so also is aX, a any complex number) 

Let uh now consider two representations of dimensions m,n, 

respectively, by matrices Di(s),I>j(s) of a given group 0 with elements 
s, t, . From Tj we obtain the representation fj, of dimension n, 
by matrices !>>(«) and from Fiji's the representation Fi X Fz of dimen- 
sion mn, by matrices Di{s) X Writing any vector v of the car- 

rier space of Fi X f j as an m X » matrix X, the (r, s) component v’’"* 
of the vector being the element a:/ m the r-th row and s-th column of 
the matrix X, we say that X is an mvariant vector of Fj X Fj if it is an 
invariant vector of JDi{s) X every s, 

X = A {s)XD*i{s) , every s 

or, equivalently, 

X{D*t{s))'^ =Di{s)X, every s 

The matrices (,D*i{s))~' furnish a representation F"*!, of dimension n, 
of O which IS known as the adjoint of F^. In fact both the star and 
reciprocal of a product reverse the order of the factors {AB)* = B*A * , 
(4J?)-' = and so {(.4B)*}-‘ = (5*il*)-^ = (A*)-i(B'*)-i. 

Hence {D*,(st)}-^ - [{(B,(«)A(<)»*]-' - 

so that the collection (,D* 2 {s))~^ furnishes a representation of O (since 
it contains the unit matrix (B*z(e))’‘ = (X*„)-i= (£„)-i = jj„ and 
the inverse {D* 2 {s-^))-^ of each of its elements (H* 2 (s))-‘). If both 
Fi and F *2 are irreducible it follows from Schur’s lemma that either 

1) X = 0, 1 . e Fi X fs possesses no non-trivial mvariant vector 
(i. e. no invariant vector other than the zero vector) 
or 2) m,=^n and F '*2 is equivalent to Fi 

For a finite group O it is very easy to formulate a rule for obtaining 
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mvanant vectors of any representatioB T of Q. In fact if a; is any vector 
of the carrier space of r we simply average D{s)x over G obtaining the 
vector 

V =-2-D(s)a;, g the order of G. 
ff • 

It follows at once that D{t)v = — -'SiD(ts)x 

Q {») 9 {**) 

= -2Z)(s)a:=«t), every t, smce G is sent into itself by the left- 

9 • 

translation t, i. e the set of elements {ts} is the same as the set {s}. 
It 18 clear that all invariant vectors are obtained in this way, in fact if 
V is any invariant vector the average, over G, of D{s)v is v itself 
Furthermore it is an immediate consequence of the definition of invariant 
vector that each invariant vector « of r spans a one-dimensional invariant 
subspace of the earner subspace of F in which F induces the identity 
representation (i. e. the representation F, m which 2>i(«) =1). The 
invariant vectors of F span an invariant subspace of the carrier space of 
F and each vector of this invariant subspace is itself an invariant vector 
(it being trivially evident that the sum of any two invariant vectors of F 
18 itself an invariant vector of F) All invariant vectors of F are secured 
by taking for x, m turn, the vectors etc, k = 1, , n, of a basis in the 

carrier space of F and then the corresponding invariant vectors are 

lit —-2 -D («)«*• 

9 > 

vu 18 , accordingly, obtained by averaging over G the k-th columns of the 
matrices of the representation F 

As an example of the construction of all invariant vectors of any 
representation F of a finite group O of order g let us consider the regular 
representation of G This is a representation of dimension g obtamed as 
follows Denoting the elements of 0 by Si (=6), Si, the left 

translation s^i = s,,, p fixed, j -= 1, ,g, effects a permutation 

p = on the subscripts of the elements s, and it is clear that if 

Sp-*p, Sq-*q then SqSp -* qp. If P is the permutation matrix associated 
with p (i e the matrix all of whose elements m the y-th column are zero 
save the one in the pi-th row, which is imity, ; = 1, • ,g) the 
matrices P = D{sp) furnish a y-dimensional representation of G which 
18 known as the regular representation of 0. Smce for any given y a 
given Pi occurs once and only once (as Sp runs over G) the average over 
Q of the y-th columns of P =- D{sp) has all its elements equal to 1/g 
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and, hence, does not -vaiy with j. In other words the space of inTanant 
vectors of the regular representation of G is one-dimensional so that the 
regular representation of any fintte group G contains the identity repre- 
sentation once and only once. 

Returning now to the representation Ti X 1*2 of any finite group G 
let us consider the space spanned by its invariant vectors. We have seen 
that if Fi and r*2 are irreducible and not equivalent the space spanned 
by its invariant vectors must be the zero space. In other words the 
average over the group of Di(s) X -52 (s) must be the zero mn X ran 
matrix. Written out in full this gives 

2(Z)i(s))t^(52(s))40 — 0, or equivalently, 

( 3 . 7 ) 

2{-D*i(a)),«(Di{s)V-0 

J 

provided the representations Fi, r*2 by matrices Di(s) and {-0*2 («)}"’ 
are irreducible and non-equivalcnt We may omit the star (since any 
representation F is the adjoint of its adjoint F*) and write 

( 8 . 7 ““) 

t 

provided the representations F„F2 by matrices Di{s) and I>i{s) are 
irreducible and non-equivalent. 

On the other hand if Fi and F*2 are equivalent we mtroduce appro- 
priate bases so that {0*2(s)}"‘ =■= .Di(s) and then we see that any 
invariant vector Z of Fi X f2 is such that Di{s)X = XDi{s). If F, 
18 irreducible it follows that .y is a scalar matrix. Hence the average 
over G of the (fc, g)-th columns of Z>i(?) X ^(s) is a scalar matrix, 
in other words the average over G of Di{s)k>Di(s),^ is zero unless p = ; 
in which case its value is independent of ;. To see what this value is 
we average over ) and observe that 2f>i(s)it“52(s)j» = H*2(s)a«I>i(s)j,“ 

(tt) 

“ (.D*2(s)Hj (,?))**•= Hence if F is an irreducible representation 
of dimension n, by matrices D(s), of a given finite group G we have 

( 3 . 8 ) 2 (f?(s-'))r«(-D(*))»^-^i»V 

' » 

where Spt is the Kronecker symbol V 0 if J p, 8/ = 1 . When 
the representation F is unitary (which is no restriction since every 
representation of a finite group, being bounded, is equivalent to a unitary 
representation) our result takes the following form 

2(D*(s)),»H(,)*J_2 8s«8,J. 

< n 


( 3 . 9 ) 
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The equations (3,7) and (3,8), or, equivalently, (3,9) when T is 
presented m unitary form, are known as the orthogonality relations 
connecting irreducible representations of any given finite group. 

3. The characters of any representation of a finite group. 

If r IS any representation, by matrices D{b), of a group Q, with ele- 
ments s,t, we term the collection of numbers x(«) =TrD(s) the 
characters of r. Since the trace of a matrix is unaltered by a transforma- 
tion of the matrix by any element of the full linear group two facta are 
evident 1) the eliaracters are unaffected by any change of basis, for 
under a change of basis i)(s)^7’"’D(s)randrrX>(s) ‘=Tr{T-'-D{s)T). 
In other words the characters of a representation depend only on the 
representation and not upon the basis used to present it. Since every 
representation of a finite group is unitary we may suppose, when dis- 
cussing the characters of a representation of a finite group, that the 
matrices of the representation are unitary and we shall do this Since 
U*{s) = f7'^(s) = 17(s"’) it follows that for any representation of a finite 
group x(*“^) =x(s) 3) The characters x(s) are unaffected by a trans- 

formation of s by any element t of Q 

x(s) =x(^*s<)l every I 

In fact D(f-'af) = D(t-^)D(s)D(t) so that TrD{trHt) = TrD{s). The 
collection of elements t-Ht, s fixed, t variable ovei 0, are said to form a 
class, and the class is said to be determined by s It is clear that a class 
IS determined by any one of its elements w'^su^ (t"‘«)‘’<"'.'!<(f"’«), so 
that the class determined by s is contained in the class determined by 
t-^st, s and t arbitrary in g. Hence the class deteimined by t'^st is con- 
tained in the class determined by t i~'st tr^ = s. Thus the class de- 
termined by t~'st coincides with the class determined by s We shall 
suppose that there are p g) classes C„ , C, in G and shall denote 
the character of the i:-th class by x* x(*) “ X* w^'en s C. On, k = 1, , p 

This property of the characters of any representation r of a group G, 
namely, that the characters of all elements of G which belong to the same 
class are the same, is described by the statement that the characters of a 
representation F constitute a class-function which is termed the character 
of F. 

On writing k = j, q, and summing with respect to ] and q, in the 
relations (3 7) and (3. 9) we find first 

(3.10) 2x2(s)xi(s)-0 

if Fi, r 2 are non-equivalent irreducible representations of the same finite 
group G And, secondly, 

6 
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2x(«)x(s) — ? 

« 

if r IS an irreducible representation of G. These relations are known as 
the orthogonality relations connecting the characters of irreducible repre- 
sentations of any finite group Q. If n* denotes the number of elements 
of 0 lying in the class (7*, ifc — 1, ,p, the orthogonality relations may 

be written in the equivalent form 

2 «*X2*Xi* — 0 j 2 ■= 9- 

» * 

On writing — ^ — ,p and regarding k — = 1, ,p, 

as the components of a vector v (named the vector character of T) in a 
p-dimensional space the orthogonality relations connecting the characters 
of irreducible representations of any given finite group appear in the 
convenient form 

(3.12) («.!«,) -0, (n|ii)-l 

Hence the vector-characters of non-eqmvalent irreducible representations 
form a unitary set, and, in consequence, the vector-characters of non- 
equivalent irreducible representations are linearly independent. In fact 
a hypothecated relation c“Ka — 0 forces ((!“Da|i'y) = 0, ; = 1, and 
hence — 0, ; 1, 2, An important consequence of this result is 

the following the number of non-equivalent irreducible representations 
of a finite group is limited, being not more than the number p of classes 
of the group. For there cannot be more than p linearly independent 
vectors in a p-dimensional space 

The orthogonality relations amongst the characters of the irreducible 
representations of a finite group imply that non-equivalcnt irreducible 
representations cannot have the same cliaracter vector (or, equivalently, 
the same characters) For if they did we would ha\e to have the con- 
tradictory relations (e|n) —0, (»|ii) — 1 Furthermore if we have a 
reducible representation V and resolve it into its irreducible components 

r=c“r„ 

the coefficients c* are uniquely determined In fact the stated analysis 
of r implies 

11 = C“llo 

and this forces c*— (i’|t’ft) Hence any representation, irreducible or 
not, IS uniquely determined by its characters (this being the reason for 
the name) Two representations are identical when and only when their 
character vectors (or, equivalently) their characters, are the same ; equiva- 
lent representations being treated as identical. 
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4. The number of non-equiTulent irreducible representations of any 
finite group. 

We have seen that the number of non-equivalent irreducible repre- 
sentations of any finite group O is not more than p, the number of classes 
of O. We now proceed to prove that it is precisely equal to p by showing 
that it IS not less than p. Denoting by Ti, Ta, , r, the q'^p non- 
equivalent irreducible representations of 0 we consider the regular repre- 
sentation, of dimension g, ot 0 If « is any element of 0 other than 
the unit element e every diagonal element of D(s) —0; whilst, since 
D{e) — Eg, every diagonal element of D{e) — 1. Denoting by Ci the 
class consisting of the single element e of <? we have, as the vector- 
character of the regular representation, t; — = (v‘, ,ifi) where u' — Vp, 
V® — «*= — and so, on writing T — c“ro we have 

c*_ 

But is the trace of B\{e) —Dk{e) (i. e of the unit matrix of the 
representation Tn) divided by Vp, hence c* is the dimension of T*. Thus 
we have the result that the regular representation of G contains each and 
every irreducible representation of G a number of times equal to the 
dimension of the irreducible representation. In other words all irreducible 
representations of G will be found m the regular representation. On 
denoting by dk the dimension of r* we have, for the regular representation 

(3.13) r — 

and, on taking the character corresponding to the unit class, we obtain 

(3.14) p-2d»*. 

k 

In words, the sum of the squared dimensions of the various irreducible 
representations of G equals the order of G On taking the character of 
any other class Oy we find 

(3.16) 2*X.'-0, (;-2, ,p). 

k 

Before completing the argument which proves q^p (and hence that 
q = p) it IS necessary to say a few words about class multiplication. We 
consider two classes Oj, Cj, of G and form all products st where s<^Cj, 
t<^Gk and we denote this collection of elements of G by CyC'k Since 
ur^stu — u'^su u~Hu the whole class determined by st occurs with st in 
the collection CjCk. If the element si occurs more than once in (7y(7k 
(i. e if st — s'f', s<^s', t^ t') every element in its class occurs equally 
as often as it. Por st-^^t' impbes u'^su vrHw^vr^s'u ur^fu and 
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forces «"*su ^ wVtt, u~Hii ^ vrH'u. Hence u~^stu occurs 
in CjCic at least as often as st (every «). Heplacing s by and t by 
utu~^ we see that st appears in <7jC» at least as often as ustu~^, every it, 
and hence (replacing it by it"^) at least as often as w^stu, every it. Hence 
u'^stu occurs in C/Ck exactly as often as st and the class product CjCk 
may be analysed into a collection of classes' 

CjCk =“ Cji^Ca* 

Since sf-=sts-^s it follows that CjCkCl CkCj and, interchanging ;, k, 
CkCj C CfCk Hence C,C/ = CjCk class mulhphcalion is commutative. 
Expressing this in terms of the class constants cjk' we have Cjt* — Cw*. 
If C'l IS the unit class, which consists of the single element e, it is evident 
that CiCk — C, so tliat c,v‘ -= 0 unless 1 = J: and c,t* = 1 cut* — cfei* -= Bk‘. 
Finally we observe that the class detei mined by consists of the inverses 
of the elements of the class determined by s, in fact -= (ir'sit)"’ 

Hence C'/l* does not contain the unit class at all unless Ok is the class 
consisting of the inverses of the elements of C, and when this is the case 
CjCk contains the unit class exactly n, ■= n* times It is convenient to 
denote the class whose elements are the inverses of the elements of Cj by 
C-i (it being clcaily understood that Cj and C.j may weU coincide) and 
we then have 

unless }c = — ;, c, 

Wo now consider any representation r of our group and denote by Sj 
the sum of the matrices U(s) of F which correspond to those elements s 
of G which lie in Gj If < is any element of G, t~^st lies with s in G^ 
and as s runs over Gy so does it being clear that S’f^s' forces 

/-'s< = 7 ^ t-Wt and conversely Hence X>( 77 (/) =- Sj or, equivalently, 
D(t)Sj -= S,D{t) In other words Sj is commutative with every matrix 
77(0 of r If r is irreducible and of dimension d it follows that Sj is a 
scalar matrix Ayh’tf, say ,;-= 1, 2, ,p S' nee the trace of each matrix 
of r which corresponds to an element s of G which lies in Gy is the same 
it follows that Tr{Si)—=njxf i e dKj = njxK From the relation 
CjCk = Cjk'^Ca follows, on adding the matrices of F which correspond to 
the elements of G in GyG*, S,Sk — Cjk'^Sa and hence AyA* = Cjk^^Ka. This 
implies »y«itxV “ 2 <foy)i*»ox“ summing this over the q irre- 

a 

ducible representations F» of G we find 
njn» 2 X»V 2 cyt^tia 2 i»x»“ “ (^7 (3.14) and (3.15)). 

t a » 

It follows that 2x/x»*“0 unless & — — ;, in which case it = g/nj. 

h 

Regarding, for a moment, the q quantities x,^ h — 1, , g, as the com- 
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ponents of a vector v(;) m a linear vector space of q dimensions these 
equations imply that the p vectors »(;),; = !, ,p are linearly in- 
dependent. In fact a hypothecated relation 6*i;(«)= 0 implies 2 = 0 

a 

every h. On multiplying this by xJ and summing with respect to h we 
obtain cri = 0 every j. Hence p^q which is what we wished to prove. 
Summing up the results of this section we have 
Any finite group possesses as many non-equivalent irreducible repre- 
sentations Fi, , r, as the group has classes. The various vector char- 
acters V,, ] = 1, j p, oi these representations form a unitary set : 
(vi\vic) = Q, ] ^ h , (vj\vi) — 1 Written out in full these give, on using 
the relation x~^ “ which holds for any representation of any finite 
group, the two equivalent sets of orthogonality relations 

(3 16) S’laX/xi" — ^ J 2««iXj“X>‘ = 0> 

a a 

(3.17) 2x.'x»^=“^j 2x»^x»* = o> 

* * 

(the first of the latter sot being 2 =■ ff) The analysis of any repre- 

h 

sentation r is c®ro, = (ultii) where v is the vector-character of T 
From V = c^Va follows (f | v) = 2 (c“)* so that the minimum value of 

a- 

(d I v) IS unity, this occurring when and only when r is irreducible This 
criterion for iircduoibility may be stated in the following equivalent form . 
a rept esentation T of a given finite group w irreducible when and only 
when the average over the group of \ x(*)P equal to unity. 

6. Symmetric linear operators. 

We close this chapter with a discussion of certain questions arising 
naturally from a consideration of the Kioiiecker m-th power [A]bi of a 
linear operator A The carrier space of this Kronecker m-tl power is 
of dimension w” and its vectors v have components which may be con- 
veniently designated by v^" All linear operators in tins carrier 

space are presented, once a basis is selected, by n” X n” matrices whose 
(fij >3m, h,, ,km) elements may be designated by ’J."} a 

special such linear operator is the Kronecker m-tli power [A'\m for which 
has the special form A paiticulaily noteworthy 

feature of the Kronecker m-th power is its symmetry m the labels 

(1, ,m)-ifp = t ( 7 ) is any permutation on the m letters (1, ,m) 

then 
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the obvious and simple reason being the commutativity of ordinary multi- 
plication of complex numbers. In general we term any linear operator 
lu the n** dimensional earner space of [A]n symmetric when it possesses 
the symmetry, with respect to all permutations of the labels 1, , m, 

described by the equations (3 18) , and we shall term those particular 
symmetric operators which are Kronecker m-th powers of linear operators 
m the underlying n-dimensional space special symmetric operators It is 
clear from the very definition that the collection of all symmetric linear 
operators in the n"* dimensional earner space of [A]m constitute a linear 
vector space of dimension n*"* , in fact if aj ^ ® S3nnmetrie 

linear operator in this space so also is aaj^J — aat^' • ^ where a is any 
complex number. And if is any second symmetnc 

linear operator in the carrier space of [A]*, then 

6j[j| 1 1^2 * symmetric linear operator in this space Since each 

symmetric operator has components the dimension of the linear space 
constituted by them n^“ We shall show that it is not less than n**" 
by constructing linearly independent symmetric operators, these will 
be special symmetric operators so that we shall he able to state the 
theorem that the linear space of all symmetric linear operators is spanned 
by special symmetric linear operators In fact they will not only be 
special symmetric linear operators (i. e Kronecker m-th powers) but 
special unitary symmetric linear operators (i e. Kronecker m-th powers 
of unitary linear operators). 

Denote, then, by u/ the element m the r-th row and s-th column of an 
» X « unitaiy matrix. Its Kronecker m-th power has as its (n, , n»; 

Si, ,Sm) element the quantity »,,’■> Regarding this as a 

vector in the dimensional linear space which contains all symmetric 
linear operators we are faced with the following alternative, either the 
special unitary symmetric linear operators span the entire »*’" dimensional 
space or they span a proper linear subspace of it In the latter case 
there must exist one or more linear homogeneous relations of the type 
eg; tigj;— 0 where the eg; are constant coefficients 

which may, without loss of generality be assumed symmetric in the labels 

( 1 , where pis any permutation t 

Each of these relations is an identity in the u/ where these are not in- 
dependent but are subjected to the relations On taking 

the differential of eg; ; we obtain m terms (each an m-ple 
summation) which all ha\e the same value owmg to the symmetry of the 
coefficients c^; \l2- Hence we must have eg; 0 
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subject to the conditions v,*^du,^ + — 0. Applying the method 

of Lagrangian multipliers to these Imear homogeneous equations con- 
nectmg the 2n® differentials dut^, dv,*,’’ we obtain, on denoting, for a 
moment. 


ll^-;by mt^ + A<.%V=0; — 0 

where the n“ quantities A,' are the undetermined multipliers Written 
in matrix notation these equations are 

Jlf + Af7* — 0, Z7A = 0. 

The second set imply A = 0, on multiplication on the left by V*, and 
then the first that M = Q, i. e 

cS: : -= o » every i„, 

for every unitary matrix V — {u/). Repeating the argument, for a 
fixed, but arbitrary, Icm we find 

: %Z !' t < ^ ° ; every 

and so on till we finally obtain ’.iZ proving our theorem that 
the special-unitary symmetrical linear operators span tlie complete n®"- 
dimcnsional space of symmetric linear operators. In particular (m — 1) 
we see that unitary n X ^ matrices span the entire 7i®-dimensional space 
whose elements are n 'X. n matrices. E. g , n = 2, the four unitary 
S X 3 matrices 

G -X X -1) 

constitute a basis for all 8X2 matrices. 

Let now iJ be a subspace of the »'”-dimensional carrier spac< of [A]™ 
which IS invariant under all special unitary symmetric operators. It 
follows from the theorem just proven that R is invariant under all 
symmetric operators If R is irreducible with respect to the collection 
of aU symmetric operators (i. e. if no proper subspace of R is invariant 
under all symmetric operators) it remains irreducible with respect to 
the (smaller) collection of all special unitary symmetric operators and, 
4 fortiori, irreducible with respect to the collection of all special sym- 
metric operators. In particular if R is irreducible with respect to the 
collection of special symmetric transformations it is irreducible with 
respect to the collection of special unitary transformations. For instance 
we know that [A]in furnishes a homogeneous rational mtegral repre- 
sentation, of degree m, of the full linear group (whose elements are n X n 
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matrices). It mduces a homogeneous rational integral representation, 
of degree m, of the unitary subgroup {U} of the full linear group (by 
merely selectmg from [.d]™ the subset [I 7 ]m). We shall see later that 
[A]m 18 completely reducible, then each of its irreducible components 
induces an irreducible homogeneous rational mtegial representation of 
the unitary subgroup of the full linear group 

If o s I 18 any symmetric linear operator in the n*- 

dimensional carrier apace of [jl]m and p = t permutation 


on the m letters ( 1 , ,m) we denote by p(o) the symmetric linear 

operator whose ((r), (s)) element is = .’.l''"- Since the 

definition of symmetric linear operator is contained in the formula 




‘<1 


it 18 clear that p(a) may be defined m either of two equivalent ways 
we may apply the permutation p to the superscripts r of a[J| or the 
permutation to the subscripts s of Furthermore it is clear that 
the collection of symmetric linear operators is not merely a linear vector 
space but an algebra , i e. it possesses the group property relative to a law 
of combination other than addition (and distributive with respect to the 
latter). This law of combination is defined by mere sequential per- 
formance Thus if V IS any vector of the earner space of [ 4 ]m av is 
the vector w whose (;i, ,]m) component is 

and then bw is the vector whose (;,, ,;*,) 

component is In other words ha is the sym- 
metric linear operator ( 6 o) {^J = = 6 ^’ • J," a^’ ; . 

If, in particular, a, b are both special symmetric linear operators, i. e 
Kronecker nt-th powers, we have 


( 3 . 19 ) 


[ 5 ]„ 


Furthermore if q, p are any two permutations from the symmetric group 
on m letters we hare 

q{b)p{a) =qp{ba). 


In fact the (;), (h) element of the left-hand side is 

6‘(1V = («’“) = 9F(6a) <,i5 

(note that qp means : first p then q). When a, h are special we have 
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(3 20) 9([5]»)P([^W-?P([B^]«) 

iiiid in particular q([^2m)p([E']m) = gpHE^m) so that the matrices 
p([^]m) furnish a representation, of dimension n”, of the symmetric 
group on m letters. 

The Kronccker wi-th power [ 4 ]m furnisheB a representation of dimen- 
sion n" of the full linear group and it is easy to calculate the characters 
of this representation. In fact the ((r), (a)) element of is 

«»«'■” and so the trace of [.A]™ is Oa,“>an,“»' 

— (TrA)”' It IS convenient to denote TrA by a,, TrA^ by aj, TrA* 
by S3, and so on, so that 

(3.21) ai = a„,«>, a^ = a» = 

and so on Then the characters of [A'}m are ai”. In order to calculate 
the characters of the representation of the full linear group which is 
furnished by the symmetrized Kronccker power [ 4 ](m) it is convenient 
to first calculate the trace ol p‘*([il]jn), this it> 

If p IS m the class (a), 1. e. if p contains a, unary cycles, 82 binary 
cycles, this expression is at once seen to be 

(3.22) a<«> — ai'^as"* a«“». 


In fact let us suppose that p contains the ternary cycle then 

the tiace ol p‘‘ ( [.:l]m) contains the fattoi oa,*oa/< Oi^» = as and so on. 
The symmetrized Kronccker power is furnished by the transformation 

induced by x—*Ax on the products (x^)*^ (®")’^> 

Pi -j- Ps -h snd the ((r), (a)) element is the 

summation being over all permutations q which effect a rearrangement of 
(ai, as, ,Sm). The diagonal elements are accordingly 2 “(,’)• K 

there are ki I’s, fcs 2 ’b, in (r) there are ki^ kA I permutations 

which do not change each (r,). Hence we may write the ((r), (r)) 


diagonal element of [A](ni) as where the summation 

is now over all permutations p of the symmetric group on m letters. There 
are m^ — (ifci ! I) permutations which change the arrangement (r) 

and since none of these affects o we may write the ( (r), (r) ) diagonal 

element of [il](«) as where means that the set (r) 

IB rearranged m all possible ways and the results added. Hence the trace 


of 


(A») 


1. e. the average over the symmetric group of 
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the trace of p"^( [il]*) i. e «<“• — sj** In other words the char- 
acters of the symmetrized Eronecker power representation of 

the full linear group are the functions q»{$) defined by 


(3.23) g,(a) - i- 2 2 

m I (ft) (ft) ai ! ^2 1 




(?r (s)' 


(the summation being over all classes (a) of the symmetric group on m 
letters). These functions are of fundamental importance m the theory 
of the representations of the symmetric group on m letters which will be 
discussed m the next chapter. 



CHAPTER POUR 


THE SYMMETRIC GROUP 

In this chapter we shall obtain all irreducible representations of the sym- 
metric group on m letters, i e. the group of m I different permutations 
of m different objects and shall use these to determine all homogeneous 
rational integral representations of the full linear group 

1. Cosets of a subgroup. 

If Q 'is any group, with elements s, t, u, , and H is any subset 
h, j, h, of these which constitutes a group (with respect to the same 
law of combination as G) we term E a subgroup of G. Every group G 
possesses at least two subgroups. 1) H = G; i. e. G is a subgroup of 
itself, when we wish to rule out this subgroup we insist that the subgroup 
be proper, i. e. that there is at least one element of G not contamed m it , 
2) H =" e, the unit element of G, we refer to this subgroup as the tdenMy 
subgroup. In any event E, being a group, must contain the unit element 
e of G. If E coincides with G the collections sE, Et, i. e. the collections 
sh, hi, where h is an arbitrary element of E, coincide with S , s,i, 
arbitrary elements of G. In fact sE = sQ is merely the left translation 
of G mduced by s and so is merely a rearrangement of G^E , and 
similarly for Et. If, on the other hand, E ib a proper subgroup of G 
the set sE (whilst still coinciding with if s is any element of G which 
also lies in R) will have no element m common with R if s does not lie 
m R. In fact sh = j would force s = to lie m R if ; were an ele- 
ment of R. We term sE the left coset of R determined by s and it is 
clear that s — se is in the left coset of R determined by it. Moreover 
any element sh m this left coset determmes the same coset as s. In fact 
any element sh ] of the left coset determined by an arbitrary clement 
sh belonging to the coset determined by s lies in the left coset determmed 
by s {sh } —s hj) BO that the left coset determmed by sh is contained 
in the left coset determined by s. But s = sh h~^ belongs to tbe left 
coset determined by sh so that the left coset determined by s is contained 
m the left coset determined by sh. Combining both statements we see 
that the left coset determined by sh is the same as the left coset deter- 
mmed by s. Smce s is not m R, is not in R and by the same 
reasonmg as above the set Es"^ (which consists of the mverses of the 
elements of the left coset sE) has no element in common with E. We 
term it the right coset of R determmed by and we see that it is the 
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game as the right coset of H which is determined by any element 
belonging to it. If G is exhausted by H and sH, i. e. if every element 
of 0 belongs either to H or to xH we say that H possesses exactly two 
left coscts 111 0 , it being convenient to regard H as a, left coset of itself, 
namely, the left coset determined by any of its own elements. In this 
case 0 IS exhausted by H and (since Q is exhausted by the inverses 
of its elements) so that H has exactly two right cosets and sB. = 

Since s lies in Ilsr^ (not lying m H) we have = Hs so that we 
may write ’tH = Hs. Since this relation is trivially evident when s is 
an element of H it is true for any element of 0, and we may write it 
in the convenient form s-'-Hs =« 27, every s in Q. In general it is clear 
that if 22 IS a subgroup of 0 so also is s^^ns, every s in G , we term this 
subgroup the transform of 27 by s And when H coincides with its 
transform for every s in G we term H an mvariant subgroup of G We 
see, then, that, il II possesses exactly two left cosets in G, ^ is an 
invariant subgroup of G As examples we cite 1) G the group of n' 
permutations on n letters, H the subgroup consistmg of all even per- 
mutations on n letters, 2) G the group of all orthogonal (or real 
orthogonal) n'Xn matrices, H the subgroup consisting of all proper 
orthogonal (or real orthogonal) «X« matrices (a proper orthogonal 
matrix being one whose determinant is unity). 

Returning to a consideration of any proper subgroup H of G let us 
suppose that G 18 not exhausted by 22 and sH (s not in 22) and let t 
be an element of G belonging neither to U nor sH. Then the collection 
til has (as we have already seen) no element in common with 22, nor 
has it any element in common with sH For sh = tj, where ] is an 
element of 22, would force t = s to lie in sH. If G is not exhausted 
by 22, sH, tH we take an element « of G which lies in none of the col- 
lections 27, sll, tH and wo see at once that none of the elements in the 
entire collection uH lies in ani one of the three collections H, sH, tH. 
Proceeding in this way G must finally be exhausted if it is finite, for 
each of the collections 22, sH, tH, contains exactly the same number 
of elements, say k, as 27. If g is the order of G, 22 cannot have more 
left cosets than the quotient of 3 by Hence G is finidly exhausted 
showing that the order of 27 is a divisor of the order of G, the quotient 
d being the number of left cosets. We shall suppose, if G is infinite, 
that it IS exhausted by a left cosets of 22 aud we shall denote these cosets 
by 27j — " H , H2 — S 2 H , 22« — = 4,27. Then it is clear that the right 

cosets 27, Hsj"*, , HSa~^ are all distinct (since each consists of the 
mverses of the elements in the corresponding left eoset) and exhaust G 
(since G is exhausted by the reciprocals of its elements). Hence if E 
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possesses esactlj d left cosets in O it possesses ezactlj d right cosets in 0 
each right coset consisting of the inverses of a left coset. 

Let ns now examine what happens to the left cosets (Hi, , Ed) 
when Q is subjected to the left translation s -*ts induced by an arbitrary 
element t of G The coset Hf — s^H, p = 1, , (f, is translated into 

the coset determined by tSf, and different cosets are translated into dif- 
ferent cosets In fact tSpH =- ts^H would force tsph = tsq] i e. — Sq] 
which 18 impossible when and Hq are distinct Hence the arbitrary 
element < of G induces (through the left translation of G caused by it) 
a permutation p(t) of the d cosets (H,, ,Hi) of H in ff If we 
follow the left translation of G caused by t by the left translation caused 
by M (an arbitrary element of G) we obtain the left translation caused 
by ut and so p(ut) — p(u)p(t) Let P(t) be the dy. d permutation 
matrix defined by p(t) so that P(ut) =P(u)P(t ) ; these permutation 
matrices furnish, therefore, a representation, of dimension d, of G Thus 
any subgroup of G which possesses exactly d left (and, hence, exactly d. 
right) cosets in G furnishes us, by means of the permutations induced 
on these left cosets by the left translations of G, a d-dtmensional unitary 
representation of G (all permutation matrices being unitary ) , and, in 
particular, any subgroup of a finite group G furnishes, in this way, a 
unitary representation of G. As particular, but somewhat trivial, in- 
stances we may cite 1 ) the case where H = Q m which case the repre- 
sentation obtained is the (one-dimensional) identity representation and 
3) the case where H = e, G being finite, in this case the representation 
of dimension g, the order of G, is the regular representation. 

The characters of the representation of G which is furnished by ihe 
permutations of the d left cosets of S’ in ff (which characters are all 
non-negative integers since the matrices of the representation are permw- 
tation matrices) may be obtained as follows. Since p{i) is the pcimuta- 


tion 


t 



P(t) will have as many units in its mam diagonal as 


there are cosets Hj for which tH, =■ Uj (the remaining diagonal elements 
of P(t) being zero). The relation tHj -= H) is equivalent to tSfh =— Sjh' 
1 . e. to the statement that t is in the transform SjHsj-^ of H by Sj~^. Hence 
x(t) IS the number of these transforms of H in which t lies For instance 
if H IS an invariant subgroup x(t) — d if tCZH (all of the d transforms 
of H coinciding with H note that the transform of H by s,~^ is always 
the same as the transform of H by hs/'^) whilst x(0 = 0 if t is not in H. 
The average of x(f) as t runs over G follows readily (when G is finite) 
from the fact that tHj — Hj, for a given exactly To times where h is 
the order of H (since h is equally the order of SjHsf^). Hence this 
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average is kd — g i. e. 1. But this average gives the number of tunes 
the representation contains the identity representation ; hence the repre- 
sentation of a finite group & lehich is furnished hy the permutations of 
the left cosets of any subgroup of 0 ts always reducible and contains the 
identity representation exactly once. 

The expression given above for x(0 can be put in a slightly different 
and more convenient form. Let O contain p classes Cj e, C 2 , , Op. 

If t IS an element of any one of these classes, Cj say, the entire class Cj 
consists of the elements srHs, s variable over 0. Two elements s, uot G 
yield the same element of Cj when s-Hs—wHu 1 e when us~^ t-=t us-^. 
The elements of 0 which commute with t evidently form a subgroup of 0 , 
for tv — vt implies v~H — ; and tv -= vt, tw = wt imply twv =- wtv 

— iVvt. Finally te—=et — t. Denoting by E the subgroup of 0 con- 
sisting of the elements which commute with t let us assume that K is 
finite and of order r. Then each element of C} will be repeated r times, 
(since — s-^ts if and only if u — ks, kCZ K), so that the number 
of elements nj in Cj is a divisor of the order of 6 if G is finite 


n,r — g. 

Now our condition t C SjHsf^ is equivalent to sf^tsj C H and \{t) is 
the number of times this happens. Since if it happens for any Si it 
happens for any element of the coset SjH we can find x(0 by calculating 
how often s~Hs C H, s variable over 0, and dividing the result by the 
order of H (which we shall now denote by ft.). As s wanders over 0 each 
member of the class Cj to which t belongs occurs r times, suppose then 
members of Cy belong to H so that 

(4.1) — h — gmi — hn, 

Here g is the order of G , ft the order of its subgroup H . ny the number 
of elements in the class Gy of G and my the number of these which 
he m E. 

If X IS an arbitrary vector of the d-dimensional earner space of the 
representation of G which is furnished by its subgroup E the (permu- 
tation) matrix P(s) of the representation, s arbitrary in G, sends 
X — (x^, ,x^) into sr— (a:**, j *'•') where P{s) is associated 

In particular seic = showing that 

«! -f- • -f- ea 18 an invariant vector of the representation, this (with 

its multiples) 18 the only mvariant vector since the representation con- 
tains the identity representation exactly once. Let now <7 be a subgroup 


with the permutation t 


C')- 
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of H (and, k fortiori, a subgroup of O) posaesBing exactly / left cosets 
m H 

«f) + • ,f. 

If Hq — SqH, q — 1, ,d, are the left cosets of JT in G the fd sets, 

of elements of Cf, Jqk=- SqhicJ are all left cosets of <7 m G and exhaust G 
(since the sets SqH exhaust G). Furthermore they are all distinct, in 
fact SqhiiJ IS different from SfhmJ il p^q, (simply because s^E has no 
element in common with SqH) and is different from SphmJ if 

simply because htJ = Jit and hmJ = Jm are different. Hence J 
possesses exactly fd left cosets in G and, therefore, furnishes a repre- 
sentation of dimension fd of G. This representatwn is reducible and 
contains the representation, of dimension d, of G which is furnished by 
n. In fact let us denote the vectors of a basis m the earner space of 
the representation of G which is furnished by J by e,*, p — 1, ,d; 

k = l, ,f, and the linear subspaces of this carrier space each of 
which 18 spanned by f vectors (cp,, , Cpf), p — 1, , d, by Sp. Then 

under the left translation of G induced by f : s-*ts, each space 8p is 
sent into another of these spaces 8t^. In fact tHp^Hi^ so that tJ,t, 
18 one of the sets Jt^m, m = l, ,f. Hence e,* is sent into et^, 
every k, proving the statement. Moreover as k vanes from 1 to / so does 
m since no two cosets Jpk are translated by t into the same coset Jt^. 
Hence if we denote the vector 2 e^t by e, we have /ep = ei,; p — 1, , d. 

k 

As p varies from 1 to d so also does tp since no two different cosets Hp 
of H are translated by t into the same coset of H. Hence the d- 
dimensional subspace (of the earner space of the representation of G 
furnished by J) spanned by the vectors (<i, , es) is an invariant 

space of this representation, and the representation mduced in it is the 
representation furnished by H. Since the identity subgroup <7 = e is a 
subgroup of every subgroup £7 of G it follows that the regular repre- 
sentation of G contains the representation of G furnished by any sub- 
group H. Since the regular representation contains each irreducible 
representation r«, of dimension dk, dk times the representation of G 
which 18 furnished by E contains Ft a number of times ^ dk 

2. The characteristics of a finite group. 

Let G be any finite group, with elements s,t,u, , and let f{s), 
0{s) be any two complex valued functions defined over G. We denote by 
{f I $) the average over G of the product 0{s)f{s) and we term (/ ] 0) 
the scalar product over G of / by 6 

(/|tf)-i2fi(s)/(s). 

9 9 


(4.2) 
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We shall be concerned only with the case where f{s) and tf(s) are both 
class functions, i e. /(«) and fl(s) have the same values, p and dt respec- 
tively, for all elements s which belong to the same class Cj ot G. In this 
case we can write {f\6) m the form 

(4 3) 

9 i 

the summation being over the p-classes Ci, • , Oji of 6 , and if we 

introduce the vectors u, v in the p-dimensional class space 

V^-^l^9li ;^1, ,p, 

(/1 9) appears as the ordinary scalar product of u by « 

(4-4) (f |e) («|u). 

We know that Q has exactly p irreducible representations, F, (the 
identity representation), Tj, ,r,, and the character xi(*) of any 
one, r^, of these is a class function Treating the p quantities f, , p 
as indetermmates we term the p linear expressions in these indeterminates 

(4.5) 4'y(/) = (/I xy) 2/(«)xi(s) = («|iv) , ;==1, ,p 

(where vj is the vector character of Tj) the simple charactervitici of 0, 

of these . (u|vi) — = — 2/(s) is the jynncipal characteristic of G. 

9 » 

The coefficient of any one of the indetermmates, f* say, m <l>, (/) yields, 
when multiplied by g and divided by n*, the conjugate complex of the 
character, of the irreducible representation which is associated with 
the class Ch If F — c^Fa is any representation of 0, so that the coeffi- 
cients c* are non-negative integers (i. e positive integers, including zero) 
the expression ^(/) =■ c“<^,(/) has a similar property the coefficient of 
any one of the mdeterminates, f say, in <^(/) =c«,^„(/) yields, when 
multiplied by g and divided by n» the conjugate complex x* of the char- 
acter of the representation F (which is reducible save when all c* but 
one are zero, that one being unity) associated with the class C*. The 
expression ^(/) “=c“i^a(/) is termed a compound characteristic of G 
when F is reducible, and the unqualified term characteristic includes 
both simple and compound characteristics It is occasionally convenient 
to allow the integral coefficients c>, which occur in the definition of 4>{f), 
to assume negative as well as positive or zero values and in this case we 
term </>(/) a generalized characteristic of G, but in Tnalring this generali- 
zation we have sacrificed the basic property of simple or compound 
characteristics. When one of the coefficients is negative the coefficient 
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of /* m <l>{f) will not yield the character, associated with 0*, of a 
representation oi 0 (k = l, ,p). 

We know that the p vectors Vj form a unitary set and so any vector, 
m particular u, of the class space is expressible as a linear combination 
of them . « — c^Va where =<t>j (/), i. e. 


(4.6) 


J 


Since the fc-th components of « and Vj are -v/— f* and xi^t respec- 

^ g ' 9 

tively, we may express the content of (4 6) more explicitly in the form 


(4 7) f = 2«y(/)xi‘; k=l,2, ,p, 

an equation which expresses the p mdetermmatcs f‘ m terms of the 
simple characteristics of G. 

If S IS any subgroup of 0 the class of elements of H determined by 
any element h belonging to H is, by the very definition of class, contamed 
in the class of elements of G determmed by h (regarded as an element 
of 6r). But the converse is evidently not true, not all elements of a given 
class Cj will, m general, belong to H nor will all those of its elements 
which belong to H necessarily belong to the same class of M. For two 
elements which are transformable mto one another by an element of Q 
are not necessarily transformable mto one another by an clement of H 
We say that the subgroup II of G effects a refinement of the classes of G. 
Now any class function f{e) defined over G %nduce^ a class function /*(;) 
defined over II by merely setting f*(j) =■/(;), J m II. But a class 
function defined over II in this way is not the general class function 
defined over II , for it must assume the same value for all those classes 
of H which belong to the same class of G Similarly each of the p 
irreducible representations Ti, r2, , r, of G induces, bv merely select- 

ing from it those matrices which correspond to elements of fl a repre- 
sentation of II , but the representation of H obtained m this way is not, 
in general, irreducible For there may well exist a proper subspace of 
the carrier space which is invariant under all the operators selected from 
whilst there does not exist a proper subspacc of this carrier space 
which IS invariant under all the operators of Tj On denoting by 
^’■(j), r — 1, 2, >9} ] variable over H, the characters of the irre- 
ducible representations of H, m — 1, ,p, being the character 

of a reducible representation of H may be written in the form X’«(j) 

=-c,„^fa(;) whence ^2 x>»(f)&(f) = Cm*. If now d^, , d« are any 

integers, positive, negative, or zero, the expression 
7 
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18 a generalized characteristic of H (the expressions t 2 / (;)&(;) being 

n j 

simple characteristics of H) , we regard the indeterminates in this gen- 
eralized characteristic of H as not arbitrarj but as conditioned by the 
fact that /(;) takes the same value for all elements ; of H which belong 
to the same class of O. From (4. 7) we read 

/O) =2«^.(/)x-0) 

a 

so that 

1 2 /(;)&(;) = 2 2 xa0)&0) } = 2 CaV«(/). 

n f c J n 

Hence our generalized characteristic of H appears in the form 

a 0 

Since the d*, Cm* are integers, positive negative or zero, 2 is an 

0 

integer, positive, negative or zero and hence the generalized characteristic 
of E IS also a generalized charactenshc of 0 In other words we can 
construct from any generalized characteristic of H, by merely identifying 
the indeterminates associated with all those elements ot H which belong 
to the same class of 0, a generalized characteristic of 0 In particular 
any compound (or simple) characteristic of R furnishes in this way a 
compound (possibly simple) characteristic of G In other terms a 
knowledge of any representation, reducible or irreducible, of H enables 
us to construct the characters of u representation of G This representa- 
tion will be irreducible if and only if (xlx) =~2x(s)x(*) is unity. 

9 • 

More generally let us consider the generalized characteristic ot Q derived, 
as described above, from a quite arbitrary generalized characteristic of H 
It furnishes us a class function \ji{s) of the type c“x<i(s) where the c* are 
integers positive, negative, or zero Owing to the orthogonality relations 
f3. 10) and (3. 11) we have 

(4.8) (^1^) =i25'(»)^(s) =2^c“ 

y « a 

and so the generalized characteristic will be a simple characteristic if and 
only if (^t|^) — • 1 and, in addition ii{e) >0 If the generalized char- 
acteristic IS not simple the coefficients c> in the expression ^(s) = c^a(?) 
are given by 

(4.9) — (^Ixi) — ^2 xj(i!)V'(*)- 
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Examples. 

As a quite trivial example let 0 be the symmetric group on two letters 
and H the identity subgroup. The principal (and only simple) char- 
acteristic of S' is /* and this is also a characteristic (compound) of 0. 
The characters of the corresponding reducible representation of 0- (which 
has two classes) are 2, 0. This representation contains the identity repre- 
sentation once since 

c‘-l(2-f-10)-l. 

The characters of the remainder of the representation are (1, — 1) and 
this representation is simple since i(l’-t-( — 1)*)— 1 Hence the 
characters of the two irreducible representations of the symmetric group 
on two letters are given by the table 


Xi Xi 

C, = l 
C, - (12) 

As a less trivial example we consider the case where G is the symmetric 
group, of order 6, on three letters and H is the subgroup consisting of 
those permutations leaving one letter, 3 say, fixed {1, (12)}. 6 

contains three classes 

C,~l, (7,^ (23), (31), (12), (123),(132) 

The principal characteiistic of If is ^(Z* -j- /“) and this is a compound 
characteristic of 6, m fact the compound characteristic associated with 
the reducible representation of G whose characters are 3, 1, 0 (since 
g-=6, n, — 1, fia — = 3, na = 2). This contains the identity representa- 
tion once since 

c" = ^(1 3 -i- 3 1 -H 2 0) =. 1 

and the characters of the remaining representation are (2, 0, — 1) This 
representation is irreducible since J(2* -|- 3 0“ -|- 2( — 1)*) — 1 Thus 
the principal characteristic of H furnishes us with two irreducible repre- 
sentations Ti, Ta of G. The second simple characteristic of H is — P) 
and, regarded as a compound characteristic of G, this yields the characters 
(3, — 1, 0) of a reducible representation of G. This representation does 
not contain the identity representation at all since c‘ = ^(13-1-3 — 1 
2 0)-= 0 but it contains Fa once since c’ — ^(2 3-}-0 — 1-f- ( — 1) 0) 
= 1 The remaining representation has characters (1, — 1, 1) and is, 
accordingly, irreducible since i[(l)* -1- 3( — 1)’ -j- 2(1)“] — 1. Hence 
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the characters of the three irreducible representations of the symmetric 
group on three letters are furnished by the table 


Xi X2 X» 

C, 

C, 

c. 


12 1 
1 0—1 
1 —1 1 


In general the principal characteristic of H is ^ 2 /(^) find, regarded 

A s 

as a compound characteristic of G, (which necessitates the identification 
of all f{h) for those elements h ot H which belong to the same class 
of G), we obtain a reducible representation of G whose characters are 

M fj iHf 

X* ^ , wj denoting the number of the n, elements of Cj which 

belong to II Since two representations of G with the same characters 
are identical it follows from (4. 1) that this reducible representation is 
the representation furnished by the permutations of the left cosets of H 
in G which are induced by the left translations of G. The r-th simple 
characteristic of U furnishes, when regarded as a compound character- 
istic of G, the characters of a reducible representation of G 


the summation on the right being over all elements le oi 11 which happen 
to lie in the class Oj of G. To find out how often this reducible repre- 
sentation contains T™, m = 1, ,p, we have to calculate -2AJX^X»•^ 

9 1 

1 e. since this is a real number, -’S.nix'xm’ =r 'Zlr(k)xm’ whore the 

9 i A it,, 

summation on the right is over all classes C/ which contain elements of 
H (and over all elements k ot H which lie in one of these classes) 
This is precisely the number of times that the reducible representation 
of H which IS furnished by the irreducible representation Tm of G con- 
tains the r-th irreducible representation of E. Hence the theorem 
The compound repTei<etiiatwn of G which is fumishe^by the r-th irre- 
ducible represenlahon of H contains the irreducible representation 
of G precisely as often as does the reducible representation of E which 
is furnished by the irreducible representation Tm of 0 contain the r-th 
incducible ie presentation of E (Probenius’ Reciprocity Theorem). 

3. The direct product of two or more groups. 

Let G be an arbitrary group with elements s, t. 


and let Jf be a 
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second arbitrary group with elements o,t, . Then the pairs (s,a-), 
one element s from 0 and the other <r from K, constitute a group (as 5 
runs over G and or over K) under the law of combination 

(<,T)(»,<r) ■= (is,T(r). 

In fact this law of combination assures the possession of the group 
property by the collection (s,<r), the collection contams the unit (e, «) 
where e is the unit element of 0 and e the unit element of K; and 
o-"*) 18 inverse to (s, <r). We term the group whose elements are 
(Sj it) the direct product of by G and we denote it by G X 
Similarly if we have any finite collection of groups Gj, G2, • , Or the 

ordered sets (si, Sj, jSr), where sj is an arbitrary element of Gj, 
constitute a group under the law of combination 

f ^r) (Sif Sgf t ^r) *“ (tlSlj ^ 2 ^ 2 * jfrSr)* 

We term this group the direct product of the groups Gi, G^, , Gr, 

taken in this order, and we denote it by Gi X G2 X X Gr. If the 
groups Gi, Oa, , Or are finite their direct product G = G, X G2 
X X IS finite and of order equal to the product of the orders of 
the component groups G,, Oa, , Gr 

9 “ 9 ^ 9 ^ 9 <'‘ 

It IS clear also that the number of classes in g is the product of the 
various numbers of classes in the component groups , for if Ci is an arbi- 
trary class of G„ ] = 1 , 2 , ,r, {Ci, Ca, , Or) is a class of G. 

Hence the number of non-equivalent irreducible representations of G is 
the product of the numbers of non-equivalent irreducible representations 
of the various component groups Gi, , Gr 

If Tj 18 an ni-dimensional representation of Gi and Tg is an n.- 
dimensional representation of Ga then the Kronecker product r, X T, 
IS an nin2-dimensional representation of 0 , X Ga. A typical matrix of 
Ti X r2 18 I?i(*i) X IJsisa) where a, is an arbitrary element of 0 , and 
4'2 IS an arbitrary element of Ga and the relation {Di{ti) XDa(ta)} 
{D,{si) X 1^2(52)} = ■Gi(ai) X -^2(^2) Ga{sa) = D,{^tiS,) 
X Da(taSa) proves the theorem stated (the unit matrix Iln,n, being 
I^i(ei) X Da{ea) = En,X ai”! the inverse of I>i(si) X -D2(s2) being 
-Di(sr‘) X ■D2(a2‘*). If ix( 8 i) the characters of Ti and 2x(s2) the 
characters of Tj the characters of the representation r, X r2 are 
ix(si) 2 x(* 2)- If fitfi are class functions defined over Gi and Ga 
respectively the function / defined by fisi,Sa) — fi{si)faisa) is a class 
function defined over Gi X Ga It follows that the product of any gen- 
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eralized chaiacteriBtic of Gi by any generalized characteristic of G2 is a 
generalized characteristic of Oi X &t', fact if ixj(si)) sxii(^t) ue the 
characters of the irreducible representations of Oi and Gj, respectively, 

an arbitrary generalized characteristic of G, is is Ci“ 1X0 («i)/i(si) whilst 

ffi «i 

an arbitrary generalized characteristic of G2 is — 2 2Xa(s*)/2(s2) (the 

<72 », 

Ci^, C2* being integers, positive, negative or zero) so that their product is 
9i9i <i><i 

"“—2 Xa.S (*1, S2)/(Si, * 2 ) 

9 «i'»j 

where the xi.»(*i)S2) are the characters of the representation iTj X 2116 
of Gi X G2 These are the irreducihle representations, p,p2 in number, 
of Gi X Ga. In fact the average of x>.ft(si,S2)xi.»(*i»S2) over G, X ^2 
IS unity 

•7 2 Xl.*(«o* 2 )xi.»(SuSa) —— 2 JXl(»i) 2X*(»a) iXj(si) aXkCsa) 
— — 2 iXl(«i) iXi(Si) — 2 aXft(s2) 2X»(*2) = 1 

yi *1 Qx <■ 

since the representations iFy, alb of Gj and Ga, respectively, are irre- 
ducible. Similarly the average of XJ»».(si,S2)xj„»i(*i,S2) over Gi X Ga 
IS zero unless ]i = hi ^2 — fci when, as we have just seen, it is unity. 
Hence no two of the p,pa irreducible representations of G, X Ga, whose 
characters are Xi,*(*i>®i)7 ®re equivalent. When the integral coeihcients 
c,>, Ca* are restricted to be non-negative so are their products Ci^Ca* and 
we see that the product of two compound characteristics, one of Gi 
and the other of Ga, is a compound characteristic of Oi X Ga. Further- 
more the product 'of a simple characteristic of Gi by a simple character- 
istic of Gi is a simple characteristic of G, X Ga, all simple characteristics 
of Gi X Ga being obtamed in this way; and, in particular, the product 
of the principal characteristic of G, by the principal characteristic of Ga 
IS the principal characteristic of Gi X Ga These results are evidently 
at once extensible to the direct product Gi X Ga X X Gr of r finite 
groups. If jF IS an irreducible representation of Gj then iF X aF X • 

X rF IS an irreducible representation of Gi X Ga X ‘ X Gr and all 
irreducible representations of this direct product may be obtained in 
this way. If is a simple characteristic of G> then the product 

r<l>{fr) 18 a simple characteristic of Gi X X Gr and all 
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simple charactenstics of this direct product are obtainable in this way. 
In particular the product of the principal charactenstics of (?i, • , Or 

IS the principal characteristic of (?i X <?2 X ■ X fff 

Example. The subgroup {1, (18), (34). (13) (34)} (known as the 
four-group) of the symmetric group on four letters may be regarded as the 
direct product of the group G=- {1, (12)} by the group K = {1, (34)}; 
in fact the groups {1, (12), (34), (12) (34)} and {(1, 1), ((12), 1), 
(1, (34)), ((12), (34))} are abstractly identical The simple charac- 
teristics of G are 

iMfi) =i(U + A") , i^ 2(A) =- i(A‘ - A*) 

whilst the simple characteristics of K are 

2<^i(A) =i(A‘+A°)> 2^2(A) “i(A* — A*)- 

Hence the four simple characteristics of the Abelian group Gy, K are 

+1.1 (/) = i(r + r + f ‘ + /“) ; +i. 2(/) =“ i(A‘ — f ” + r - D 
+2.i(/) = i(r + r-r-r ) , +».»(f) - iir-r-r + n 

so that the characters of the irreducible (hence one-dimensional) repre- 
sentations of the four-group are furnished by the table 


Ci., - 1 
Cl., = (34) 

0,,i-(12) 

(7,.,= (13) (34) 


4. The principal characteristic of the symmetne group on m letters. 

Wc have seen (j) 89) that the matrices p([i^]»i) furnish a repre- 
sentation, of dimension »"*, of the symmetric group on m letters. On 
setting A = E and q = e (the unit permutation) m (3. 20) we ohtam 

[B]„p([.S]™) =p[B]m, every B, 

or, equivalently 

(4.10) [■4]mp([.B]m) “PCAIm, every A. 

Similarly on settmg B = E, p — e and replacmg g by p m (3. 20) we 
find p([E']m)[A']m = p[A']m- Hence the matrix [A]™ is commutative 
with every matrix of the representation p{,[E']m) of the symmetric group 
on m letters. This symmetric group possesses p non-equivalent irre- 
ducible representations (p, the number of classes in the group, being the 


Xl.l Xl.» X2.1 X2,2 

II 1 1 1 

1—1 1—1 
1 1 —1 — 1 
1 — 1—1 1 
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number of partitions of m) Ti, ,rp, and the representation r fur- 
nished by D{q) =■ is of the form r = (fTa. When presented 

in the basis in which it is reduced D{q) appears as 

c'Z)i(g) -f c*D 2 ( 5 ) -|- c»2),(g) where c^Dj{q) 

stands for Di{q) -f • ■\-D){q) (c^ terms) X -DjCg). It fol- 

lows at once, by an application of Schur’s lemma, that the matrix [A]*, 
being commutative with all the matrices D{q), must be of the form 

(4.11) [4]« = 2(Jlf,(^) X.Bi,) 

t 

where dj is the dimension of r> and Mj{A) is of dimension Cj The 
reason for this wiU be sufficiently clear by considering the case where 
D{q) IS 

/D,iq) 0 0 \ 

D(g)- 0 Ds(q) 0 ). 

\ 0 0 D^(q)) 

Let any matrix T commutative with 2)(g) be displayed in the block 
form furnished by D(q) 

\T^ T,’ TaV 

/DAg)T,^ Di(q)T,^ D,{q)T^\ 

ThenD(g)r-. 2?^(g)ri» D,{q)T,^ ) 

\i?*(g)r,» D4q)TA Jh{q)T,<' / 

whilst 

/T,^D,{q) r,‘2?y(g) r,>2?*(?)\ 
TD{q)-=[T,Wi{q) T^D,{q) T^D.iq)]. 

\T,^D,(q) T^D,{q) T/D^{q)/ 

Equating these we find equations such as Dj{q)Ts^ = Ta^Dkiq) forcing 
T,^ — 0 since r^, r* are non-equivalent irreducible representations (of the 
symmetric group on m letters). Similarly Ts® == 0, T,® = 0, Ta® — 0. 
The other equations such as Tt^Dj{q) = Dj{q)Ti^ force to be a 
scalar matrix (since the only matrices commutative with all the matrices 
of an irreducible representation of a group are scalar). Hence 

( nii^Ed, rrii^Ei, 0 \ 

mi^Ea, mi^Ei, 0 j = (Jfy X Ea,) -1- (Ilf* X Ed^) 

0 0 mtEd^f 

where, here, M> is two-dimensional and one-dimensional. The fact 
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that [A]m appears, when the basis is properly chosen, in the form 
X -Sdy) implies that [4]m may be presented (by merely per- 

mutmg in an appropriate manner the vectors of the previous basis — see 

(3. 2)) in the form 2(-Edj X other words the representa- 

i 

tion [Ajm (homogeneous and of degree m) of the full linear group is 
reducible, containing the representation Mi(A) (also homogeneous of 
degree to) dj times. We shall see, at the end of the present chapter, that 
the representations Mj{A) of the full linear group are irreducible and 
exhaust the homogeneous representations of degree m of the full Imear 
group but we do not need this precise result for the time being. 

Since, when the basis is properly chosen, 

?([A’]™)=2{.Ec,Xi)i(g)}; = XBdJ 

i i 

and since 

9(U]m)=3(m»)U]™ 

it follows that 


g(U]m) “ 2 X Dt{q)}{M,{A) X Ei,), 
1 e. 

(4.18) g([A]„)-2:{jifi(A)x2?>(g)} 


On taking the truces of both sides of this matrix equation and denoting 
by (a) = («i. Hi, , ®m) the class of the symmetric group on to letters 
to which q belongs we obtain (on using (3 88)) 


s«») = 2 “ TrM, {A) 

or, equivalently, on using (3 16), 


(4 13) a* 


\ 2 

gw 


(o) ’ otni ’ \ 1 / 



When fc = 1, so that T;. = Tj is the identity representation, we obtain 



so that the characters of Mi{A) are the same as those of the symmetrized 
Kronecker wi-th power [4],^) — see (3.83). In general the expression 
(4 13) may be simplified by noting that the characters of any repre- 
sentation of the symmetric group on to letters are real. In fact any 
representation of this group is equivalent to a unitary representation 
(simply because the representation is bounded, the group being finite) 
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and hence j((s) =•;{(«-*) since V* — U'^. But s'* is in the same class 
as s since the inverse of a cycle (jn,,™*, ,mj) is the same cycle 
written in reversed order i. e. (mi, my.,, ,mi). Hence x{s) —xC®) 

1 . e x(s) 18 real. We may, therefore, write instead of (4. 13) 


(4. 14) 


X* 


(a) 


lalS, 


Oin! 


(?)' (sr 


The function — = s,*> is a class function defined over the 

symmetric group and we term the expressions occurring m (4 14) the 
simple characteristics of the symmetric group on m letters. In other 
words we use instead of the indeterminates /* which occurred in the 
definition of the simple characteristics of any finite group the quantities 
s<«> _ where (a) — (a,, an, , a™) is the cycle structure 

of the particular permutation for which the indeterminate class function 
IB being evaluated We shall denote a* hy </>*(s) 


(4 15) M" 

(a)“l * am ' \1/ \ m-/ 


The indeterminates s„ . are the traces of A, A*, , ^4"*, respec- 

tively, where A is an arbitral y element ot the full linear group of dimen- 
sion n Denoting the characteristic numbers of A bv (*) = (*,, , *,) 

it follows that 


(4.16) Si. = + +*/,*, /f — 1, 8, 3, 


When we are discussing merely the symmetric group on m letters and 
are not concerned with the connection between it and the full linear group 
(of given dimension) u is at our free choice subject only to the provision 
» ^ m necessary to ensure the independence of the m indeteiminates 

(«l,Sz, ,Siil). 


Of particular importance for us are the principal characteristics gm(s) 
(one for each value of m) 


(4.17) 


qm{») 


.,a,l 


'('ir (s)- 


and we call attention here to a few remarkable properties of this set of 
polynomials in the m variables (s,, , s„) the first seven of which we 

write out explicitly. 

9 ,( 8 ) — Si , 92(a) — i(si» -f- s,) , 5,(s) — ~ (s,» + 3 s.s, -I- 2sa) , 

94(a) — “ ^ (s,* -|- 6 si*S 2 -f- 8siSs -|- 3*2® 6S4) , 

9<s(») — ^ (si" + 10s , *82 + 80s,»s, -f- 16s, S 2 * -t- 30s,s* + -t- 24s,) , 
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5«(*) — ■ ^ (si® + 15si*Sj + 40si“ffa + 45 *i*S 2® + 90si*S4 + IZOsiSjS, 

+ 144siSb + 15*2* + OOsjSb + 40sa“ + 120sg) ; 
g,(*) = ^ (s,7 + 2igi»sa + 70Vss + 105si>sj® + 810 si*S 4 + 420*i*ijS, 

+ 504*1 Vb 106*1*2* + 630*1*2*4 + 280*i*,® -|- 840*i*s 
+ 210s2“*a + 504*2*0 + 420*2*4 + 720*7). 

The terms are arranged so that Si"*‘S2’"* comes before Si“W2"* 
if the first non-vanishing number of the set nii — tii, m2 — nj, 

IS positive. The polynomials 7m(*) furnish at a glance the structure 
of the corresponding symmetric group. Thus from qii(») we see that 
the 6 1 = 720 permutations of the symmetric group on 6 letters divide 
into 11 classes there being 45 elements, for example, in the class 
(a) - (2,2,0, 0,0,0) 

Remembering that the numbers («,, a-, , am) are subjected to the 

relation ai + 3«2 + + ma„, = m it follows that a'l + 2a2 + 

+ mafm = m — 1 where o', a, — 1. On differentiating gm(*) with 
respect to *1 we find 

6*1 ”(^) a', ’ #2 ' a™ I \ 1 / \ 2 / \ m/ 

where (a') = (a'„aj, , a,„) so that dq^/dsi — qm-i, m—1,2, 

(9o(») being defined by go(*) = 1) Similarly on differentiating ?«(*) 
with respect to *2 and writing a'2 = aa — 1 we find 

0*2 (^) *1 ' <*'2 ' Os ' *». ' \ 1 / \2 / \ m/ 

whcie (a') = (ai, a'2, , a„). Since a, + 2a'2 + 3aa + + "i*® 

= m — 2 it follows that 

o 1 o 

2-^-g»-2; m-1,2, 

where 9-1 (*) is defined by 9-1 (*) — 0. Reasoning in this way we obtain 
the general result 

(4 18) k^^ = qm-k{»), m = 0, 1, 2, 1, , m. 

(the 9*8 cariying negative subscripts all being assigned the value zero). 

It is unportant for us to have the explicit expression for the prmcipal 
characteristics 9»>(*) m terms of the variables (») =• (zi, Z27 ,«») 

of which the *2 are the power sums (see (4 16)). To obtain this con- 
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aider the reciprocal of the polynomial f{t) = (1 — *if) (1 — anf) 
in the indeterminate t . 


(4.19) {/(<)}-*- 

On writing (1 — zjt)~ 


00 

‘ — 2 (zj)^H^t it becomes clear that 


ff,=0 

Pfc(*) = 2ai* an*-; /3i + )32+ +iSn=*! 

t/i) 

(the summation being over all partitions of &) is the complete homo- 
geneous symmetric function of degree h in the n variables a. Since 


we have 


log-^ - I ^z,e.ti>> 

1 — ai‘ Uj=i Pi 


so that 


log(/(0}-‘-21og(j^ 


i\Pi) 




{/(t) }-» =. = e»i</> e*.<V2 


■J { S, .TT^ (t)- (t)"}-* 


where the summation is over all (a) for which (Xi 3*2 -j- 
Hence {/(t)}"^ “ 2 ?*(*)<* so that 


Al*ft Ic 


(4. 20) 


?*(») =f)!fc(»). 


fc 0, 1, 2, 


This relation remains valid for negative integral values of fc if we define, 
as we shall do, pjt(») =0, S: =« — 1, — 2, 

A similar argument may be applied to the polynomial g{t) in the 
indeterminate t 

(4 31) g{t)-{l + zj)(,l + z^t) (l + M)-2<rH*)<* 

U 

where o* is the elementary symmetric function 0-4 = S 2 i «2 of degree 
k in the variables » We find 




implying 
(4. 22) 


git(»*) — ok(») 



ASSOCIATED BEFBESENTATIONS 109 

where •* is obtained from t by changing the signs of those Sj which carry 
even subscripts 

(j*) _ (Si, — — s«, ). 

We shall denote ?»(**) by so that 
(4.23) 03 k(») = nik(»). 

The polynomial ii*(s) in the k variables (si, ,Sfc), being obtained 

has the explicit expression 

= 1, 2, 

Since every permutation of the symmetric group on m letters is either 
even or odd (being even or odd with 02 + a, + Ob + ) it is clear 

that, in addition to the identity representation, the symmetric group on 
m letters possesses a second one-dimensional representation (known as 
the alif mating representation) , namely, the representation which asso- 
ciates with each even permutation the number (= 1X1 matrix) 1 and 
with each odd permutation tlie number (==1X1 matrix) — 1 The 
polynomial ir,M(a) defined by (4 24) is the simple characteristic of the 
alternating lepiesentation. If P is any representation of the symmetric 
group on m letters the Kronecker product of P by the alternating repre- 
sentation IS a ropresontation of the same dimension as P and this repre- 
sentation will not be equivalent to P unless the characters of all even 
permutations in P are zero (in which case it will be equivalent to P). 
If P 18 irreduc ible so also is the derived representation obtained by taking 
the Kronecker pioduct of P and the alternating representation, in fact 
I ;^(i)|“ IS the same foi P and for the derived representation, so that if 
the average of | x(''*) I" (over the symmetric group) is unity for P it is 
also unitv for the derived representation This average is unity if and 
only if the representation is irreducible Associated, then, with each 
irreducible representation P of the symmetric group is an irreducible 
representation P* and the relation is reflexive (r*)* = r If r*-=r 
we term P self-astociated , otherwise we term the two distinct representa- 
tions P, P* associated The identity and alternating representations are 
associated, and, generally, the simple characteristic of the symmetric 
group corresponding to P* is obtained from the simple characteristic 
corresponding to P by changing the signs of S 2 , Sb 

5. The simple characteristics of the symmetric group. 

Let us imagine the m letters whose permutations are the elements of 
our symmetric group placed in Je compartments or boxes containing, 


from quit) by changing the signs of s^, s,. 


(4.24) T»(») 


= 2 

(a) 


(-!)'■ 


ai! 


as I 
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respectively, ,A» letters, Ai+As+ +A*,— m. Those 

permntations which leave fixed all letters not in the ;-th compartment 
or box form a subgroup Oj of the symmetric group on m letters, namely, 
the group of A^ I permutations on Ai letters, ; — 1, 2, ,k. The direct 

product OiX G 2 X XOi of the h groups Gi, O 2 , , Oj is also a 

subgroup, of order Ai 1 A2 ! A* 1 of the symmetric group on m letters , 

m fact, the subgroup consisting of those permutations of the m letters 
which do not send any letter out of its box. The prmcipal characteristic 
of Oj being the principal characteristic of the direct product 

OiXOtX XOic is gv(*)?x,{*) and, regarded as a 

characteristic of our symmetric group 0 on n letters, this corresponds to 
a (generally reducible) representation of 0; namely, the representation 
of dimension m\ — Ai I Ai ! A* I furnished by the permutations of 
the left cosets of X X X Oh in O which are induced by the 
left translations of 0 We have, therefore, associated with each parti- 
tion (A) — (Ai, Ai, , Aft) of m a representation (in general reducible) 
of 0 which we shall denote by A(A) , its characteristic is 9x,(s) q\h{*) 

(4.26) ih{k)^q\,{»)qx,{a) 9x»(s) = p^,(») P\.(»)- 

We shall suppose Ai ^ Aj S: ^ A* > 0 and shall arrange the parti- 

tions (A) in dictionary order as explained in Chapter One p. 8. Thus 
for m — 4 the five representations (all but the first of which are 
reducible) are denoted by 

A(4), A(3,l), A(2*), A(2,P), A(l«) 
and their characteristics are 

A (4) -+94 (s) — + 6 si ’«2 -f 8sis, Ssj* -f 6s*) 

A(3, 1) q,(.t)qi(a) — ^(si* -f 3s, “sz -f- 2si,s,) 

A(2*) -» gj(s)g's(s) — |(si* + + * 2 “) 

A(2, 1®) -» g 2 (*)?i(s)g,(s) — J(si* -I- si'sj) 

A(l«)-+gi(«)*— si«. 

It IS clear that A(ni) — * gm(a) so that when A, — m the representation 
obtained is the irreducible identity representation, in all other cases 
Gi X X X Oft IB a p» oper subgroup of 0 and the representation 
IS reducible containing the identity representation exactly once (see 
page 94). 

The significance for ns of the result expressed by (4. 25) is the fol- 



BTUMETBIC POLYNOMIALS 


111 


lowing. We shall readily show that every homogeneous symmetric 
polynomial of degree m, with mtegral coefBcients, in the n variables 
* 1 , ,Zn may be expressed m the form 2c(\,pxi(*) • • p\»(») where 

the coefficients C(X) are integers positive, negative or zero and the sum- 
mation la over all partitions (X) of m. Hence any homogeneous sym- 
metric function of degree m in the n variables (s) =- (Zi, 
with integral coefficients, yields, when expressed in terms of the power 
sums Sic = Zi* + -f- Zn'', A: — 1, ,m, a generalized characteristic 

of the symmetric group on m letters. There will remain only the task 
of finding those particular homogeneous symmetric polynomials of degree 
m in the n variables (a), with mtegral coefficients, which yield the simple 
characteristics of the symmetric group on m letters. To prove our state- 
ment we have merely to observe that any homogeneous symmetric poly- 
nomial (with integral coefficients) of degiee m in the n variables (a) is 
expressible m the form 2 A:(a)»'i“»(a) o-n“*(a) (where the <ry(a) are 

(a) 

the elementary symmetric functions) and the fc(o) are integers (the 
summation being over all classes (a) of the symmetric group on m 
letters) This is simplv the iundamental theorem of the theory of sym- 
metric functions and may be expressed by the statement that the ele- 
mentary symmetric functions o'(a) constitute a basis for all symmetric 
polynomials. Its proof by the method of mathematical induction is 
immediate We first observe that any homogeneous symmetric poly- 
nomial, with integral coefficients, of degree m in the n variables 
(») = (zi, , z») IS a linear combmation with integral coefficients of 
the particular polynomials of this type 

(4 26) r(M(») — Ezi''' 

where Ai ^ Aj 2: > An ^ 0 is a partition of wi Ai + As -j- 

-f- An = m. We suppose these TeX) (») arranged, for a given value of m, 
m dictionary order (with respect to (A)) and observe that the 
are the last T<i”)(»), for each value of m Evidently 

TiX) (») — {<ri(») }^‘'’*{<rs(*) {a„(») 

18 a Imear combmation (with integral coefficients) of the T^\•l{z) where 
the partition (A') follows (A) , simply berause it is symmetric and the 
product of the ar’e starts out with (») Assuming our theorem true 
for all partitions (A') of m which follow (A) its validity for (A) follows 
Since it is trivially true for (A') = (1"*) the induction proof is complete 
What we have to prove is that this fundamental theorem of symmetric 
function theory implies that the complete homogeneous symmetric func- 
tions of degree m pj(z) “22'<X)(*) (the summation bemg over all 
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paititiona of ;) may be used as a basis for all symmetric polynomials. 
To do this we observe that the generating functions {f(t)}~^ and g(t) 
of (4. 19) and (4. 21), respectively, are connected by the relation 
g(t)[f( — f)}'‘-=l so that 


{i<ri<0{2(-l)‘p*<''}=»l 
0 0 


and this yields the series of relations 


iTofo =“ 1 , <roPi — <riPo “ 9 ; 1T0P2 — <ripi "t* CsPo — 0 ; 

(it being understood that cTn+i = <r »+2 = =0). These relations may 

be conveniently expressed by the statement that the two matrices 



'Po Pi 

Plfc-l' 


'*' 0*0 0*1 <^2 


Po 

Pk-2 

f 5 * = 

0*0 



Po . 




are reciprocal for every value of h, le — 1,2, (the elements below 
the main diagonal in each matrix being zero). Since po = <ro = l the 
determmant of either matrix is unity so that each element of either is 
a cofactor of the other. In particular on taking the cofactors of the 
elements in the first column of P* we read 


(4.27) 


<^1 “= Pi > 



Ps 

Pi 


<Ta = 


Pi P 2 Pi 
Po Pi Pi 
0 Po Pi 


showing that the pi constitute a basi= for the elementary symmetric 
functions o* and hence, by the fundamental theorem, for all symmetric 
polynomials. And if the coefficients in a given symmetric polynomial 
of degree m are integral it is expressible as a linear combination of 
the products p\i(») integral coefficients; that (A) 

=■ (Ai, , A*) IB a partition of m is clear since each px, is homo- 

geneous of degree Aj in the n variables (*). If there occurred in the 
expression for our symmetric polynomial of degree m terms other than 
those for which Ai -f- As -|- A* = to we would collect together all 

expressions for which Ai -j- As -f- H- A» had the same value and then 
we would have a sum of homogeneous polynomials of different degrees 
which vanishes forcing the vanishmg of each of the polynomials. Hence 
our given symmetric polynomial of degree to is expressible as a linear 
combination (with integral coefficients) of those products px, (a) px, (a) 
for which (A) is a partition of to. 
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Knowing now that any homogeneous symmetric polynomial of degree 
m in the n Tariables (») — (si, • • , *n)j with integrid coefficients, fur- 
nishes, when expressed in terms of the power sums sst — • -f- ' ' + 

a generalized characteristic of the S 3 nnmetric group O on m letters what 
we need is a criterion which will teU us when a given set of generalized 
characteristics are, each and every one, simple This criterion is fur- 
nished, for any finite group G, as follows. Let be the simple 

characteristics of 0 and let /i and ft be any sets of values of the mde- 

termmate function f defined over G, then =•- Sxj(*)/i(*) » 

1 ^ " 

the summations being over all elements s, f, 

• _ j 

respectively of G. On denoting by the expression -2x(0/2(0 

9 ‘ 

(so that the coefficients of are the conjugates of those of 

whilst the indeterminate argument ft is the same) we derive, on multi- 
plication, the formula 

Mmdfi) —7^'2Ms)ximfi{s)ftH) 

\9) ».< 

and on summing over the p principal characteristics <t>i{f), i e letting 
] run from 1 to p and adding, we obtain, after using the orthogonality 
relations (3 17) 

(4.29) 2'^i(/i)^/(/2) —-^fi{s)ft{s) =—<l>i(fift) 

1=1 9 • 

the right-hand side being the principal characteristic of G when the 
indeterminate f has the value fift defined by /* = /lYs* The force of 
this relation is that its converse is true in the following sense. Suppose 
we have a set of p generalized characteristics 

Pdn-cj-Mf), ,P, 

p 

which possess the property 2 f'’i(/i)'?'’i(/ 2 ) = 0 i(/i/ 2 ) then each and 

every one of the p generalized characteristics Fj(f) is either simple or 
the negative of a simple characteristic and all simple characteristics of 
G are obtained from the set Fi{f) in this way. In fact we are given that 

^ Cj’‘Cj^^0{fi)<l>a(.fi) =’ <fi{fift) =■ ]fl ^l(f2)<t>l(fi) 

1=1 1=1 
p _ 

and this implies 2 = ^ic(h) since the p simple characteris- 

1=1 

tics ij>j{fi) are linearly independent. Indeed an hypothecated relation 
8 
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0 would imply af^J‘=Q, on multiplication by nicxj’^ and 
summation with respect to k this yields = 0, every Similarly the 
linear independence of the expressions ^j{f2) tells us that the equation 

i;c/cy* 0 ^(/ 2 ) implies 

^ cfc^ — Sr*. 

/=! 

In other words the p X P matrix whose elements are Cj* is orthogonal , 
since its elements are integers (positive negative or zero) it follows that 
the elements in any row are all zero save one which is ± 1 and that the 
elements m any column are all zero save one which is ± 1 Hence each 
of the p genet allied characteristics Ft(f) is either a simple characteristic 
or the negative of one (it will be simple if the coefficient of f- is positive 
and the negative of a simple characteristic if this coefficient is negative) , 
and all of the p simple characteristics of G are obtained in this way. 
In other words the generalized characteristics F,{f) aie merely a re- 
arrangement of the simple characteristics ^^(f) followed, possibly, by a 
change of sign of some of them. In the paiticular case of the symmetric 
group on m letters our criterion for simple chaiacteiistics takes the form 

(4. 30) ilF,(s)Fj(r) = g„(sr) — pm(»y) 

/=i 

where sr is the set of m quantities (Sir,, ,s»,r,„) and *y is the set 
of n‘ quantities zyy* (the symbols r being the power sums of the symbols 
y ]ust as the symbols s are the power sums of the symbols z rk = pi* 
-t- + yn*) In fact = Si®» Sm“" so that 

(sr)(»>=si«i r„«-» -= (siri)“i (s„,r,„)““, 

and 

SzU = (2 *i«) (2 y»®) = 2 (*/y*)». 

1=1 *=i i k 

We now proceed to the determination of the simple characteristics of 
the symmetric group on m letters We denote by A{li, , In) the n-th 
order determinant whose ^-th row consists of the Zj-th powers of the n 
mdeterminates z,, Z 2 , , z», the symbols Z,, , Z„ being non-negative 

integers (no two of which are equal) which we may suppose arranged 
m descending order of magmtude Zi > Z 2 > > Z» ^ 0 When the 

set (Z) — (Z,, ,Zn) IS the set (n — l,n — 2, ,1,0) we obtain 

the Vandermonde determinant whose value is the difference product 

A — A(») — n (*i — **) It 18 clear that an mterchange of any two 
i<» 
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of the variables (x) changes the sign of each of the functions A{1) and 
A(x), 1 . e. that both A (2) and A(x) are alternating functions of the 
variables (») Furthermore A(l) contains A(*) as a factor and so the 
quotient A(l) — A(») is a symmetric polynomial (with integral coeffi- 
cients) in the variables (*) of degree (h + 2b) — ((« — 1) 
(ji — 2) -f- + 1 -f 0). If then, (A) = (Xi, A 2 , • , An) is any par- 
tition of m with Ai ^ Aj ^ • > Ab ^ 0 and we set Zi = Ai -j- (» — 1), 

= A 2 4- (« — 2), , 2» = A» we have li>h> > Z„ ^ 0 and 

the quotient A(Z) — A(%) is a symmetric polynomial (of degree to) 
with integral coefficients in the n variables (*). It furnishes, therefore, 
when expressed in terms of the power sums (a) = (si, , Sm) a 
generalized characteristic of the symmetric group on m letters We 
have, then, a rule for associating with each partition (A) of to a gen- 
eralized characteristic of the symmetric group on to letters and we 
propose to show that these generalized characteristics are all simple and 
are, in fact, the complete set of p simple characteristics of the sym- 
metric group We denote the generalized characteristic A(Z) — ^(*), 
where Zi = Ai-)-(ra — 1), ,Z*=A» by {A}(*) and we shall show 

that 2{A}(»){A}(y) =g».(ar) =Pm(»y) and then that the coefficient 
(X) 

of Si" in {A} (a) is positive, every (A). In view of the general theorem 
of the preceding paragraph this suffices to prove that the characteristics 
A{1) — A(a) are all simple and exhaust the simple characteristics of the 
symmetric group 

To do this we first consider a determinant of order n of which the 
element in the i-th row and j-th column is (o, 5;)"’. On subtracting 

the first column from each of the others and removing the common factors 

( 5 i — 62) (61 — bs) ( 5 i — 5 b) (61 4 - tti) (61 4 - O2) (bi-f-ttB) 

we obtam a determinant of which the elements in the i-th row are 1, 
(a< -f- hiy^, , (at 4- 6»)~‘- On subtracting the first row of this 
determinant from each of the others and removing the common factors 

(®1 ®2)(®1 — ® 3 ) (®i — ® b) — (Ol 4“ ^2) (Ui -|- 63) (oi -f- 6 b) 

we obtain a determinant of order n — 1 of which the element in the t-th 
row and ;-th column is again (at -f- 5,)"^ where now t, ; run from 2 to » 
instead of from 1 to n as before It follows at once that the M-th order 
determinant, of which the element m the t-th row and ;-th column is 
(ot 4- 6i)'', has the value A(a)A(6) — bj) ; (t = l, ,n, 
; = 1,2, , n), where A(a) denotes the difference product (ui — < 12 ) •• 

(a»-i — On) (a result due to Cauchy). On writing — ai’*, bj = — pj 
this result of Cauchy appears in the following equivalent form the 
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deteiminant of order n of which the element in the v-th row and j-th 
column IS (1 — has the value 

A(«)A(p)-^n(l — a,)S,) 

But if A denotes the n X <» matrix of which the elements in the i-th 
row are (1, «<, at®, ) and B the » X « matrix of which the elements 
in the ;-th column are (l,j8/, ySj’, ) the product A S is an n X « 
matrix of which the element in the t-th row and ;-th column is 1 + 

+ + or (1 — The determinant of the product AB 

may be found by selecting any n-th order matrix from A, multiplying 
its determinant by the determinant of the corresponding matrix from B 
and adding all products so obtained, that the number of products is 
infinite need cause no concern since * and P are mdeterminates and we 
may regard them so chosen that the components /S, are all < 1 m 
numerical magnitude so that the infinite senes which appear are all 
absolutely convergent. All determinants of order n selected from the 
matrices A and B are of the type A(i], , In) where we may, without 

lack of generality, agree that > la > > ^ 0. Hence we have 

2^(21, ,!«)(«) A (?„ ,ln)(P) =A(«)A(p) 

U) 

On setting P ■= 8<, i. e fii— Sit, =- Sjf, , j8, = Sni where t is an 

indeterminate, we have A (li, ,Z,)(P)=A(i„ , ?n) 

A(P) = A(6)<<''-*>*'»-2> and on uTiting 

li — {n — 1) = Ai j I 2 — (n — 8) = Ki, , In = Kn 

we find 

2 {A} («) {A} (8)<Xx* = {,r(l — <xiSit) }-h 

(X) 

On equating coefficients of <"* we obtain 

2{A}(«){A}(e) =p,»(«e) 

(X) 

where the summation is over all partitions {A} of m. This proves that 
the symmetric polynomials {A}(»), furnish, when expressed m terms of 
the power sums (s,, ,Sm), either simple characteristics or the nega- 

tives of these , all simple characteristics being obtained in this way To 
show that we have actually the simple characteristics, and not the nega- 
tives of any of them, we must show that the coefficient of Si”* m 
{A} (») > 0. Before domg this we remark that Frobenius stated the 
result of this section in a slightly different form. From 

{A}(»)=-*<X)(*)-^a ,!«)— A(») 

and (4. 7) we have 

(a) 
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so that X(X) IB the coefficient of ^(2i, 2:, ,2») m the development of 

(4.31) A(a)s<»> — n (*» — 

P<9 

In order to show that the coefficient of Si“ in {X}(») is positive we shall 
derive an expression, due to Jacobi, for (A) (*) as a determinant whose 
elements are members of the set p/(») =qi(s), ; 0, 1, , m. On 

denoting by fj the polynomial • 

/i= (1 — ai</)(l — «j2/) (1 — *«2y) 

in the mdeterminate tj, ] = 1,2, ,m, we have 

fr^ -= 2 
0 

BO that 

(4 32) iUU • <»*-• 

(D-O 

The difference product A(i) — (t, — < 2 ) • (tm-i — im) is equivalent 

to the Vandermonde determinant, of order m, of which the elements in 
the p-th row are ( .2j»l), p = l,2, ,m, and on 

multiplying both sides of (4 32) by A(f) we see that A(l) (/j, 

IS equivalent to a determinant of order tn of which the elements in the 

cw c*c> cv 

p-th row are (2p*,2p*'”’’'’> 2 > 2pst,2*'). This deter- 

0 0 0 

minant is the product of an »n X «> matrix 4 bj an 00 X w» matrix B 
where the p-th row of A is (1, fp, ) whilst the q-th column of B 

IS {p-im-a), P-(.m-q)*-i, , Po, Pi, ), it may, accordingly, be written 

as the sum of products of an m-th order determinant from A by the 
corresponding m-th order determinant from B A typical m-th ordei 
determinant from A has (2p‘‘, <p'“, , <p‘”) as the elements of its p-th 

row where h> h> > 2™ S 0 and the corresponding determinant 
of B has, as the elements of its p-th row. 


(Pl,-(m-l)j Plp-(m-2>^ ,P^^, P , m. 

On writing Ap = 2p — (m — p), p = l, 2, • , m, this m-th order deter- 
minant from B has (px„px„ >px«) as its diagonal elements and the 
remaining elements are obtained from these diagonal elements by 
methodically increasing (decreasing) by unity the subscript attached to 
each p(») as we move from each column to its neighbor on the right 
(left) We propose to show that this determinant of order m is pre- 
cisely {A}(») , we denote it, for the moment, by {A}(»). On observing 
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that the quotient of the m-th order determinant from A by A (I) is 
{A} (I) we see that 

(4.33) (/. •/«)-‘ = 2:{A}(*){A}(t) 

(X) 

where the summation is over all sets of m numbers (Ai, ,A»,) for 
which Ai ^ A 2 ^ ^ Am ^ 0. Since, however, 

fi */«!= n (1 — sipfa) 

p,<i 

we obtam, on writing f, = 

ih- = 

u 

and, smce {A} (*) = {A} (y) where Ai + A 2 + + Am = fc we have 

00 00 

2 p.(*y) <^ = 2 [2 {A} (») (A) (y) ]<* 

0 k=o (X) 

where the summation with respect to (X) is over all partitions of Ic Hence 
13*(»y) “2{A}(*){A}(y), A: = 0,1, 2, 

(X) 

and since we have already proved that pm(»y) = 2 {A}(*){A}(y) 

IX) 

we have 

2lA}(»){A}(y)=2{A}(.){A)(y), 

<X) (X) 

the summations in each case being over all partitions {A) of m The 
linear independence of the quantities {A) (y) is guaranteed by the fact 
that these quantities are (so far as we yet know) either the simple char- 
acteristics of the symmetric group on m letters or negatives of these, 
all simple characteristics being obtamed in this way Hence {A} (») 
= {A}(»), (A) any partition of m This proves the desired result 
namely, that {A}(»)^A(?i, , Z») — A(») may be expressed as an 

TO-th order determmant of which the element in the t-th row and ;-th 
column 18 Pi, -(«-!)(») = gi, -(«-!>(») The diagonal elements are px,(») 
= 3x,(a) the other elements in any row being obtained by methodically 
increasmg (decreasing) the suffix carried by p(») = q(t) as we move 
from any column to its neighbor on the right (left). If k is such that 
A* > 0 whilst Afc+i = A *+2 = = An = 0 tlie last n — k rows of our 

determinant have unity in the diagonal and zero’s preceding the diagonal. 
Hence, and tins is the essential simplihcation, {A} (a) may be expressed 
as a determinant of order k of the type described above. 

It IS now easy to calculate the coefficient of Si" in (A) (») = ^£X) («) 
and to check our statement that it is positive. It is important to have 
its actual value as this yields, when multiplied by m ' the character of 
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the unit permutation, i. e. the Skmenswn of the representation (irre- 
ducible) of the symmetric group on m letters whose characteristic is 
<^(\) (a). To obtain this coefBcient of Si" we merely set Si = 1, s* — St 

= = == 0 Then pj (a) =■ gj(a) = ~ and the value of ^(X) (a), 

for this value of a, may be calculated as follows Set + & — 1 “ Zi> 

As -|- fc — 2 = l 2 , ,\k = h and multiply the ;-th row of our fc-th 

order determinant which furnishes (for the particular value of 

a mentioned above) by Ij I We obtam a i-th order determmant of which 
the element in the ;-th row and g-th column is lj{l, — 1) {Ij -|- j 
+ 1 — k) (q — 1,2, ,k — 1) the elements in the fc-th column bemg 
all unity. Since the clement in the y-th row and g-th column is a poly- 
nomial of degree fc — g in Ij (the coefficients of which arc independent 
of the row number y and the coefficient of the highest power being unity) 
it is at once clear, on subtracting from each column an appropriate linear 
combination of the succeeding columns, that the determinant we are 
seeking to evaluate is equivalent to the Vandermonde determinant whose 
y-th row 18 (Z,*'S I/''*, >Zi>l)- Hence its value is A (Z) =* II (Z, — Zj) 

I<9 

and this > 0 since Zi > Zj > > Z* > 0 

Hence the dimension of the irreducible representation D(A) of the 
symmetric group whose characteristic is <Z>(X) (*) is given by the formula 

(4.34) d,x, = , Z« - Ai -f fe — V - 1, ,fc; A(Z) = n(Z/ — Ze). 

ii' ii' /<, 

It IS clear that (A) may be written as an n > fc element partition of m 
by adding (n — fc) zeros Aitj=A*tj= =Kn, and that then d^\) 
appears in the form • 

(4.34h«) cZ(X) = roiri (Zp — Z,)— Zx' Z,I; Z* = Ai -f-n — t, 

1 — 1 , 2 , ,n. 


We resume the essential result (Frobenius-Schur) of this somewhat 
long section Attached to each partition Ai ^ Ap ^ ^ A* > 0, of m : 

Ai Ap -|- + A* = m, IB an irreducible representation D{\) of the 

symmetric group on m letters, all irreducible representations of this 
group being obtained in this way. Its characteristic is the fc-th order 
determinant 




3A.(*) 


(4.35) {A}(») =«Z.(X,(») = 


gx.(s) 
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(where the remaining elements of any row are obtained from the diagonal 
element by methodically increasing (decreasing) by unity the suifiz car- 
ried by q{s) as we move from any column to its neighbor on the right 
(left) ; it being understood that each q carrying a negative sufik is zero). 
The dimension of D{\) is given by (4. 34). 

6. Associated irreducible representations of the symmetric group. 

We have already seen that with each irreducible representation D{k) 
of the symmetric group on m letters there is associated a second (possibly 
the same) irreducible representation of the same dimension as 
namely the Kronecker product of D(k) by the one-dimensional alter- 
natmg representation. We now show that the representation associated 
with •D(X) IS the representation attached to the partition (fi) of m 
which IS obtained from the partition (A) as follows. We first represent 
(A) by a diagram of horizontal rows of dots (all beginning on the same 
vertical line) the first row containing Ai dots, the second A 2 dots, 
and the last A* dots. Thus the partition (3, 1*) of 10 is represented 
by the diagram 


By simply interchanging the rows and columns we obtain a second dia- 
gram (which IB termed the associate of the original diagram) and the 
partition which defines this new diagram is the partition (ft) which is 
termed the associate of the partition (A) . It is clear that ni = k and 
that the number ; of non-zero parts in (/*) = (/ij, ,nj) is Ai Thus 
the associate of (3, 2^, 1’) is (6, 3, 1). When a diagram (or its definmg 
partition) coincides with its associate it is termed self-associated. E. g , 
(3, 2, 1) IS a self-associated partition of m = 6 What we propose to 
prove IS that associated representatious are attached to associated par- 
titions. Since the characteristic of the representation which is associated 
with 2J(A) is obtained from the characteristic of Z)(A) by changing the 
signs of SxfSt, and since (see (4.22), (4 23)) 

(*i> — *»> ) “ vj (a) “ <r> (») 

we have to show that 
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{/*}(*) 


?/!.(*) 




<TXi(a) 


Spj(*) 




(it being always undeistood that the non-diagonal elements are obtamed 
by a methodical increase (decrease) by unity of the subscript as we pass 
from each column to its neighbor on the right (left) ) . This fact merely 
reflects the fact that the matrices 


'Po Pi 



^tTo 0-1 

0*2 

Po 

Pkr-i 

, 2s- 

0*0 




Po > 



O’o^ 


are reciprocal for each A: = 1, 2, 3, (see p. 112). In fact the A;-rowed 
determinant 

|m(») 1 


W(») 




is a certain A;-rowed minoi of namely, the minor obtained by 

erasing the first fi, columns and retaining the first, the (jui — + 2)-nd, 

the (/ti — jBi 3 + 3)-rd, and the (jii — jij ;)-th rows. Save for a 
question of sign which can be readily settled later {/»} (») is, therefore, 
equal to that minor of the reciprocal matrix ^ which is obtamed by 

di+l 

retaining the first /i, rows and erasing the first, the (/a, — /12 -1- 2)-nd, 
and the (/ii — /ly + j)-th colunms Smee iij > 0 the last column is kept 
and the suffix attached to the <7(*) in the lower right-hand corner is ] 
(for the minor has ni rows and the subscripts dimmish methodically by 
one as we step from each row to its neighbor below whilst the <t at the 
top of the last column has the subscript /*i — 1). Countmg from 

the last column the first column omitted is the (yty -|- l)-et and so the 
suflBxes of the last jay diagonal element of the mmor of S m question 

Mi+i 

all equal the second column omitted, counting from the last is the 
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i)-ni and so on, so that the next diagonal sufBx, counting 
upwards to the left, is less than ] by the number of ju’s that equal m- 
Seasoning in this way, we see that the diagonal sui&xcs of the minor 
of 2 reading upwards to the left, constitute the partition (X) of m 

Iti*! 

which is associated with (/«). For instance if m — 4 and n => (2, 1“), 
so that (A) = (3, 1), we have proved that 


{2, !»)(») 


P 2 Pa p4 
Po Pi Pa 
0 Po Pi 


— ai 

(Ti 

fro • 

— <r. 


The negative signs may be removed from the it’s carrying odd subscripts 
by changing the signs of all columns having a a with an odd subscript 
at the bottom and following this by a change of sign of all rows having 
a O' with an even subscript at the end. On reflecting the o-minor about 
its secondary diagonal, an operation which does not affect its value, we 
have proved that 



?/!.(») 



(i(») ^ j 


= ^ 







or, equivalently. 





VXl(*) 

4><(‘i('*) ^ 





91*2 (*) 


5rx,(*) 


Since irr(s) and gr(») take the same value — when Si = 1, S 2 =Sj 

— = = 0 and since the value of <#>(),, (a) is positive, for all par- 

titions (fi), when the (s) are assigned these values (being, 111 fact, the 
dimension of f)(p) divided by m’) it follows that the connecting sign 
IS positive. Ilence 

■w^here a* = (si, — Sa, s,, ) 


showing that is the representation associated with 2)(A). It may 
be observed that when (A) is self-associated the sum of the number of 
dots in the first row and first column of the representative diagram 
•= 2Ai — 1 , when this first row and first column are erased the sum of 
the number of dots in the new first row and column ■=- 2As — 3 and so on. 
Thus every self-associated partition of m yields a partition of nt mto 



HOMOGENEOtlS HEPBESENTATIONS 


123 


unequal odd numbers and vice versa. E. g., when »i = 8 we have the 
two self-associated partitions (4,2,1*), (3*, 2) corresponding to the 
partitions (7, 1), (5,3) of 8 into unequal odd numbers. 


7. The homogeneous rational integral representations of the full 
linear group. 

We have seen, (4 10), that the matrices [A]m of the Kronecker m-th 
powers of the n X « matrices A of the full linear group are all com- 
mutative with the matrices pdEI^) of an n’"-dimensional representation 
of the symmetiic gioup on m letters, and (p. 105) that this implies the 
existence of a basis in which the matrices [A]n appear in reduced form 


(4 36) [4]« = 2{£<i,Xllfi(A)}. 


The summation on the right is over the irreducible representations of 
the symmetric group which occur m the reduction of the representation 
r = p(f^]m) and the dimension 8^ ol Mj{A) is equal to the number of 

times r,, whose dimension is d,, occurs in F : F = 2 Sify The matrices 

) 

M,{A) furnish a homogeneous rational integral representation of the 
lull linear group on n letters (since they are derived from [A]*, by the 
mere introduction of a suitable basis). The identity representation Fi 
certainly occurs in the reduction of p((j5]m) and the number of times it 

fl _j_ ffi 2 f 

occurs 18 -; — ■ — - 7 -j — i . In fact the trace of p( [.4]m) is • ««,“» 

(n — 1)1 m' i-vLj/ 

(see (3.22)) and so the trace of p([A’]m) is the value of when 
A —E, 1 . e when s, = Sj = —Sm = n. The number of times 
p([i?]m) contains F, is the average of the trace of p([S]m) over the 
symmetric group, 1 e. 8 , = gm (•) = ?<»(») when Si = Si= = Sm = »; 
or, equivalently, when Zi = Zi= = = 1. Turning to the equa- 

tion (4 19) we see that 81 is the coefiBcient of in the expansion 
(1 — i)-", 1 e. 

. n m — 1 ' /n-\-in — 1 \ 

^ (n — 1) * to! \ TO /’ 


Included, therefore, in the analysis (4 36) of [A]m is the representation 
Ml (.4), of dimension TO linear group. It fol- 

lows from (4 14) that the characters of the representation Mi{A) of 
the full linear group are given by 

«•)-’-<*) -1, 37r^(T)' -fer 

where Si’=Tr{A) , S 2 = Tr{A*)’, Sm = rr(4"*). Similarly the 
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characters of any of the representations M/{A) which occur in (4.36) 
are furnished by the corresponding simple characteristic of the symmetric 
group on m letters on setting Si ■= Tr(A), , Sm — Tr{A”') , thus if 
Tj — D(k) the characters of Mj are furnished hy ^(\)(s). 

We now proceed to show 1) that the homogeneous rational integral 
representations of the full Imear group which are obtamed in this way 
(i. e by the reduction of [j 1 ]o,) are all irreducible, 2) that no two of 
them are equivalent and, 3) that they exhaust the homogeneous rational 
integral representations of the full linear group To do this we first 
calculate the sum of the squared dimensions S (Si ) * of the various repre- 
sentations Mj{A). Since r = 58iri the desired sum is the average 
over the symmetric group on m letters of the squared characters of 
r ““ P( (P 85) , in other words it is the value of qm{s) = Pm(») 

when Si — Sa — «= Sm = «* (not n) or, equivalently, when the 

(not n) variables (*) all equal unity Hence it is the coefBcient of <”• 
in the expansion of (1 — <)■“’: 


(4.37) 2(Si)a = (™“+^ 


(n^ -)- m — 1) ' 

(«* — 1) ! TO ' 


“ g, say. 


In other words the sum of the squared dimensions of the various repre- 
sentations Mj(A) of the full linear group on n letters equals the number 
of terms m the expansion of (*i -j-sa -[- -f- «»•)"*. On identifying 

the »* mdeterminates (») with the elements (o,*') of A we see that 
2(Sj)* equals the number of power products of degree to in the elements 
(a,’’) of A. Let us denote, for a moment, these q power products by 
jiA , then each v* is an element of [A] m and each element of 
[A]m IS one of the v’s. The various elements of the matrices Mi(A) 
number 5(8j*) —q and we denote them, arranged in any order, by 
(to*, ,«’*). Then the fact that [A]m and 2 X .Sfi(A) } are 

i 

merely different presentations of the same matrix tells us that the (v) 
= (ti‘, , ti«) are homogeneous liiiedr functions of the («;)—= (w^, ,ii>^) 
and that, conversel}', the (w') are homogeneous linear functions of the 
(v). But tins prevents the reducibility of any one of the representations 
Mj(A) or the equivalence of any two of them For in either event we 
would have 


[A]m = s {Ee, X J1//(A) } = 2 {Ei X i^*(A) } 


where the squared sum of the dimensions of the representations 
Nit(A) <5. But this IS impossible since it would imply the possibility 
of expressmg the q linearly independent variables v as homogeneous 
lineal functions of a lesser number of variables (namely, the elements of 
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the various matrices jrfc(A)) , that the variables v are linearly inde- 
pendent IS a consequence of the fact that the identical vanishing of a 
homogeneous polynomial of degree m in n* variables implies the vanish- 
ing of each and every one of its coefficients. Similarly there are no other 
irreducible homogeneous rational integral representations of the full 
linear gioup than those furnished by the Mi{A) ; for if there existed a 
single such representation ■D(A) of dimension d the g -f- elements of 
the non -equivalent irreducible representations Mj(A), D(A) of the full 
linear group would be linearly independent (by the Probenius-Schur 
extension of Burnside’s Theorem (p 61)). But this is impossible smce 
they are, each and every one, homogeneous linear functions of the g 
variables («). 

We have seen, then, that the Kroneeker wi-th power [A]™ is a source in 
which may be found all irreducible homogeneous, rational integral repre- 
sentations, of degree m, of the full bnear group , and that the number of 
these IS precisely the number of irreducible representations of the S3Tn- 
metric group on m letters which occur in the reduction of p([P]m). It 
remains only to find which representations I? (A) of the symmetric group 
on m letters appear in p([i^]«). The number of times D(X) occurs in 
p(\E'\m) IS found by averaging, over the symmetric group, the product 
s*®’ X 1^1 where Si -= Ss = = s« = « , in other words it is the value of 

for this value of a. Since each g»(s) has, for this value of a, 

the value we have to evaluate a i-th order determinant 

(where (\) is a fc element partition of m) with these numbers as its 
elements It will be convenient to write (A) as an m element partition 
of m (whose last m — Ic elements are zero) and to calculate the w-th 
order determinant 


(4 38) 


(») 


for the stated value of (s). Since f f ~ — 

' \ fc / I < (n — 1) I 

may remove the common factor — — rn from each row and we are, 

(n— 1)1 

then, confronted by a determinant of order m whose first row is 
(n -|- Ai — 1)1 (u- -|- Ai) I (n -f- Ai -|- m — 2) ! 
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On making the substitution kf + m — ; — Zy, ; = 1, 2, , m, the ;-th 

TOW of our determmant is 


/ (ra "|- Zy — ffi) ! (yi -j- Zy -j- 1 — m ) ! {n -|" Zy — 7) 

\ (Zy -|- 1 — Wl) I ^ (Zy "f“ ^ — wi) ! * ^ Zy ^ / 

(it being understood that any term m which the factorial of a negative 
number appears in the denominator is to be assigned the value zero) and 
on subtracting the (m — 1)-Bt column from the m-th the element in the 
;-th TOW and m-th column changes into (n — l)(n + Zy — 2)! — Zy' 
so that the common factor (n — 1) may be removed from the last 
column. Subtracting now the (m — 2)-nd column from the (m — l)-st 
and so on we see that the factor (n — 1 ) may be removed leaving us 
with a determinant whose ;-th row is 


. / (w + Zy — m) ! (w-|-Zj — m) I 

^ ^ V(Zy + l — m)!’ (Zy + 2 — m)!’ 

(fi -|- Zy -{- 1 — m) ' 
(Zy + 3-m)» > 


(n + Z, — 2)1 

Zy' 


)• 


Of course this does not mean that our original determinant vanishes 
when n — - 1 because we have multiplied it by { (» — 1) i}”* If n = 1, 

^ 1 so that we have to evaluate the determinant <Z>(i>(s) 

of (4. 38) where each gy(«) whxch has a non-negative subscript is unity, 
the ?y(*) for which j is negative havmg the value zero Hence if As > 0 
our determinant is zero since both its first and second rows coiisi'-t entirely 
of ones. In other words when n = 1 the only irreducible representation 
D(A) which appears m the reduction of p{\E)m) is 1 e the 

unit representation, this one occurring once We explicitly mention this 
trivially evident fact (trivial because p(f.^]m) is of dimension »”* which 
is unity when n — 1) because it directs attention to the general situation. 
Conversely if Ai = m so that Az = Aa = = Am = 0, whilst n is arbi- 

trary, the unit representation D{m) occurs qm{s) or 


( n -f- m — 1 N 

m / 


( n -f- fc — 1 
k 


times in p([il]in) so that JH(m)(A), of dimension j ” "t* * 1 ) occurs 

\ m / 

once in the reduction of [i4]m We turn now first to the case n = 2 
and assume Aa > 0 , then the first row of our modified form of our 
m-th order determmant is (A, -f- 1,1,1, ,1) whilst the second is 

(Aa, 1, 1, ,1). On subtracting the second row from the first we 

see that we can remove the factor (A, — Aa -f- 1) and have then merely 
to evaluate a determinant of order m — 1 whose first row is (1, 1, • ,1) 
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and whose second row is (1, 1, , 1) or (0, 1, 1, , 1) according as 

As ^ 0. Hence if n = 2 no partition for which there are more than two 
non-zero elements will appear m the reduction of p([^]m). Conversely 
if we have a partition with only two non-zero elements (A) —= (Ai, As), 
As = m , and ra ^ 2 is arbitrary the number of times the corre- 
sponding representation -D(A) occurs m the reduction of p([.^]ffl) is the 
value of the determinant (second order) 


?\.(*) 

dXs-iCa) ?x,(a) 


when Si = Ss == 




By the same argument as that given above for the m-th order determinant 
(i e by subtracting the first column from the second) this works out to be 



1 

(n + A. — 1 )I(to-HAs — 2)' 

A,' 

('i-l){(«-2)'F 

1 


(As — 1)' 


1 e. 


(w -f- Ai — 1) * (n -f- As — 2) ld(X ) 
(n — !){(« — 2) '}•* m' 


(Ai + 1)' 
As' 


= S(X) In other words when n “ 2 


no D(A) occurs in the reduction of p(L®]i») for which (A) contains 
more than two elements, and every D(\), for which (A) = (Aj, As) is a 
two element partition, occurs in the reduction of provided 

n S 2, 8(X) times so that the dimension of the corresponding representa- 
tion lf(X) (.4) of the full linear group is 8(X,. If n ^ 3, As > 0, we sim- 
plify (4 39) by subtracting each column (starting with the (m — l)-st) 
from its successoi and note that we can remove the factor (n — 2)"'"*, 
we are confionted with an m-th order determinant of which the ;-th 
row IS 


( (n Ij — m) ' (n -f- ly — m) ' (» + Z, — m) ' 

(Z, -f 1 — m) ' ' (ly -f 2 — m) ' ’ (Z/ -f 3 — m) ' ’ 

(n-HZ, -HI — m)' + 

(Zi + 4 — m)' ’ ' hi ) 

For the case to = 3 we find on subtracting the second row from the first, 
the third from the second, removing the common factors (A, — As -H 1), 
(As — As -H 1), then subtracting the new second row from the first and 
removing the common factor (Ai — As -H 2), that we are left with the 
evaluation of a determinant of order m — 2 whose first row is (1, 1, ) 

and whose second row is (1,1, ,1) or (0 1, 1, ) according as 

Ai ^ 0 Hence if to = 3 no 11(A) for which the number of non-zero ele- 
ments > 3 will appear m the reduction of p([i^]m) whilst if we have a 
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three-element partition and n S 3, 2)(A) will certainly occur with the 
multiplicity 

- (n + Xi — l)l(»i-f-A2 — 2)!(w-4'Aj> — 3) 1 dcX) 

(» — l)(n — 2)»{(n — 3) !}• ml' 

The argument is quite general if m > n no partition for which the 
uumber of non-zero elements > n will appear in the reduction of 
p([^]i») so that for such partitions (A) there are no irreducible repre- 
sentations of the full linear group. In fact the relation 

» no 

— l)*pfct*} =1 of p. 112 gives us, on comparing the coeffi- 

0 0 

cients of ( — the relation 

ffiipx, — <r»-iPx,+i + + ( — 1 ) *<r(,px„n = 0. 

Similarly on comparing the coefficients of ( — l)Vif»+V> ■ 5,^0 find 

Onp-Kri — o«-iPX, + -1- ( — 1 ) "<rc.p)v,**-i = 0 

and so on; the last equation (obtained by comparing the coefficients of 
( — l)W-*fW) being 

or^px..,-, — • -f ( — 1 ) Vopx,., — 0 

Since these n -}- 1 homogeneous relations between the » -|- 1 quantities 
<T», — O'*.!, , ( — l)“oo, are consistent (with oo”=l) the determi- 

nant of their coefficients must vanish (not only for the special values 
*1 “ Sa =“ — s*, == n but identically in a). For any le clement par- 

tition of m (fc^ n) there will be an attached representation of the full 
linear group and its dimension 8(X) is furnished by the formula 

(i ant A (n + Ai — l)l(«-|-Aa — 2)1 (re-|-A» — fe) ’ dp, 

’ *‘’'’“(n — l)(n_2)»(n— 3)* („_«• + i)*-i{(„_fc) 

where <i(X) is furnished by the formula (4 34) , (.4) appearing dfX) 

times in the reduction of p( [F]m) The expression (4. 40) can be given 
a more convenient form by evaluating, if n > fe, an n-th order determi- 
nant rather than a fc-th order determinant In other words we add the 
n — h zero elements A*+i — A»*a = = A* — 0 to (A) which then 

appears in the form (A)— (Ai. Aj, ,An). On setting fc -=> n m 
(4. 40) we find 

5 ll I ^2 * In * d(X) 

(ft— l)(n— 2)*(n — 3)» go-sin-i 

where 

h—\.i + n — ^ — 1,2, ,n. 
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But % == ri ~\ 7 (4- 34'>“) so that 

ml h' In I 


We have, accordingly, determined all irreducible homogeneous rational 
integral representations of degree tn of the full linear group on n letters 
There is one of these, Jf(X)(A) attached to each partition of m which 
contains not more than n non-zero elements and its dimension is fur- 
nished by (4. 41). Any two irreducible representations of the full linear 
group (which are homogeneous rational integral representations of degree 
m) which are equivalent to one another must be equivalent to one and 
only one of these. In fact the characters of involve only the 

quantities (si, , Sn) and these are independent of each other as A 
rnns over the linear group on n variables, hence the characters of 
are different from those of ilf(X-)(A) if (A.) ^ (A') In other 
words two irreducible homogeneous rational integral representations of 
degree m of the full linear group are equivalent if they have the same 
characters 

The results of the preceding paragraphs were derived for irredunble 
homogeneous rational integral representations of the full linear group 
We now complete tho theory of rational representations of the full Imear 
group by provmg that every reductble homogeneom rational integral 
represenlation T, of degree m, of the full linear group is completely 
reducible and, hence, expressible m the form r == c“ro where the Tj are 
the irreducible representations Mj{A) of the preceding paragraph and 
the ct are positive integers or zero. Let D{A) be the matrices of T, 
whose dimension is d, so that each of the d® elements of 1>(A) is a homo- 
geneous polynomial of degree m in the n* elements of A The subset 
Z)(?7) of the collection of matrices D{A), where U is an arbitrary 
unitary ny, n matrix, constitute a group (this subset being, in fact, a 
d-dimensional representation of the unitary subgroup {17} of the full 
linear group). Owing to the defining relation U*U = E-n, i. e. 
2 ■Ut^u»°‘ = each element «#’' of TJ has its absolute value not greater 

a 


than unity If, then, the positive number B dominates the absolute 
value of each of the d* coefficients of the various poly- 

nomials which constitute the elements of D{A) the absolute value of 

( 71^ I ~ fft — 1 \ 

m ) 

Hence the collection of d X d matrices U(TJ) is a bounded subgroup 


9 
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of the d-dimensional full linear group. Hence, by the basic theorem of 
p. 67, it may be presented, by a proper choice of basis, as a collection of 
unitary matrices. The representation r — {2)(4) } being, by hypothesis, 
reducible, the subset {D\U)} is £ fortiori reducible and, hence, since 
each D{U) is unitary we can find a transforming matrix T, with ele- 
ments independent of U, such that T~'D{U)T = Di{U) D 2 {U). 
Each of the d® equations implied by this matrix equation expresses the 
vanishing of a homogeneous polynomial of degree m in the n* variables 
11 ,’’ these variables being conditioned only by the fact that they are the 
elements of a unitary matrix. It follows, by the argument of pp 86-87, 
that these polynomials must vanish identically, in other words 
T~^D{A)T Di(A) Di^A) where A is an arbitrary d X d matrix 
Hence the reducible representation r — {D(d^) } is completely reducible; 
its irreducible parts Mj{A) furnishing irreducible representations Mj{U) 
of the unitary subgroup of the full linear group Moreover the coeffi- 
cients occurring in the reduction of F are uniquely determined by the 
characters x(-^) of T* lo fact the relation r = c“ro implies xC'^) 
— c“xa(-d) where the xi('^) a*'® those simple characteristics of the 
symmetric group on m letters which correspond to partitions (\) of m 
which contain not moie than n non-zero elements (the variables (a) 
in these simple characteristics bemg assigned the values = Tr{A), 
Sj — rr(4*), ). Owing to the restriction imposed upon the par- 

titions (X) of m each of the xi(-^) i® a homogeneous polynomial of 
degree m m the n variables (s,, , »n) and these n variables are 

independent In fact li {zi, , *n) are the characteristic numbers of 
A (and, hence, mdependent) s* = * 1 * -)- so that the Jacobian 

determinant f is the Vandermonde determinant whose value is 
8 (») 
n 

A(*) — H (* 1 , — 2 ®). Smce this does not vanish identically the 
v<v 

variables (a) are independent. If then we have two homogeneous repre- 
sentations of degree m F = c®r«, F' = b^Ta , with the same characters 
xi-A) we have (c“ — &“)xo(4) =0 The left-hand side expresses the 
vanishmg of a homogeneous polynomial of degree m m the n mdependent 
variables (Si, , an) and so the coetficients of the various terms of this 
polynomial must vanish. Hence (c“ — b'^)xJ = 0 where the x*‘ are 
those characters of the irreducible representations of the symmetric group 
on m letters (; running over the various classes of this group) which 
correspond to the partitions of m which contain not more than n non- 
zero elements. Owing to the linear mdependence of these characters 
(a consequence of the orthogonality relations (3 16)) we must have 
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c* — 6* »= 0 every ifc. In other words any homogeneous ratumal integral 
representation of degree m of the full linear group is determined up to 
an equivalence (i e. a change of basts) by its characters. Since any 
non-homogeneons rational integral representation is expressible as a snin 
of homogeneous rational integral representations of different degrees 
(p. 45) the characters of any non-homogeneous rational integral repre- 
sentation are furnished by a polynomial (non-homogeneous) m the » 
independent variables (si, ,*«). If, then, we have two non- 
homogeneous rational integral representations r, r' with the same 
characters, their homogeneous parts (of corresponding degrees) must 
have the same characters and, hence, be equivalent; for if a non- 
homogeneous polynomial in n independent variables vanishes identically 
its homogeneous parts must vanish identically. Hence every rational 
integral representation of the full linear group is completely reducible, 
the coefficients occurring in the reduction being uniquely determined by 
the characters of the representation. Finally this implies, on using the 
theorem of p 34, that every rational representation of the full linear 
group 18 completely reducible and is determined (up to an equivalence) 
by its characters. In fact let r= {fi(/l)} and r' = {It'(A)} be two 
rational representations which have the same characters. Then 

(e('i>}.(e'(A)) 

are rational integral representations. If V let k > In' and write 

HiA) m the form ''vhere Q'{A) -= {(detil)*^'F(A)} is a 

rational integral representation. Then {P[A)}, {Q'(il)} have the same 
characters and are, accordingly, equivalent, this equivalence implies, in 
turn, the equivalence of {B(A)} and {B'(A)}. 



CHAPTER FIVE 


THE CHARACTERS OF THE SYMMETRIC GROUP 

In this chapter we shall discuss m some detail the characters of the 
symmetric group and shall show how to analyse the reducible repre- 
sentations A (A) of this group. We shall also analyse the reducible 
representation of the symmetric group on wii m 2 letters which is fur- 
nished by the direct product of any irreducible representation of the 
symmetric group on mi letters by any irreducible representation of the 
symmetric group on m* letters 

1. The construction of the character tables for the symmetric groups. 

It follows from (4 35) and (4 18) that p — may be expressed 

as the sum of fe determinants (where the partition (A) of m consists of 
k non-zero parts) of which the ;-th differs from the determinant which 
furnishes in the fact that the suffixes of the 5 ’s in the ;-th row 

are all decreased by p (} = 1, 2 , , k) The suffixes of the diagonal 

elements of this 7 -th determinant, namely (A,, Ac, , Aj — p, , A*) 
add up to m — p but they will not, in general, constitute a partition of 
m — p for A/ — p may well be negative and even if it is not the normal 
non-increasing order may well be destroyed. However, an interchange 
of two adjacent rows of our determinant, which amounts only to a change 
of its sign, changes two adjacent diagonal suffixes by interchangmg them 
and at the same time decreasing the one which was originally on the 
right by unity and increasing the one which was originally on the left 
by unity. By doing this sufficiently often the sequence (A,, Ac, , 
Xj — p, ,A*) may be put in non-ascending order If it then ends 
in a negative integer we discard the corresponding determinant, whose 
last row consists entirely of zeros, if it ends in one or more zeros we 
Ignore these as the corresponding determinant has units in the diagonal 
places in the last one or more rows, all preceding elements m these rows 
being zero. We shall understand by {Ai, Ac, — p, , At) 

the simple characteristic of the symmetric group on m — p letters 
(p = l, 2, ,m — 1 ) correspondmg to the partition of m — p 
obtained in this way provided the number of necessary interchanges ts 
even and the negative of this simple characteristic if the number of 
interchanges is odd Smee { o, 6 } = — { ft — 

IS clear that { a,b }— 0if6=a-|-l, similarly { a,b,c,d } 

132 
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= 0ifc = a + 2orif<Z — a + 3 and bo on. With this understanding 
of the symbol {Ai, A 2 , , Aj — p, , A*} we have, then, 

(6.1) = ,A,-p, ,A»}. 

OSp j=x 

On writing ont ^(X)(«) thus. 

fer 

(r (r 

, «in) IB that class of 
the symmetric group on m — p letters which contains one less cycle on 
p letters than the class (a) of the symmetric group on m letters On 
equating coefficients of Sp®'» Sm®” on both sides of the equa- 

tion (5. 1) we find 

k 

X(x) “ 2X(x'),, where (A')i = (Ai, ,A> — p, jAjt), 
a relation which we find convenient to write in the form 

k 

(6.2) (Ai, , A»} (o) = 2 (Ai, As, , Ai — p, >At}«i'). 

J-i 

This basic formula enables us to write down at once those characters of 
the symmetric group on m letters which correspond to a class containing 
at least one cycle on p letters when the characters of that class of the 
symmetric group on m — p letters which contains one less cycle on p 
letters are known; (p = l, ,m — 1). The same formula yields 
directly the characters of the class containing but one cycle on m letters ; 
since Alt >: 1, A 2 S Aa S > A* S 1 we have Ai + fc — 1 < m (the 
equality holding only when A 2 =A. = —A* — !) and so Ai — m 

-j- (k — 1) ^0 and this implies {Ai — - m, A 2 , ,Ajt} = 0 unless 
A 2 = As = = At = 1 since then the last term, when it is rearranged 

in non-mcreasing order, namely Ai — m-f-fc — 1 < 0. The other terms 
{Ai, A 2 — m, , A*} etc , are zero for all partitions (A) since As — m 
-|-(fc — 2) <Ai — TO + fc — 1<0 and so on. Hence the characters of 
the class containing but one cycle on m letters are zero unless the par- 
tition (A) IS of the type (m — 1*"*). On subtractmg m from 

the first number m — fc -f- 1 of this partition of m we obtain (1 — k, 1*"'} 


^(X) (•) = 2 


v<»> 

A(X) 


we have 


iT.ai! 


a«lVl/ 


.3«^(X) (s) 


•y X(X) / 

a',! a„i\l/ 


where — 1 and (os') — (aj, ,oe'p, 
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and k — 1 arrangementB are necessary to write this as {0*} which — 1. 
Hence 

(6.3) {w — + 1)*-S fc-1,2, ,m; 

all other {A}o„=i — 0. 

This formula has the definite advantage, over the recurrence formula 
( 5. 2 ) that it tells us explicitly, without referring to data concerning the 
symmetric group on a lesser number of letters, the characters attached 
to a particular class of the symmetric group on m letters, namely the 
class containing but one cycle on m letters. The formula (4. 34) of 
Frobeuius giving the dimension of D(X), or, equivalently, the character 
attached to the unit class, has a similar advantage. We may combme 
our recurrence formula with the dimension formula of Frobenius to 
determine directly characters of classes containing one or more unary 
cycles E. g , suppose we wish to calculate the characters of the sym- 
metric group on TO = 20 letters correspondmg to the class containing 
«i — 12 unary cycles and <*8 — 1 cycle on 8 letters We shall illustrate 
by considermg the representation D(9, 6, 3, 2) Applying our recurrence 
formula with p = 8 we obtain 

{9, 6, 3, 2},., - {1, 6, 3,2}(a-> -|- {9,-2, 3, 2),.., 

-1- {9, 6, - 5, 2} -f. {9, 6, 3, - 6} , 

of the four terms on the right the first, third and fourth vanish, the 
first because 3 = 1 -1- 2 , the third because — 6 -f- 1 <0 and the fourth 
because — 6 < 0. There remains {9, — 2,3,2), o')“ — {9,2, — l,2}(a’) 
— • {9, 2, l}(a-, and since (o') is the unit class the dimension formula 
(4 34) yields, since 

(2., 2«, 2.) ■= (11, 3, 1), (8) (10) (2) = 320. 

Similar, although not quite such convenient, formulae may be found for 
the characters of a class containing only cycles of the same length. E. g , 
let n = 2m and consider the class containing to binary cycles. The 
characters of this class are found by setting = 1, Si =. s, = sm =■ 0 
in the expressions for the simple characteristics; it being clear that then 
gy = 0 if ; IS odd whilst gjp = l/2»’ p '. Thus, when to — 12, the 
character, for the class «2 =“ 6, of D{6, 4, 2, 1) is 

0 (2».3!)-^ 0 (2‘.4')-‘ 

0 (2».2')- 0 (2».3i)-> 

1 0 2 -> 0 

0 0 1 0 I 
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Similarly tlie character for the class a, — 4 of D(6, 3*) is 

(3*.ai)-‘ 0 0 

3*. 41 0 3-» 0 —12, 

0 0 3-> 

whilst the character for the class «« — 3 of 2)(7, 2*, 1) is 
0 (4». 21)-» 0 0 

0 0 0 4 -" _ 

1 0 0 0 ” 

0 0 10 

Two more examples will suffice, suppose when m — 15 we wish the 
character, for the class as = 3, of the representation Z)(5, 4, 3, 2, 1) 
On setting Ss — Ij = Ss = = *15 -= 0 all the gy vanish save those 

for which 7 IS a multiple of 5 and qtp takes the value (S® pi)”*-. Then 
the desired character is 

5-1 0 0 0 0 

0 0 10 0 

6‘.3! 0 0 0 0 1 == — 150. 

0 10 0 0 

0 0 0 1 0 

If we wish, as a final example, to obtain, when m = 12, the character, 
for the class Si — 1, ao = 1, as — 3, of the representation I? (7, 1') we 
may proceed as follows On applying our recurrence formula twice, first 
with p >= 1 and then with p — 2, we find 

= {4, 1'} <„■, — {6, l'),.-> + {5, 1‘) ,a-> - {7, 1'} „■> 

where (a") is the class, of the symmetric group on 9 letters, consisting 
of permutations each of which has three ternary cycles. Since this class 
18 positive {4, l'}(a") = {6, l”}(a") and we have merely to calculate 
{5, and {7, I*},*",. We find 

0 (3='.2I)-‘ 0 0 (3". 3')-‘ 

1 0 0 3 -‘ 0 

{5,l‘}(a", = 3’. 31 0 1 0 0 3-* 2 

0 0 10 0 

0 0 0 1 0 

0 0 (3».3')-i 

{7, !*}(«”, — 3*. 3 1 10 0 —1 

0 1 0 

so that the desired character is — 3. 


4*. 3! 
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The same method enables us to obtain readily an explicit formula for 
the characters of the class «i = 1 , am-t »= 1 of the symmetric group on 
m letters First of all it is clear that the character is zero (provided 
fc > 3) unless Aa =■ A, = — a» — 1. In fact if this is not the case 

A 3 + A 4 + +Afc>i: — 3, Aa — 3 and so m = Ai + Aa + Ai, 

> Ai + i or, equivalently, Ai — (m — 1)< — fe + l. Hence after 
I — 1 transpositions (which bring Ai — (m — 1 ) to the end rather than 
the beginning of the partition) it remains negative so that (Ai — to + 1, 
Aa, , A*} •= 0 , the other terms {A„ A. — to + 1, Aa, , A*;}, , 

{AjjAa, ,Ajfc-j,A* — TO + 1} vanish a fortiori If A 3 = A 4 =' 

= A* == 1 and Aa > 3 we have Ai < to — k and the same argument shows 
that {A}a,=i.a„.,=i = 0. It remains only (provided fc > 3) to discuss 
the cases Aa = 1, Aa == 3. In the first case A, = m — ifc + 1 and 
{Ai — TO + 1, 1*-*} = {2 — k, and this vanishes since the last ele- 
ment, 1, equals the first, 2 — k, plus k — 1 Also (A,, Aa — to -f- 1, 1*-®) 
— {Ai, 3 — TO, I*'*} and smce 2 — to plus k — 3 = J; — to< 0 (unless 
i = TO, in which case we are dealing with the alternating representation 
whose characters are known, being 1 ( — 1 ) for the even (odd) classes) 
(Ai, Aa — TO -i- 1, 1*-““} = 0 , the other terms {Ai, A 3 , A 3 — to 1, , A*}, 

> (Ai, Aa, , A*,.i, A* — TO -f 1 } \ anish k fortiori ] f A 3 = 3, Ai = to — k 
and we have to calculate (1 — 1-,3, I*'®} = (—!)*-». the other terms 
vanish as before Hence if ifc > 3 the characters, for the class ai = 1 , 
*m-i = 1 , all vanish save those for which k = m, (the alternating repre- 
sentation) and those for which A, = to — k, Aa = 3, Aa = A* = 

= A)( = 1 If fc = 3 all (Ai — TO -j- 1, Aa) vanish for which Ai — to 3 

< 0 and since Aa > 0 the only possibilities for A, are m — 1, m 3 

Since {0, 1} vanishes the character of (to — 1 , 1 ) for the class in ques- 
tion IS zero whilst the character of (to — 2,3) is — 1 Since ifc = 1 
yields the identity representation we may resume our results as follows 
outside the identity and alternating representations whose characters are 
known the only representations for which the characters for the class 

«! -= 1, am_i = 1 differ from zero are those for whn h (A) = (m ifc, 

3, 1*-*) whose characters are ( — 1)*-‘ and those for which (A) 
“ (to — 3, 2) whose chaiacters are — 1 


(5. 4) 


{to — fc, 3, == (— 1)*-‘ ; {TO}a,=, 

1 ^ ®Ml-l 

{ to - 2 , 2}„^.3 ■=-!> 

0—1=1 L 

All other {A}ai=i —■ 0. 

Gw .1=1 


= 1 , 

= 1 if TO is even 
= — 1 if TO IS odd 


We may derive by the method just described explicit formulae for the 
characters of those classes of the symmetric group on to letters which consist 
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oiaii — m — p unary cycles and *,«=-=! cycle on p letters , (p =- 2, 3 , 4 , • ) . 
We first remark that a partition (X) of m may be conveniently specified 
as follows draw the principal diagonal of the diagram of the partition 
(i. e. the diagonal starting at the upper left-hand corner) and suppose 
it strikes s columns Denote by 6i > 6^ > > &, > 0 the number 

of dots to the right of the diagonal in the rows 1, 2 , , s, respectively, 

and by Qi > fli > > o, > 0 the number of dots below the diagonal 

in the columns 1, , s respectively. Then the paitition is described 

by ft = ( 6 i, ,b,), a= (fli, , a,) it being clear that the partition 

IS self-associated when and only when a = b. The number of dots in 
the first row and column together = 6i -j- -|- 1 ; when these are deleted 

the number of dots in the new first row and column = 62 -}- 02 -|- 1 

Proceeding in this way we have *n.»= 2 ( 6 j-|-aj-|-l). It is clear from 

the definition that b,=Xj — ] (y = 1 , ,s), whilst the differences 

p — Xfti (p = s, ,k — 1), satisfy the inequalities 

0<s — A„i A,«< <*: — 1 — A*<fc — 1. 

Hence they are the complementary set to the set Oi > <12 > > o» in 

the set 0 , 1 , ,k — 1 In fact A* > 0 shows that ai = h — 1 is not 
in the set, if A* > 1 . a2 = h — 2 is not in the set and so on The fol- 
lowing will serve as illustrations of the definitions of b and a 

(A) ( 3 , 2 ^ P) , ^= 2 , *=( 2 , 0 ). a=( 4 ,l) 

(A) = (4,2,1=), s = 2, *_(3,0), o=(3,0) 

(A) = (4»,l), s = 3, *=(3,2,1), o- (3,1,0). 

We denote, for convenience, by x<X)(p) the characters of D{X) for the 
class oii — m — p, o, = 1 so that, for instance, xeXj (2) are the characters 
for the transposition class whilst x<X)(l) S’"® the characters for the unit 
class (1 c the dimensions of the various irreducible representations). 
Our object is to obtain for X(X)(p) (p = 3 ^ 4 , ), an explicit formula 

analogous to (4.34) which furnishes x<X)(l) The recurrence formula 
(5 2) tells us that xiXj (p) is the sum of the dimensions of the irreducible 
representations 

D(Ai, A2, yXj — p, , A*) , (j = 1, ,^), 

of the symmetric group on m — p letters (where we follow the previously 
agreed on convention for the restoration of the normal non-increasing 
order of the (Ai, A2, ) when this has been destroyed by the subtraction 

of p). Writing, as before 

Zi = Aj -|- (fc — 1 ), Z2 A2 (k — 2 ), , Zk ^ Xk 
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the dimenBion of D (Xi — p, Xj, • , Ak) u 

(m — p) * (^1 P — ^ 2 ) (li — P — fc) (^2 — ^ 2 ) (^*-1 — ht) 

^(h — p)lhi h' 

and there are similar expressions of the dimensions of the other irre- 
ducible representations. On dividing through by 

x,m( 1) — ml (li — 1,) 1*1 

the quotient xim(p) — X()i)(l) appears as a sum of k terms of which 
the first 18 

h(h — l) (h — p+l)(h — p-^^) ih — p — k) 

— m(m — 1) (m — p4-l)(l, — k) (k — k) 

If we write f(x) — (x — k) (x — k) this may be written as the 
quotient of Zi(li — 1) (k — p-{-i)f{k — p) by — pm(m — 1) 

(m — p-4-l)/'(Zi) where /' indicates the derivative of f, hence 

X(\i(p) 

zzi (h-p + i)f(h-p) 

pm{m—l) {m — p + l)ik f{h) 

Now the analysis of the function *(* — 1) (jr — p-f- l)/(a; — p) — f(x) 
into simple fractions yields a polynomial in x plus terms Aj — {x — 1,) 
where ily =■ Zy(Zy — 1) (Zy — p-{''^)f(h — p) — f'(.k) so that 

k 

X<X)(p) — 'X(X)(1) *=* — ( 2 -^i) — pm(m — 1) (m — p+ 1). 

y--j 

k 

On writing (x — (1/®) + ih/^^) + it ib clear that ^Ai ib 

the coefficient of (1/x) in the development of 

a:( 2 -— 1) (x— p+i)f{x — p) —f(x) 

as a senes of descending powers of x The zeros oi f{x) are the k num- 
bers (Zi, ,1*) so that, if y — a- — k, the zeros of f(y-\-k) are the 
k numbers Zi — k, k — k i.e the k numbers Ay — ](] = !, ,k). 

Of these the first s are the numbers (6i, , 6s) whilst the remaining 

k — s are the negatives of a, -f- 1 where the two sets «— (Oi, ,o,) 
and « — («t+i, , at) together form the set 0, 1, , {k — 1) Hence 

/(y + A:)-n(y — 6y) n(y-|-at-fl) 

y=i s+i 

-n{(y — 6y)/(y-|-ay-f 1)} (y-fl)- (y + fc) 

i=i 
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It Will be conTement to denote the function 

(y — hi) {y — 6«)/{y + ai + i) (y + ®* + i) 
byF(y) and then /(x) —/(y + fe)—F(y)(y + l) -{y + k). The 

k 

desired sum "Si -^h being the coeflScient of 1/x in the development of 
y-i 

x(x — 1) {x — p+l)f{x — p)—f{x) 
in a series of descending powers of x, is, equivalently, the coefficient of 
1/y in the development of this same function in a descending series of 
powers of y. But 

x(x—l) (x — p+l)f(x — p)—f{x) 

= (y + i) (y + ^ + 1 — p) (y+*:— p) (y + 1— p)^’(y— p) 
— (y + i) (y + i)^’(y) 

“y(y— 1) (y — p + i)^(y— p) — -PCy) 

and we have merely to seek the coefficient of (1/y) in the development of 
this function. An application of Taylor’s expansion yields 

F(y-p) -F{y) = 1 - pF’(y)/F{p) + p^r'{y)/2\ F(y) 
-j/‘F'"(y)/3\F{y) + 

and, on taking the logarithmic derivative of 

i^Cy) =n{(y— &y)/(y + ay + l)} 

we find 

r{y)/F[y) - 2 {[l/(y-6y)] - [l/(y + n, + 1)]} 

= ("i/y*) 4- cs/y’ + {ct/f) + 

where 

C3 = i {6y* - {ai + l)n , = 2 {6,“ + {a, + !)»}, 

(oy + l)M, 

A 

(we have availed ourselves of the relation 2{&/ + (oy + !)}“»»)• On 

y=i 

successive differentiation of this relation we find 

P"(y)/F(y) -= {F'(y)/F(y)r+{F'(y)/F(y)y=(—2fn/y») 

+ (m* — ScsVy* + (2mc, — 4c4)/y' + 
F"'(y)/F(y) - {F"(y)/F(y)){F'(y)/Fiy)} + {F"(y)/F(y)y 
— (6ni/y‘) + (18c, — 6TO®)/y“ + 
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F^'"'^{y)/F{y)^{r"{y)/F{y)){F'{y)/F{y)) + {F'"{y)/F{y)Y 

=~ (— 24TO/y'>) + 

Hence 

F{y — p) pF{y) (1/p) + (m/p“) + (pm + Cs)/y* 

+ (2c« + 3pca + 2mp=' — prri‘)/y* 

4- {c. + 2 pc 4 + p(2p — m) c, + rnf (p — m) }/y’ + 

This has to be multiplied byp(y — 1) {y — p+1) and the coefB- 

cient of y' in the product then determined, equivalently we may multiply 
by (y — 1) (y — P+ 1) and determine the coefficient of y“. This 
coefficient yields, when divided by m(m — 1) (m — p+1) the 
desired quantity x<X)(P) — carry out the calculation for 
p— 2, 3,4. 

P“= 2, X(X)(2) — x<X)(l) = (m + Ca) — m(m — 1). 

Since 

c« — 2 {V— (“1 + 1)’’}. m=-i:{6>+ (tty + l)} 

1=1 1=1 

Cj + m “ 2 {hi(hi + 1) — + 1)} 

1=1 

so that 

(5. 6) X(M(2) — X<m(1) - 2 + 1) ~ai{a, + l)}-m(m — 1). 

1=1 

The formula (5 5) may be readily transformed as follow We bale 
= — = ,s), «; + 1 — Ai (; = .?+ 1, ,fe) where 

« = (di. , C") end « = (a,,,, , a^) together form the set 

(0, ,k- — 1 ) , hence 

2 {ai(ffi + 1)} “=2p(P + 1) — 2«if«, + 1) 

0 «+! 

-2p(p — D— 2 {Ai-;)(A.— ; + l) 

1 f-fj 

Thus 

2{Ji(6i + l)-«i(«, + l))“2(Ai-;)(Ai-; + l)-2p(p-l) 

1 I 1 

“ 2 Ai (Ai — 2^ + 1) 

1 

BO that 

(6. 6) x<x, (2) — X(X) (1) - 2 A, (A, _ 8; + 1) _ m(m — 1) 
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p — 3 , here we must multiply by (y — 1) (y — 2) and the coefficient of 
y* 18 

(2c« + 3c, — 3^1“* + 4«i)/2 — i; { (26j* + 36y* + hj) 

+ 2(ay + l)» — 3(ay + l)“+ (a, + l)}— 3m(m — 1)]. 

Hence 

(6. 7) X(X,(3) --xtx,(l) - [ 2 {6i(6j + 1) (26y + 1) 

4- ttj + 1) (2a, 1)} — 3«i(ni — 1)] — 2»i(»i — 1) (m — 2) 

p •= 4 , here we must multiply by 

(y — l)(y — 2)(y — 3)=y» — 6y'+lly — 6 
and the coefficient of y“ is 

c, 4“ 2 c4 4“ ^3 — 2 (2tii — 3) (c, 4” wi) 

= i 4- ly—aiHaj + !)»} 
-2(2m-3){6,(6j 4- 1) _o>(a, 4- 1)}] 

BO that 

(6 8) x<x,(4)-xa,(l)=i[{M((>, + l)*-a/(o, + l)*} 

— 2 (2m — 3) 4~ 1 ) — ®/(dj + l)}] — m(tn — 1) (m — 2) (m — 3). 

For higher values of p it is more serviceable to use the recurrence formula 
(5 2) as the expressions deduced by the manner described above become 
too complicated 

Examples 

As examples illustrating the use of the general results already obtained 
we shall construct the character tables of the symmetric groups on 4 and 
5 letters , the tables for m = 2, 3 having been already determmed (pp. 
99, 100). 

1. TO = 4 

Here there are 5 classes and we shall arrange these according to the 
following scheme, («) precedes (o') if the first non-vanishing member 
of the set of differences a, — o',, a, — a',, is positive. It is unneces- 
sary to write down the characters of E(2,1‘) and E(l*) since these 
representations are associated with 11(3,1) and il(4), respectively. 
We shall denote the class (a) by the symbol (1“», 2“>, ,to*») (the 

terms with zero exponents being omitted) For A= (3, 1) we have 
a = 1, 6 — 2 and the character for the transposition class (1^, 2) foUows 
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at once from (5. 5). The character, for this clasB, of the Belf-associated 
representation 17(2^), is zero, since the class is negative. The characters 
for the classes (4) and (1, 3) are furnished by (5 3) and (5 4), respec- 
tively There remains only the class (2*) (the characters for the class 
(1*), 1 . e. the dimensions of the various irreducible representations bemg 
given by (4.34)). For this class we use the reduction formula (6.21 
and find 

{3, 1}<2“) “ = — 1; 

“ ( 0 , 2 }(*, ( 2 ), 2 ) = { 3 }( 2 ) — { 1 “}( 2 ) = 2 . 

Hence the character table for the symmetric group on 4 letters is (even 
(odd) classes being denoted by the attached sign -|-( — ) and self- 
associated representations being denoted by a *) 

{4} {3,1} {2*}* 

(!*)♦ n F 2 1 

( 1 », 2 )- 110 6 

(1,3)* 1 0—18 

(2*)* 1—1 2 3 

(4)- 1—1 0 6 

The numbers at the right of the table indicate the number of elements 

in the corresponding class. 


2 m — 5. 

Here there are seven classes and the table is reaihly constructed (the 
characters for the class (1^,3) being given by (6 7)) 


{5} {4,1} {3,2} {3,1'}* 


(!•)* 

14 5 6 

(1“,8)- 

12 10 

(l',3)* 

1 1—1 0 

(1,2')* 

1 0 1—2 

(1,4)- 

1 0—1 0 

(2,3)- 

1 —1 1 0 

(5)* 

1 —1 0 1 


It may be noticed that the characters of {3, 1} and {4, 1} are simply 
Oi — 1. This IS but a special instance of a general formula which states 
that the characters of 2?(m — 1, 1) are given by «! — 1. We proceed to 
the derivation of several formulae of this type. 
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2. Fonnulae giving those characters of the symmetric group which 
are attached to two and three element partitions of m in terms 
of the class numbers. 

We first discuss the case of two element partitions (A) = (Ai, Aj), 
Ai -|- A 2 = m. On expanding the two-row determinant 

[ 9x.-i(a) 3x.(s) 

(which furnishes the simple characteristic {Ai, As} of the symmetric 
group on m letters) in terms of the first row we obtain 

{Ai,Aj} — 3 x,(a) 3 x.{*) — gx,«(a)gx.-i(a) 

Now a typical term of 3 X 1 (*) is ^ 


(9) = (tfj, ,6m) 18 a class of the symmetric group on Ai letters, 
since Ai < m one or more of the elements 6m, 6„.i, of (6) are zero. 

Similarly a typical element of 3x,(«) is — j — — 

ri ' 

so that the product 3x,(*)3x,(a) is obtained by adding 


(t)’‘ (S)’” 

roup on Ai letters 
of (6) are zerc 

(?)’■ ■ ter 



1 

i 

fll' 

1 Ti ' 

TmlV 


l«,+T, 


ter 


over all classes (9) and (t) of the symmetric groups on Ai and Aj letters, 
respectively. On writing Ui — 9i + n, ,am = 6m + rm it is clear that 
(a) = (ai, ,a„) IS a class of the symmetric group on Ai -f Aj = m 

letters. Hence the coefficient of — ; rJ ^1 • • • I I , («) anv 

«il a™' Vl/ Vm/ ^ 

class of the symmetric group on m letters, in the product 3x,(a)3x,(s) 

IS the sum over all classes (r) of the symmetric group on A 2 letters of 

denotes the binomial coefficient 
0 if Tj > aj). Similarly 


the product where 

— ; (it being understood that I ^ ) 

TjltXj Tjl \Tf f 

for the product 3 x,+i(») 3 x,-i(«) , the coefficient of 
1 


a, I 


1 


ter ter 


m this product is 2 (v”) ** “y of tfie syn»- 

metiic group on A 2 — 1 letters. Hence 
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Since, when ti S 1, (/) — (ti — 1,t,, ,t*,) is a class (o-) of the 

symmetric group on Aa — 1 letters we may combine the terms 

C.“;i)C:) (:)-(::) fc) 

getting S— Denoting by (jS) an arbi- 

(ff) i \0'l/ \<rm/ 

trary class, of the symmetric group on As letters, which does not contain 
any fixed letter (= unary cycle) we have 


(. t;)+i,(S) (Z) 

the first summation being over all classes (<t) of the symmetric group 
on As — 1 letters and the second over those classes (j3) of the symmetric 
group on As letters for which j3i == 0 The particular case for which 
As = 1 IS a little special (since As — 1 = 0), but in this case we have 

merely to evaluate (“;) (*” ) - ) (“”■ )-=«.-! 

As examples of these results we cite 


{m — 1, 1} (o) *1 — 1 

{m — 2,2}<«, = — 3) +as 

{m — 3, 3)<„, = ioiiia, — 1) («i — 5) + (a, — l)Os + a, 

{m — 4,4}„, = — l)(«i — 2)(ai — 7) + ias((!!i — 3)as 

+ (*1 — 1)®3 + — 1) “f- a« 


To obtain a formula analogous to (5 0) for three element partitions 
(A) = (Ai, As, As) we expand the third order determmant 


which furnishes the simple characteristic {Ai, As, As), in terms of the 
first row The coefficient of gx,(«) is {As,A,}, that of — gx,+i(«) is 

gvi(*) I _ ^ {As, As} (the two-rowed determinant furnish- 

gx.-2(») I 

mg {As, As) being differentiated with respect to Si by differentiating the 
columns one at a time) , finally the coefficient of g\,+ 2 (*) is (As — 1, 
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A 3 — 1 } Since {A 2 , A8}=2 


{At, Ab}(^) 


<11^1 1 /8„' 

(j 8 i, ,Pm) IS an arbitrary class of the symmetric group on 


(t)"* 


A 2 + As letters, the coeflBeient of — p 

*1 • 

product g\i(»){A 2 , As) is 


Um I 


(ht 


Also 


2 


(A) 



{A’,A»}«"C0‘ ■ ’te)- 

■y (As, As}^ / £1 ’ 

i8„' Vl/ 



whore /S', = j3i — 1 so that (0') = (^ 1 , , Pm) is an arbitrary class 

of the symmetric group on A- + As — 1 letters , hence the coefficient of 


«i ' ami 


(i)' 


the summation being over all classes (p') of the symmetric group on 

1 


As A 3 — 1 letters. Similarly the coefficient of 
in the product 3 \,+ 2 (*){A 2 — l,As — 1) is 


a,l 




(r te)‘ 


the summation being over all classes (y) of the symmetric group on 
A 2 + A 3 — 2 letters. Combining these results we obtain 


(Ai, A2, As} (, 


I, (pJ (Z) (z) 

+ 2{A3-i,A3-i},„(“*) •(“’") 

cy) \7i / \ym/ 



the summations on the right being, rrapectively, over all classes (P) of 
the symmetric group on A 2 + As letters, all classes (p') of the symmetric 
group on A 2 + As — 1 and all classes (y) of the symmetric group on 
A 2 + As — 2 letters On separatmg, in the first summation, those classes 
(P) which contain one or more unary cycles (Pi S: 1 ) and writmg 
j 8 i "= jS'i + 1 we obtain 


(6. 10) 


{Ai, A2, As}(al 


V. a,—2p'i — l 
(fl’l ^1 + 1 


(Ab, As}(S, 




+ 


10 
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■where (8) is any class of the symmetric group on A2 + Xb letters for 
which 81 — 0. Suppose, for instance, Ai = m — 2, Aj — A« — 1. Then 
A2 + As — 1 — 1 and there is only one term in the first summation : 
that for which /S', — 1. There is also only one term in the second 
summation . that for which 82 — 1. The third summation has only one 
term • that for which all y — 0 and this yields unity since {0*} — 1. 
Hence {m — 2, l“}(o) — Ja, (si — 3) — Sj + 1 -=i (“1 — 1) (*i — — ** > 
for j3i— ^1 + 1 — 2 and {l*}(i’)— 1 whilst 82 — 1 and {1*}(2)=— — !• 
As examples of the use of (5 10) we cite the following. 

{m — 2, l*}(a) =-4(«i — l)(*i — 2)— «2 

{to — 3,2,1}(«, — — 2)(a, — 4) — a, 

{m — 4,3,1},«) — ia,(ai — l)(ai — 3)(a, — 6) +^ 0,(01 — 3)a* 

— i*2(a2 — 3) — as 

(to — 4, 2*} (a) — — 1) (*i — 4) (®i — 5) — (*i 1)*S 

+ ®t(«j — 2)* 

Using the results of this paragraph we may at once write down the 
character table for the symmetric group on 6 letters (which contams 
eleven classes). It is 


TO — 6. 



{6} 

{5,1} 

_{4^2} 

{4,1'} 

J3'} 

(3, 2,1}* 


(!•)* 

1 

5 

9 

10 

5 

16 

1 

(l‘,2)- 

1 

3 

3 

2 

1 

0 

15 

(1*,3)- 

1 

2 

0 

1 

— 1 

— 2 

40 

(1*,2*)* 

1 

1 

1 

— 2 

1 

0 

46 

(1*,4)- 

1 

1 

— 1 

0 

— 1 

0 

90 

(1,2,3)- 

1 

0 

0 

— 1 

1 

0 

120 

(1,6)" 

1 

0 

— 1 

0 

0 

1 

144 

(2*)- 

1 

— 1 

3 

— 2 

— 3 

0 

16 

(2,4)" 

1 

— 1 

1 

0 

— 1 

» 0 

90 

(3*)" 

1 

— 1 

0 

1 

2 

— 2 

40 

(6)- 

1 

— 1 

0 

1 

0 

0 

120 

The formulae 

already 

given yield all 

characters of the symmetric 


group on seven letters save those of the self-associated represen'tation 
(4, I*}*, and all characters of the symmetric group on eight letters save 
tiiose of the representations (6,1'} and (4, 2, I*}*. Formulae taking 
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care of these may be readily derived. Thus if we expand the fourth 
order determmant which furnishes the simple characteristic {m — 3,1*} 
of the symmetric group on m letters m terms of the first column we obtam 

{m — 3, 1») — (a) {!»} — {m — 2, 1’) . 

Since the characters of {!'} are 1 , — 1 , 1 , we see that the coefScient of 

^ u„! (f r fe)" “ “ ( 3 ) - + *• 

and so 


{m — 3, !•}(») = — l)(ai — 2) — a,a2 + a, 

— i(«i — l)(®i — 2) + 82 

— i(«i — l)(«i — 2)(8 i — 3 ) — (a, — l)aj + «s. 

The same argument furnishes a formula for {m — fc, 1*} Thus 

{m — 4, !*}<«, ( 4)“ ( 8 ) + ( g“) — ®* 

— i(«i — l)(«i — 2) (a, — 3) + (a, — 1)82 — 82 
= ^4 («i — 1) («i — 2) (a, — 3) (81 — 4) 

— 4(«1 — l)(«l — 2)82+ (81 — 1)82 
+ 182(82 — 1) — 84. 


To obtain a formula for the characters of [m — 4, 2, 1*} we expand the 
four-rowed determinant which furnishes {m — 4,2,1*} m terms of the 
first column obtaining 


{m - 4, 2, 1*} = g„.4{2, 1*} — {m - 3, 1*}{1} 


Since the characters of { 2 , 1 *} are (3, — 1 , 0 , — 1 , 1 ) the coefficient of 

(r)*" (^ )“” 3 (*;) - (“>)82 


-(“^) + 84 If (8')=.(«2-1, , 

group on TO — 1 letters the coefficient of 
in (to — 3, 1*} IS 


8m) IB any class of the symmetric 



i(a'i — 1) ( 8 'i — 2) — a, — 4 ( 8 x — 2) (81 — 3) — 82 


and so the coefficient of 



in the product 
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{m — 3 , 18 ^* 1(81 — 2)(ai~3) — «ia 2 - Hence 

{m — 4, 2, 1*} (o, = 3 ^ a, + ** 

— iai(ai — 2)(a, — 3 ) +8182 

= |ai(ai — 2) (ai — 3) (a, — 6 ) 

— iai(«i — 3)82 — ^ 82(82 — 1 ) + «4. 


With the aid of these formulae we may write down the character tables 
for the symmetric groups on seven and eight letters They are 


m = 1 



{7} {6,1} 

(5,2) 

{5,1*} 

{4,3} 

{4,2,1} {4,1*}* 

{3M} 


(T)* 

1 6 

14 

15 

14 

35 

20 

21 

1 

(1'.2)- 

1 4 

6 

5 

4 

5 

0 

1 

21 

(1*,3)* 

1 3 

2 

3 

— 1 

— 1 

2 

— 3 

70 


1 2 

2 

— 1 

2 

— 1 

— 4 

1 

105 


1 2 

0 

1 

— 2 

— 1 

0 

— 1 

210 

(1*,2,3)- 

1 1 

0 

— 1 

1 

— 1 

0 

1 

420 


I 1 

— 1 

0 

— 1 

0 

0 

1 

504 

(1.2*)- 

1 0 

2 

— 3 

0 

1 

0 

— 3 

105 

(1,2,4)* 

1 0 

0 

— 1 

0 

1 

0 

— 1 

630 

(1,3*)* 

1 0 

— 1 

0 

2 

— 1 

2 

0 

280 

(1,8)' 

1 0 

— 1 

0 

0 

1 

0 

0 

840 

(2»,3)* 

1 —1 

2 

— 1 

~1 

— 1 

2 

1 

210 

( 2 , 6 )- 

1 —1 

1 

0 

— 1 

0 

0 

1 

504 

(3,4)- 

I —1 

0 

1 

1 

— 1 

0 

— 1 

420 

(7)* 

I —1 

0 

1 

0 

0 

— 1 

0 

720 
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II 

e 


eiiooe>)^oe4oioconcDCD>o<D04«Doo«o , 

oOf-H.-«e4>-Hcoo4us<-^«>»«eoeot~ee4<-ieo«e94e 


I I 


«-4 ooecDOOoodoooeo^ceeoooMO 


i 1 




I 1 1 III I 


III II II 


I I I I M 


I'^«0-«|i0004<-^00e400^0i-4009l 

IS- I I I I 


l-N- I I I II 


»— ©©^CC0^C9i-H00<N^0©e*9^©0>-'*-<«-^ 


OOics^Wi— 'ONO<-**-«^©« i-h'^C^p— OOO 


^ — ©o©o^ — 


1 M II I I 


«++l 1 + I+ +I + I I++I I+ + + 1 
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3. The analysis of the reducible representations A (A) of the sym- 
metric group on m letters. 




Since {A} =- 


9x.(») 




the irreducible representation D(A) is a linear combination of the 
reducible representations A(A') , no (A') -which follows (A) occurring 
in the linear combination; moreoTer the coefficient of A (A) m the linear 
combination is unity Hence the matrix transforming the A (A) into 
the 11(A) IS a triangle matrix all of whose diagonal elements are unity 
(the elements above the diagonal bemg zero). The determinant of this 
matrix is unity and so the A (A) may be expressed m terms of the D(K) 
by merely transposing terms from one side of a system of linear equations 
to another. Thus we have the equations 

D{m) = A(to) 

D{m — 1,1) = — A(m) + A(m — 1,1) 

D(m — 2,2) “ — A(m — 1,1 )+A(to — 2,2) 

D{m — 8,1’) = A(wi) — A(m — 1,1) — A(m — 8,8) 

+ A(m-8, 1’) 

D{m — 3,3) = — A(to — 8,8)+A(m — 3,3) 

D{m — 3, 8, 1) = A(m — 1, 1) — A(m — 8, 1’) — A(m — 3, 3) 

-i-A(m — 3,8,1) 

D{m — 3,1*) = — A(f>i) ^(m — l)-)-^(™ — 2,2) 

— A(m — 8, 1«) + A(m — 3, 3) 

— 8A(m — 3,8,1) +A(m — 3,1»). 

The last of these equations, if calculated directly, would require the 
expansion of the fourth order determmant which furnishes {m — 3, 1*}. 
On expandmg this determinant in terms of the first column we find 
{m — 3, 1’} =“ gm-H(*) {!*} — — 2,1’} On setting m — 3 in the 

formula already given for (m — 8, 1’} wc find 


{1.}=(3)-(8,1)-(1,2) + (1») 
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where we denote by (A) the characteristic ‘ ' ?x»(*) 

A(A) BO that, for example, (1,2) (2, 1) ; hence 

{l»}-(3)-2(2,l) + (l*) 

BO that (to — 3){1®} — (to — 3, 3) — 2(to — 3, 2, 1) + (to — 3, 1*) 
it being evident, for example, that (to — 3) (2, 1 ) — (to — 3, 2, 1) both 
being qm.ai*)q 2 {»)qi{a)- On using the equation already given for 
J?(to — 2,1*) we find 

(to — 2, 1*} = (m) — (m — 1, 1) — (m — 2, 2) + (m — 2, 1*) 

and the expression given for (to — 3, 1*} follows at once 
On solving for A(A) the equations given above we find 

A(to) — ■D(to) 

A(to — 1,1) =B(m)-\~D{m — 1,1) 

A(to — 2,2) — I)(m) D{m — 1,1)4-Z)(to — 2,2) 

A(to — 2, 1*) — I)(in) + 22?(to — 1, 1) + 2>(to — 2, 2) 

+ i?(TO — 2, P) 

A(to — 3,3) — 2)(to) +D(to — 1,1) + J?(to — 2,2) 

+ Z>(to — 3,3) 

A(to — 3,2,1) =-D{m) +22?(to — 1,1) +2i?(TO — 2,2) 

+ D(m — 2,1*) +D(to — 3,3) 

+ D(to — 3, 2, 1) 

A(to — 3,1*) =D{m) +3D{m — l,l) +32?(to — 2,2) 

+ 32>(to — 2, 1*) +2?(to — 3,3) 

+ 2I>(to — 3, 2,1) +2)(to — 3, 1»). 

It IS understood that if the arrangement of (A) in any of the D(X) on 
the right is not the normal non-increasmg order this normal order is 
restored m the usual way (so that, for instance, if any of the — Ay-i + 1 
the term D{\) is dropped). It will be convenient to drop the symbols 
D and A and to denote the irreducible representations D (A) by {A} and 
the reducible representations A (A) by (A) Thus we read from the few 
formulae already given . 

TO-1; {1} = (1), (1)-{1} ^ 

- 2 ; { 2 } - ( 2 ) , ( 2 ) = { 2 } 

{!*} ( 2 ) + (!*); ( 1 ») - { 2 } + {!»} 


m 
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*»-3, {3} -(3); (3) -{3} 

{2, 1} (3) + (2. 1) , (2, 1) = {3} + {2, 1} 

{1»> - (3) —2(2, 1) + (!•) ; (1») = {3} + 2{2, 1} + {!»} 
m-4; {4} - (4) , (4) - {4} 

{3, 1} (4) + (3, 1) , (3, 1) = {4} + {3, 1} 

(22 j (3, 1) + (2*) ; (2*) = {4} + { 3 , 1 } + {2*} 

(2, 1^} = (4) — (3, 1) — (2») + (2, 1*) , 

(2, 1») = {4} + 2{3, 1} + {2^ + (2, 1»} 

{ 1 *} (4) +2(3,1) + (2»)— 3(2,1=) + (1‘); 

(1=) - {4} + 3{3, 1} + 2{2=} + 3{2, 1=} + {!*}. 

We give below two tables, one the reciprocal of the other, the first of 
which expresses the D(X.) in terms of the A(X) as far as (m — 6,1*) 
and the second of which expresses the A(A) in terms of the i?(X) again 
as far as (m — 6,1*). In reading these tables turn the page so that 
the left-hand side becomes the top of the page 



Table 1. Famishing I)(A) as linear combinations of the 
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2. Funushmg &(X) as ImeaT combinations of tbe 2) (A). 


{.I ‘b— w} 
{ft ‘Z ‘B— «*} 
{ft *iZ 

(tS ‘B— «*} 
{ft 

{t‘Z‘S'8— w) 
{.8 'B— «} 
{ft ‘9—“} 
(z ‘9 — 
{r9‘9— “} 
(b'b— ««} 

{,t‘g— Bi} 
{■I 'z'b— «<} 
(I'lZ ‘9— «*} 
(ft ‘8 ‘s — «•} 
(z ‘8 ‘9 — m) 

(l >'ff— «} 

(s's— »} 

{ft't — «»} 
{.t ‘Z ■»—«>} 
{fZ '»—«•) 
«*) 

{9‘»— «•) 
{ft ‘8— «») 

(I'z'e— «*} 
{8‘8— «*} 
(ft ‘Z-^«} 
(z ‘Z— til} 

{ft—™} 

{«.} 



e i n -H r, ’S 
"" T '¥ 7 •* e9"f 


, M i 1 -H t i 

of fC “? '» « S. 


T ! f T f T 5 f " f f ~ 7 f ^ 7' »■ 7' «' 7‘ 
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Table 2 fumiahes the analysis of all A (A) for the symmetric groups 
up to 8 save for the smgle representation A(l*). But this is the 
regular representation of the symmetric group on 8 letters so that its 
analysis is given by (3. 13) the coefificients dk bemg famished hy the 
top row of the table on page 149. The only representations of the 
symmetric group on 9 letters which are not cared for by Table 2 are 
A(2*, 1), A(2", 1“), A(2*, 1“), A(2, 1’) and the regular representation 
A(l’). We have given elsewhere (American Journal of Mathematics, 69, 
pp. 475-477 (1937) ) the complete tables fumishmg the analysis of A (A) 
for all m ^ 9. However, the single Table 2 given above has the advan- 
tage over the various tables there given that it is a master table available 
for all values of m. In reading it one must remember the rule about 
rearranging disordered partitions and we treat an example, namely 
A (3, 2’) Table 2 gives, on setting m -= 9, 

A(3, 2») - {9} -I- 3(8, 1} -f 6{7, 2} + 3{7, 1*} -f 7{6, 3} + 8{6, 2, 1} 
+ {6, 1»} -h 6{5, 4} -I- 9{5, 3, 1} + 6{5, 2“} + 3{5, 2, P) 

+ 3{4, 5} + 6{4“, 1} + 6{4, 3, 2} + 3{4, 3, P) + 3{4, 2», 1} 
-t- {3, 6} 4- 2 {3, 5, 1} + 3{3, 4, 2} -f {3, 4, P) {3»} 

+ 2{3>,2,l}-|-{3,2»}. 

The terms 3{4, 5}, 3{3, 4, 2}, (3,4,1'} on the right must be dropped 
whilst {3,6} must be replaced by — {5,4} and 2{3,6,1} by — 2{4',1} 
The final result is, therefore, 

A(3, 2») - {9} + 3{8, 1} + 6(7, 2} + 3{7, P} + 7{6, 3} -|- 8{6, 2, 1} 
+ {6, P} -f- 5{5, 4} + 9{5, 3, 1} 4- 6{5, 2') + 3{5, 2, P} 

4- 4{4', 1} 4- 6{4, 3, 2} 4- 3{4, 3, P} 4- 3{4, 2', 1} 4- {3»} 
4-2{3',2,1}4-{3,2»}. 

4. The analysis of the direct product of irreducible representations 
of the symmetric groups. 

Let m', m" be any two positive integers and let (A') — (A'l, , A'm')> 

(A") = (A"i, , \"m " ) be any partitions of m' and m" respectively : 

A'l > >A'„. >0; A'l 4- A', 4- +A'«' •=“»»' 

A"i >: A "2 S: >: A"™- > 0 , A"i 4- A"* 4- 4" A"„- — m". 

Then J5(A') and il(A") are irreducible representations of the symmetric 
groups on m' and m" letters, respectively, and their Kronecker product 
D(i!) X -D(A") 18 an irreducible representation of the direct product of 
these two groups (p. 101) This direct product of the two symmetric 
groups 18 a subgroup of the symmetric group on m' -{■ m" letters; 
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namely the subgroup consisting of those permutations which do not send 
any one of the m' letters mto any one of the m" letters (or, equivalently, 
the subgroup which consists of the permutations on m letters which 
permute the letters of each of the two sets, one consisting of m' and 
the other of m" letters, amongst themselves) If (o'), (of") are any 
classes of the 83 rmmetric groups on m' and m" letters, respectively, 
(o() — = (os') + (of") IS a class of the symmetric group on m letters, the 
equation (a) = (oi') + (a") meaning a/ = of'y -|- a"j, ; = 1, 2, • ,m, 
where o'/ — 0 if ; > m' and flf"^ =- 0 if ; > m". Furthermore ( (s'), 
(of")) IS a class of the direct product of the symmetric groups on m' 
and m" letters and the character of the irreducible representation 
D{>!) X D(X") of this direct product which is attached to the class 
((of'), (of")) of the direct product is {A'}(o'){A"}(a', , hence the simple 
charactenstic of the direct product is 


where 




S (A'}, a.) (A") (S') (•’> (s") <■*”) 


m' I m" * 

"<*') — , Wf*’) — 1 . . a-V" 0 ("„, } 

(,')(•') -.(/.)«'i (s'*-)*'-', («")“"' = {s"i)“'’> (s"„» )•"-". 


From this simple characteristic of the subgroup of the svmmetric group 
on m letters, which is constituted by the direct product of the symmetric 
groups on m' and to" letters, respectively, we may construct, by the 
method of p 98, a characteristic, m general compound, of the sym- 
metric group on TO letters. To do this we have to identify the indeter- 
minates (s') <*'>(«")<“"’ which are associated with the same class of the 
symmetric group on to letters, i. e for which {</) -f- (of") = (a). The 
character of the correspoiidmg representation, m general reducible, of 
the symmetric group on to letters which is attached to the class («) 
of this group IS 


1 1 2) {A'}io'){A"}(«") » 

TO ! TO 1 <a’)+(o")=(o) 

SO that, m particular, the dimension of the representation, i. e. the 
character of the unit class, is 

TO I TO I 

where d', d" are the dimensions of D{\') and D(A"), respectively Hence 
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the characteristic of the representation in question (which we shall term 
the direct product of D(k') and D(\")) is 


■SI 


^ca'inw") (o’) (o”) 


m I m ' (a) (a‘)*(a'')-(a> 

2 «(a', «(.■){ A'},.’, {A"} 

m I f/l 1 (a*) (a") 

where, as usual 

S(«) SjOi s„o- 


andthosj arethepowei sunisofjw independent variables (*)=(*i, ,Zm) 

St — 2l*+ +2m*', k—1,2, ,m, 

the summation in (5 12) being over all classes (ot') of the symmetric 
group on m' letters and all classes (a") of the symmetric group on m" 
letters. If we replace (s') and (s") in the simple characteristics <^(X’) (s'), 
•t>(y)(^') hy (s) the expression (5 12) is the product <^(X-)(s) <^(X'')(s) 
or, as we shall write it, (A'} (A"). Hence the product of a simple 
characteristic (A'} of the symmetric group on m' letters by a simple 
characteristic (A"} of the symmetric group on m" letters is a charac- 
teristic, in general compound, of the symmetric group on m = m' + m" 
letters, it being imderstood that the indetermmates (s) which appear 
in the simple characteristics (A'} and (A") are power sums of m variables 
s Our concern in the picsont section is the analysis of the representation 
of the symmetric group on m letters which is obtained in this way into 
its irreducible components. We know that {A'} (a) is the character 
x'(.d) of an irreducible homogeneous rational integral representation of 
degree m' of the full linear group on m variables (p. 106) , the indeter- 
mmates (s) being defined by s* = Tr(A^) so that the (») = (*i, , *m) 

are the characteristic numbers of A. The same remark may be made 
concerning (A") (s) and so the product (A'} (A"} is the character 
x(j 1) ■= the Kronecker product of the two irreducible 

representations in question, this Kronecker product hemg a homo- 
geneous rational integral representation, in general reducible, of degree 
m' -j- ot" = ot of the full linear group on m variables. In other words 
the analysis of the direct product of 1?(A') and jD(A") is equally the 
analysis of the Kronecker product of the corresponding representations 
of the full linear group. 

In order to obtain the desired analysis of the direct product of H(A') 
and I? (A") we shall first generalize the fundamental recurrence formula 
(6. 2). Let (j, ; — 1, ,ot, be an operator which reduces by 1 the 
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;-th element A; of (A); then reduces this element by p: £j'{A} 
— {Ai, As, , Ay — p, , Am} and we may rewrite ( 6 . 8 ) m the form 

{A}(a) ” [2ly'{A}]ta') “ [«'ff{^}]ca') 

where oj,— P“l, , >»• (®^) is that class of the 
symmetric group on wi — p letters which contams one less cycle on p 
letters than does the class (a) of the symmetric group on m letters; we 
may express the result of (5. 2) by the statement that we have stnpped 
off one cycle on p letters. We may now strip off a further cycle on q 
letters from each of the [iy®{A}],a") and we obtain 

{M<b) ” 

where, now, (o') is that class of the symmetric group on m — p — q 
letters which contains one less cycle on p letters and one less cycle on q 
letters than does the class («) of the symmetric group on m letters, 
we say that we have stripped off one cycle on p letters and one cycle on 
q letters (or two cycles on p letters if q = p). Continuing this process 
we may strip off «i" cycles on one letter, oti" cycles on two letters and 
so on and obtain 

{X}<., - {A}] ; at*'* =- ax-H" 

where («") = («i", «/', ) is any class of the symmetric group on 

m" letters (i. e. «i" + 8 a 2 "+ + m" “ m") and (o') is that 

class of the symmetric group on m' =^m — m" letters which contains 
«i" less unary cycles, «a" less bmary cycles and so on, than does the 
class (a) of the symmetric group on m letters. In other words 

(6. 13) {A},., - [<r<-‘'’){A}],..., («) - (O + (o'), 

and we may say that we have stripped off a class (a") of the symmetric 
group on mf' letters. 

Since the quantities s'®’ = Si®> Sa®* s„®" are the indeterminates 

(/*, , fp) which occur in the definition of the simple characteristics 

of the symmetric group on m letteis (p. 106) it follows from (4 7) that 

(6. 14) s'®’ — — 1 , {A}(o,«^(X,(s) 

and so (6. 13) may be written in the form 

( 6 - 15) {^}(a) = [2 ({/*''} <«')^(S">(®)){^}](o’)j 

(s ) 

the summation on the right being over all partitions (/t") of m" letters 
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and («"), («') being any two classes of the symmetric groups on m" 
and m’ letters, respectively, whose sum («") + («') is the class («) of 
the symmetric group on «» — m" + m' letters. On substituting for s*®* 
in (6.19) its value as given m (6.14) we find that the characteristic 
of the direct product of D(A') and 2? (A") is 

— TT— "TTf 2 n<ci'in«'){A'}<o'){A"}<a") 2 {A}(o')+(o')‘^(X) (•) 
m im I (a'),(o") (X) 

“ t _/> I 2 W(a>)n.(a“){A'}(e-){A"}(o') X 

tn I m 1 (a'), (a") 

2 [(2 {M'^'}to”)^(M")(®)) {A}] (a’)^(X) (•)• 

(X) (»") 

On summing with respect to (oe"), over all classes of the symmetric 

group on m" letters, we obtain (since 2««i’>{A}(o”){i>*"}(o") — 0 

m I (o") 

save when (fi") = (A"), m which case it is unity, by (3. 16)) 

-pf 2n(«'){A'}(«'){2 [^(X')(®){A}]ta')^(X)(»)- 

Now <^(X")(«) IS a symmetric function of degree m" in the m operators 
y = l, 8, ,m, let us write it (?) where 

(6,16) r<^”)(*)-2(»)<'‘’'>=-2s.'®’' am'®""", 

then 

«(X-,(«){A} -2ccm',{[(A) - (/')]} 

where [(A) — (/*")] indicates the result of subtracting (/*"), m all 
possible arrangements, from each set of m" of the m elements of (A). 
To take the simplest example let m" ■= 1 so that (A") — (1) , then 
^(X”) (*)“ 0 'i = -j- ^ 2 -|- -|- and <^(\") (<*) (A) = (Aa — 1, >Am} 

+ + {Ai, • ,A«-i,A„ — 1). Each member of [(A) — (/')], 

when rearranged in the usual way if disordered, is a partition of m'; 
let (/i) be a typical one of these partitions of m'. Then, since 

^1 2 «(o'){A'}(o’){/*'}(a’) 18 zero unless (/»') —(A'), in which case it is 

1 (o') 

unity, it IS clear that those, and only those 4^(X)(*) will occur in the 
analysis of the direct product of i>(A') and D{\") for which (A) is 
obtamed from (A') (supposed written with m elements by the addition 
of m" zeros) by adding (n"), m all possible arrangements to each set of 
m" of the m elements of (A') ; (#/') runnmg over those partitions of m" 
which appear when <^(\”>(«) is written as a linear combination of sym- 
metric functions, of degree m", of the m variables (£i, ■ ■ ,£iii). In 
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adding (/»") to (A') in this way we may well obtam a disordered partition 
of m ; this IS supposed to be rearranged in the usual way. 

We illustrate this general result by the simplest example. Suppose 
*»" ■— 1 so that (A") — (1) , then (o) -= i^d) («) — «ri — + 

+ so that {fi") =■ (1). Then (A') when written with tn elements is 
(A'l, , A'm', 0) and hence 

} {1} “ 1 "1“ Ij > A'V-} -j- {A^i, , A^m' 1} 

"1“ {A\. jA^m'jl}. 

If (A') — (A'l, , A'jfc) contains only fc < m' non-zero elements we 

drop any term on the right in which a 1 is preceded by a zero. Dropping 
also the attached primes, as of no further service, we have the general 
result 

(6.17) (Ai, ,A*} {1} = (Ai 1, A 2 , > Ajt) "h {Ai, A 2 + 1, ,A*}-|- 

+ {Ai, ,A* + 1} -J- {Ai, , Aft, 1}. 

This furnishes the analysis of the direct product of Z)(A) by D(l) where 
(A) IS any partition of the symmetnc group on m' letters. Since (5. 17) 
IS an identity in the variables (») = (Si, , ««), »» = m' -j- 1, it re- 
mains true when Sj, s«, are replaced by their negatives. Hence 

if ( 11 ) IS that partition of m' which is associated with (A) the direct 
product of D(/t) and D(l) follows at once from that of i5(A) and I>(1) 
by taking the associates of all the representations which occur in the 
latter. It is not necessary, therefore, to analyse both products and it is 
convenient to analyse the one for which (A) follows its associate (/*) 
when the partitions are arranged in dictionary order 

Examples 

{1} 

{8} {1} = {3} + (2, 1}, implying {!*} {1} = {!•} + (2, 1), 

{3} {l}-={4} + {3,l}, implying (P) {1 }■={!*} -f- {2, P}, 
{2,1} {1} = {3,1}-|-{2»}-|-{2,P). 

For less trivial direct products we use the fact that the representations 
occurring in the direct product of 2? (A') and i?(A") are the associates 
of those occurring in the direct product of D{ijl') and D(i/') (where 
(A'), (/) are associated partitions of m' and (A"), (/*") associated 
partitions of m") ) to arrange that (A") is preceded by (if it is not 
identical with) its associate (>*") when the partitions of m" are arranged 
in dictionary order. It is also convement to arrange the notation so that 
m' IS greater than, if it is not equal to, m". A general recurrence method 
IS available and the essential points of this may be illustrated by con- 
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eideiing the next sunplest case, namely, m" — 2, (X") — (1*). Then 
(o) — + S*^ 2 ^s where the attached * indicates that 

the summation runs from 2 to m and not from 1 to m. Hence the 
product {A'l, X's, ,XV} {!“} may be expressed as the sum ol two 
parts: 

1. A part, corresponding to the term ito-*! in and consisting 

of those {X} for which X, = X'l + 1 and for which the (X 2 , , X*) are 

given by 

{A'j, • , X'i['}{l} = {X '2 + 1 , , XV} + 

+ {A's, , XV + 1} + {X' 2 , , X'f, 1}. 

We may describe this part of our result by saying that we prefix X'l + 1 
to the product {X' 2 , ,XV}{1} 

2 A part, corresponding to the term S*£jfs in d>(,*)(<r) in which X'l 
18 prefixed to the product (X' 2 , ,X't'} (1“} Since {0} = 1 it follows 

that (Xi) (1*) = (Xi 1> 1} -1- {Ai, 1*} An immediate application 
of the principle of mathematical induction gives the formula for 
{Ai, ,A*} {1*} Hints (Ai, , M) tn Ihe form {\„ ,A*, 0, 0}o»d 

add the pair ( 1 , 1 ) tn all possible ways. 

Examples. 

{2} {1=}-.{3,1} + {2,1»}, 

{!»} {P} = (2^} + {2,P} + {l‘},iraplymg{2} {2}„{4} + {3,l) + {2«}; 

{3} {!»} = {4,1} + {3,1=}, implying {P} {2} = {3,1=} + {2,1=}, 

{2, !}{!=}- {3, 2} + {3, 1=} + {2=, 1} + {2, 1 =} , implying 

{2, 1 } {2} = {4, 1} + {3, 2} + {3, 1=} + {2*, 1} , 

{!=} {1=} = {2=,1}+ {2,1=} + {!»}, implying {3} {2}-{5} + {4, l} + {3,2}. 

It 18 clear from the examples given that the problem of analysing 
(A'} (A"} may be solved in the following manner. First express («) 
as a symmetric function of degree m" in the operators {f,, , fm} and 

write the result as a polynomial of degree not greater than m" in ix, 
next express each coefficient of this polynomial as a linear combination 
of the simple characteristics of the appropriate symmetric group (the 
coefficient of ip bemg expressible as a linear combination of the simple 
characteristics of the symmetric group on m" — p letters). Then prefix 
X'l + p to each term occurring in the products of each of these simple 
characteristics by {X"} and add the various terms obtained in this way 
for the various values of p. There are, then, two essential steps in the 
procedure outlined: 

1. The expression of each simple characteristic of the sym- 

11 



162 


THB CEABACTEBS OB THE STMHETBIC OBOUF 


metnc group on mf' letters as a linear combination of the various sym- 
metric functions Hm"**""" of degree m" in the m 

variables ( 2 ) , 

2. The expression of the symmetric function, of degree 0, in n 
variables % . 


Tc#) {*) ■= a2i«‘ Zn*-, (9 — fl, -I- flj +<»„ 

m terms of the simple characteristics of the symmetric group on 

n letters. 

Both problems are closely related and it will be convenient to first 
discuss the second If we multiply by the Vandermonde de- 
terminant A(n — 1, n — 2, , 1, 0) = 11 (*p — * 0 ) 'we obtain a sum 

of determinants A(li, h, ,ln) where the element in the t-th row and 
;-th column of ^(Zi, ,Z„)isa,** On dividing through by j1(» — 1, 

1,0) we see that T,g)(ai) is expressible as a linear combination of the 
simple characteristics {t} of the symmetric group on n letters , only those 
simple characteristics {t} occuriing for which the partition (t) of n 
increased hy the set (n — l,n — 2, .1>0)> arranged in any order, 

18 the set (e) — (fii, ,«„) where c/ = -f- n- — ;, 1 = 1. ,« 

For example let us consider Tj 2 . 1 , = 5*]'' 28 , heie« = 3and (6) = (2,1,0) 
so that (fi) = (4, 2, 0) From (e) we subtract the set (2, 1, 0) arranged 
in all (six) orders, prefixing a negative sign when the order is nn odd 
arrangement of the natural order ; we obtain (2,1), — (2,2, — 1), — (3), 
(4,0, — 1), (3,2, — 2), (4,1, — 2) Of these all but the first and 
third vanish since they end in a negative integer and we obtain 
2’(a.i)(») = (2, 1} — (3) The followmg simple remark, however, makes 
it unnecessary to go through this calculation The determinant of order 
n which furnishes {A} is 

I ?X.(«) ^^,+1•-l(») 1 


{A}- 


I 9^.(■) I 

and on writing, as usual, Z, — A, » — 1, , Z„ = An this is the same 

as the result of operating with the determinantal operator 

fi"'" in”-" 

fi"-* in"-* 


1 


1 
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upon the product gi,(j) If, therefore, we denote by 

the characteristic ?»*,(») of the compound representation A(^) 

of the symmetric group on n letters it is clear that {A} is a linear com- 
bination of the only those ir,^, occurring for which (/*) increased 
by the set {n — l,n — 2, ,1,0), arranged in any order, is the set 

(1) , the sign attached to being -j- if the arrangement of the set 

(n — 1, , 1, 0 ) which 18 added to {/i) is even and — if this arrange- 

ment IS odd For example let (A) — (3, 2, 1) so that (Z) — (5, 3, 1) , 
we subtract (2, 1, 0) in all orders obtaining the six possibilities for 
(/*) (3,2,1), — (3»), (5,1,0),— (5,2, — 1), (4,3, — 1), — (4, P). 

Of these the fourth and fifth vanish since they contain a negative 
element (each gj(a) for which } is negative being zero). Hence 
(3, 2, 1} — — •?(«*) + The result of this dis- 

cussion which IS important for us is the following ihe coefficient of Kmi 
in the development of (A) w the same as the coefficient of (A) in the 
development of T,fi,(z). In other words the Table 1 of p. 153 serves to 
express any sj'mmetric function of degree n in the n variables (a) in 
terms of the simple characteristics (A) of the symmetric group on n 
letters But now we must enter the table from the top, the desired 
coefTicicnts being obtained in a column (instead of. as before, in a row) 
of the table For a given value of m it is better to first construct from 
the master table the table corresponding to that value of m. E g. for 
m = 4 the table is 


{4} 
{3,1} 
{ 2 =} 
(2, P) 
{1^} 


and we read 

r,4, (») = = {4} - (3, 1} -I- (2, P) - (P) 

(*) = = (3, 1} — (2*) — (2, P) -f 2{P} 

T,M») - -= { 3 ^ - ( 2 , 1 “) + { 1 *} 

r(2.i=, (») - - {2, P) — 3{P} 

r,!*) (») = — {!*}. 

If we denote by the coefScient of in the development of {A} : 


(4) (3,1) (2°) (2,P) (P) 

1 

— 1 1 

0—1 1 
1 —1 —1 1 

— 1 2 1—3 1 I 
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the result of the preceding paragraph (which result we shall call Eostka’s 
theorem) finds its expression in the formula 

(X) 

In other words the matrix which transforms the {A} into the T^|l^ is the 
transpose of the matrix which transforms the into the {A}. Since 
the reciprocal of the transpose of a matrix is the transpose of its re- 
ciprocal it follows that if we write 


ir<„(.)-s<i<x){A} 

then 

(M) ' 

In other words the coefficient of Ttn, (*) m the expression of {A} as a 
symmetric function of degree n in the variables (s) is the same as the 
coefficient of {A} in the analysis of K(iiy(z) or, equivalently as the coeffi- 
cient of D(X) tn the analysis of the reducible representation A(/i) of the 
symmetric group on n letters The desiied coefficients are, accordingly, 
furnished by the Table 2 of p. 154 Again we must enter at the top of 
the table (instead of at the side) the desired coefficients being found in 
a column (instead of in a row) of the table. For a given value of m 
it IS again convenient to first construct from the master table the table 
corresponding to that particular value of m Thus for w = 4 the table is 


(4} (3,1) {2»} {2,P} {1^} 


(4) 

1 

(3,1) 

1 1 

(2») 

111 

(2,1*) 

12 1] 

(1*) 

1 3 2 3 1 


and we read 

{4}”“r(4)(*) -)-r(,.i)(») (») -i-r,2.,«) (*) -f- r,!*, (a) 

{3,1}“ T(t,i){z) -j-Tcs*, (*) -|- 2r(2.i«)(») -f-3r(i‘)(*) 

(2“} - (a) -j- (a) -t- 2Ta*, (a) 

{2,1*}- r».i>,(a) +3ru‘,(a) 

{i‘}“ r,2‘,(») 

The solution of the two essential steps described on p. 161 is accord- 
ingly contained m the master tables 1 and 2 of pp 153-154. The pro- 
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cedure for analysing {A'} • {A"} which has been outlined on p. 161 may 
be fonnalised as follows . 

A. Precede by A'l each partition occurring in the, supposed known, 

analysis of the product of {A'», , A'm'} by {A"}. 

B. Precede by A'l + 1 each partition of the, supposed known, analysis 

of the product of {A'j, •jA'm'} by a linear combination of 

simple characteristics of the symmetric group on m" — 1 letters. 
This linear combination is obtained by first expressing {A"} as a 
linear combination of the symmetric functions Kiii')(s). of degree 
m", of m letters (a) and then expressing the coefifieient of *i, 
which IS a symmetric function, of degree m" — 1, of m — ^ 1 letters, 
in terms of the simple characteristics of the symmetric group on 
m" — 1 letters We shall denote this linear combination by B. 

C Precede by A'l + 2 each partition of the, supposed known, analysis 
of the product {A'j, , A'«,>} by a linear combination of simple 

characteristics of the symmetric group on m" — 2 letters This 
linear combination is obtained from the coefficient of in the 
expression for {A"} m terms of the Jr(^«,(a) ; we denote it by 0. 

D Same as in B sa\c that A'l + 1 is replaced by A'l + 3 and m " — 1 
by m" — 3. We denote the linear combination by Z?. 

E Same as in B save that A'l + 1 is replaced by A'l + 4 and m" — 1 
by m" — 4. We denote the bnear combmation by E ; and so on. 

Example 

Let m" = 3, (A") => (2, 1) Then {A"} = T,*.,, (») + 2r,i», (») ; 
the coefficient of Zi is 2 * 22 * + 2 S** 2 «, = Z’( 2 ) + 2r(i*, = {2} + {1®}. 
Hence B = {2} + {1*}. The coefficient of Zi* is 2*22 =“ Tcd = {1} 
so that (7 = {1} There are no further terms. Suppose, then, we wish 
to analyse {2, 1} {2, 1}. The first step is the analysis of {1} {2, 1} 
= {2, 1} {1} = {3, 1} + {2*} 4- (2, 1*} , a 2 must be prefixed to each of 
these giving {2“} + {2®, 1®} (the first term {2,3,1} vanishing). The 
next step is the analysis of {1} [{2} (1®)] -= {2} (1) 4- {1*} (1) 

— (3) + 2{2, 1} 4* {!’} and on prefixing a 3 we get {3®} 4- 8{3> 8, 1). 
Finally we analyse {1} {1} — {2} 4- (1°) and prefixing a 4 we get 
{4, 2} 4- (4, 1®}. Collecting our results we find 

{2, 1} (2, 1} -= (4, 2} 4- {4, 1®} 4- {3®} 

4- 2(3, 2, 1} 4- (3, 1®} 4- {2*} + (2®, 1*}. 
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We give in the tables below the necessary expressions B, C, D, E for 
aU {A"} for which m" ^ 8 , it being always understood that (A") is 
preceded by, if it is not identical with, its associate (//') 


Tables furnishing the necessary linear combinations B, C, D, E. 

1 n=2 B 2 n=3 B C 


in j 

{!) 

i {!■} 

{>•} 




' { 2 . 1 } 

{ 2 } + {!■} 

{ 1 } 


3 « = 4 

B 

C 


{!•} 


{2.1-} 

{2,1} + {1-} 

{n 

{2-} 

{2.1} 

{2} 


4 » = 5 

B 

C 

D 

{!■} 

{2.1-} 

{2,l-} + {l‘} 

{!■} 


{2-.I} 

{2-} + {2,1-} 

{2,1} 


{3.1-} 

{3,1} + (2.1-} 

{2,1} + {1-} 

in 


6 n = 8 


B 


0 


D 


{!•} 

{ 2 , 1 *} 

{2M*} 

in 

{3.1-} 

{3,2.1} 


6 n = 7 
{!’} 
{ 2 , 1 '} 
( 2 *, 1 ”} 
{2M} 
(3,1‘} 
{3, 2, 1'} 

{3.2*} 

{4,1-} 


{!•} 

{2.1-} + {l-} 

{n 


{2-,l} + {2, !•} 

{2,1-} 


{2-,l} 

{2-} 

{!■} 

{3,1-} + {2, 1-} 

{2,l-) + {l‘} 

{3,2} + {3,1-} + {2-,l} 

{3,1} + {2-} + {2,1-} 

{2,1} 

B 

C D 

B 


{!•} 




{2,l-} + {l-} 

{!•} 



{2“, 1*} + {2, 1‘} 

{2,1-} 



{2-} + {2-, 1*} 

{2M} 



{3,1-} + {2,1‘} 

{2,l-} + {l-} 

{!*} 


(3,2,l} + {3,]-} 

{3. 1'} + {2-, 1} 

{2.1-} 


+ {2-, 1-} 

+ {2,1-} 



{.3,2,1} + {2-} 

{3,2} + {2-, 1} 

{2-} 


{4,1-} + {3,1-} 

{3, 1-} + {2,1-} 

{2,l-} + {l‘} 

{1-} 
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7. n = 8 B 


C 


D B 


{!*} 
{ 2 . 1 -} 
(2M‘} 
{ 2 *, !>} 
{ 2 ‘} 
{3.1-} 
{3,2,1*} 

(3, 2*, 1} 

{3M*} 
{3*, 2} 
{4,1*} 
{4,2. 1*} 


{1*} 

{2.i‘} + {n 

{2*. 1*} H- {2, 1*} 
{2M}-f{2M*} 
{2*,1} 

{.%!*} -1- {2,1*} 

{3, 2, ]>} -f- {.3, 1*} 

in 

{2,1*} 

{2*.l*} 

{2*} 

{2,l*}-h{l*} 

{!•} 


{3. 1*} + {2*, 1*} 

{2,1*} 


+ {2*, 1*} 

{3,2*} + {3,2,1*} 

{2.1*} 

{3,2,l}-f {2*} 

{2M} 


+ {2*,1} 

{3*,1} -f {3,2,1} 

-1-{2*.1*} 

{3,2,1} + {3,1*} 

{3. 1*} 


{3*, 1} -1- {3, 2*} 

{3*} -(-{3,2,1} 

{3.2} 


{4.1*} + {3.1‘} 

{4,2,1} + {4,1*} 

{3,1*} -(-{2,1*} 

{2,1*}-H{1*} 

in 

{4, !•}-(- {3,2,1} 

{3,1*} + {2*,1} 
-h{2.1*} 

{2.1*} 

+ {3, 2, 1*} 

+ {3, 1*} -1- {2*, 1*} 


We have given elsewhere the analysis of all direct products {A'} {A"} 
for which + {American Journal of Mathematics 59 , pp. 

483-487 (1937) and 60, pp. 44-65 (1938)) We have also given, as 
illustrative examples (in the second of the two papers referred to) the 
analysis of the products {4,8^} {2,1}, {7,8} {3,1}, {4,3,1} {8*, 1} 
and {4-*} {2*} The direct product being analysed in the last of these 
examples is a representation of dimension 8,588,580 of the symmetric 
group on 16 letters. 




CHAPTER SIX 


THE ALTEENATIHG GEOUP 

In this chapter we shall show how the knowledge of the character 
table of the symmetric group on m letters enables us to construct the 
character table of its alternating subgroup, i.e . the group of mI /2 even 
permutations on m letters. 

1. The classes of the alternating group. 

Smce a class (a) of the symmetric group, G, on m letters, is either 
even or odd, i. e. consists entirely of even or of odd permutations, this 
class will either he entirely in the alternating subgroup, H, or have no 
element in common with it, the class (a) lying entirely in H if 
flij + *4 + IS even. Assuming that («) lies entirely m H it remains 
to see whether or not H refines (a), i. e. whether or not all elements of 
(a) belong to the same class of H. Two elements s and < of (a) belong 
to the same class of E if there exists an element h oi H (i. e. an even 
permutation h) such that = t. Since, s, t belong to the same class 
(a) of 0 there exists a permutation p of G such that p'*sp = <; if then 
there exists an odd permutation q which is commutative with * . gs — sj • 
we have s =» so that, in addition to p‘*«p >= f we have p”*?'**?? 

1. e. (.qpy^sqp — f. Since q is odd, one or other of the two permuta- 
tions p, qp IB even so that we have the basic result, a class (a) of the 
symmetric group on m letters ts not refined by the alternating subgroup 
if any element of it is commutative with an odd permutation It is 
evident that if any one member s of (a) is commutative with an odd 
permutation any other member f of (a) has this property. For s=—hth~^ 
so that s = g"‘sg implies hth~^ = q~^hth'^q, i e. bright — th~^qh and 
h~^qh IS odd when g is. Since any permutation s of (a) is commutative 
with each of its cycles and smce a cycle on an even number of letters 
IS an odd permutation it is clear that (a) is not refined Tsy H if any of 
the numbers 82 , 84 , > 0. Furthermore (a) is not refined by H if 

any of the numbers a,, a,, a,, > 1 ; m fact let a permutation s of 

(a) contain two cycles (1,2, ,2p -j- 1) (2p + 2, ,4p-t-2) on 

2p -1- 1 letters. Then s is commutative with (1, 2p 2) (2, 2p + 3) 
(2p+l,4p-f 2 ) for 

(1,2, ,2p + l)(2p-|-8, ,4p-h2)(l,2p-f 2) (2p 1, 4p-l-2) 

= (l,2p + 3,3,2p-|-6, ) 
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(the numbers in this cycle bemg reduced modulo 4p -|- 9) and 
(l,2p + 2) (2p + l,4p + 2)(l,2, ,2p + l)(2p+2, ,4p+2) 

also — (1, 2p + 8, 3, 2p + 5, ), Since the product 

(l,2p + 2)(2,2p + 3) • (2p + l,4p + 2) 

IS odd it follows that (a) is not refined by H. The only case when (a) 
IS (possibly) refined by B is that where Si — 1 or 0 , a, = 1 or 0 , 

«2 = *4 = — 0. In this case any element s of (a) is not com- 

mutatire with any odd permutation, in fact the elements in G which 
are commutative with any element p belonging to the class (a) of G 
form a subgroup of 0 of order m! — «,») and when (a) contains only 
cycles of unequal length this is the product of the lengths of these cycles. 
This subgroup contains the subgroup consisting of the products of the 
various powers of the individual cycles of s ; since the lowest power of a 
cycle on h letters which is the identity is the fc-th the order of the sub- 
group consisting of the products of the various powers of the cycles of s 
18 the product of the lengths of these cycles. Hence the group of all 
permutations commutative with a is exhausted by the group generated 
by its cycles, but every element of this group is even since each cycle, 
being of odd length, is even. Hence a is not commutative with any odd 
permutation of G. It follows that («) is actually refined by B. In 
fact let p be any odd permutation and consider the two elements a and 
t — p'^sp of («) , there does not exist any even permutation h which 
transforms a into < since t = Ir^ali would imply p'^ap = k~^ah, i. e. 
a ph'^ = ph-^ a which is impossible since pfc‘‘ is odd. The elements 
h~^ah, h variable over B, form a class («') of B and the elements p~^ap; 
p odd, form a second class (a") of B , for if p and q are both odd and 
we write /r‘sp f, q~^aq = u we have u — <r^pip~'^<l where q~^p = h 
IB even. The final result of the discussion is then the following* 

All claaaea (a) of the aymmetnc group on m lettera are unrefined hy 
the alternating aubgroup B aave thoae for which the permutatwna contain 
only cyclea of unequal odd length, and each of these classes is refined 
into exactly two classes of B. The number of elements n^a•) m the class 
(o') of B 18 the same as the number of elements n^a") m the class (of") 
of B each being one-half the number of elements n^a) m the class (a) 
of G. In fact the number of elements m (o') is the quotient of the 
order to!/ 2 of B by the order of the subgroup of B which consists of 
the elements of B which are commutative with a given element h' of 
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(o') ; but all elements of Q which are commutative with W are even, 
and, hence lie in H. Hence the number of elements in (o') is 

»(«., =- (m!/2) (m!/n,a)) =m«i)/2 


and, similarly, Since a class (a) is refined by M when 

and only when a, = 1 or 0 , a, — 1 or 0 ; 82 = 84 =• • — 0 the 

number of classes which are refined equals the number of partitions of 
m into unequal odd numbers, 1 . e. to the number of self -associated par- 
titions of m. This number is the coefficient of in the continued 
product ( 1 -f- a:) ( 1 -j- aH') (1 4 - and this is the same as the 


coefficient of a:“ in the development of 
In fact this fraction 


1 

( 1— ®)(1 


l-\-x 1 +* 

~ (1— a:'*)(l-f-a^)(l — a:*) “ (1 — a:») (1 — x‘) (1 -j- (1— 

(l-^a;)(l-^-a») (1 + x) (1 +g^) (1 + 

“ (1— a;»)(l~a:*)(l-f a:«) ~ (1— a:’) 

and so on. On writing out the expansions 


1 — X 


00 1 

r +^ 


2(— 

0 i — ar 0 


1 


the coefficient of in the product -rz , n is seen 

(1 — ®)( 1 )( 1 — 

to be the difference between the number of solutions of ai -f- 282 + 

-)- mam = m for which a. -|- a, -{- is even and the number for which 
it IS odd 111 other woids if « denotes the numbei of odd classes 
of the symmetric group on m letters and if v denotes the number of 
(even) classes of this symmetric group G which are refined by its 
alternating subgroup E (each into two classes, containing the same 
number of elements, oi H) the number of even classes of G — = u -f- « so 


that the number of classes p of G = 2 « -f- ?i whilst the numb'er of classes 
j/ oi H IS u 2v Each of the v classes consists of permutations con- 
taining unequal cycles of odd lengths, with any one of these we can 
associate an odd class formed by reducing the length of one of the cycles 
by 1 and adding a unary cycle Hence u > « so that the number of 
classes // of H is not greater than the number of classes p oi G. The 
values of u, v, p, p' for the various symmetric groups up to m — 10 are 
given in the following table 
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in U V p p' 


2 

1 

0 

2 

1 

3 

1 

1 

3 

3 

4 

2 

1 

5 

4 

5 

3 

1 

7 

5 

6 

5 

1 

11 

7 

7 

7 

1 

15 

9 

8 

10 

2 

22 

14 

9 

14 

2 

30 

18 

10 

20 

2 

42 

24 


Since V IS tlie number of self-associated irreducible representations of the 
symmetric group G on m letters and since the total number of distinct 
irreducible i eprescntations of G is p = 2 r d- ii, u is also the number of 
pans of associated representations of G. The number of distinct irre- 
ducible representations of the alternating subgroup of H is p' = « -i- 2v. 
We shall see in the next section that each pair of associated irreducible 
represent.itions of G fuiinshes an irreducible representation of E and 
that each self-associated irreducible representation of G furnishes two 
irreducible repiesontatioiis of H, the irreducible representations of H 
obtained in this way being all distinct. 

2. The simple characteristics of the alternating group on m letters. 

Let D{\) be an irreducible representation of the symmetric group, G, 
on m letters with chai.icteis X(X)(s) Then 2 {x(io(®)}* ” the sum- 

Illation being oici all jiei mutations s of G If /i is an arbitral y element 
of the dlteinating subgioup U and p is any odd permutation we may 
write this equation in the foim 

2:{x<mWP + 2{x<m(p'0F = «»’ 

the summations being over all elements h of U. If -D(/») is the 
associated reiiresentation ot O {D{K) being supposed not self-asso- 
ciated) xiioVi) = , xiwCp^) = — X(m(M) the relation 

2x(m(*)x(|i)(s) “0 yields 2 {x(m(A)}“ = 2 {x(X)(plO}“ so that 

« ah 

(6.1) 2x(m(A)" = »»’ — 2 

i») 

The numbeis X()o(^) ere the characters of a representation of E and 
the equation (6 1) tells us that this representation is irreducible (since 
the order of 7/ =■ w ' — 2) Hence each pair of associated simple char- 





172 


THE ALTEBNATIira OBOTTP 


acteiisticB of Q furniBhes a Bimple charactenstic of H. These simple 
characteristics are all distinct; in fact if 21 (X'), 21 (jn') is a second pair 
of associated irreducible representations of G we have 

Sx(X)(^)x<V)(X) + Sx<X)(p*^)X(V)(pA) —0 

% h 

and also 

2x(X)(^)x</‘')(^) + 2xa>(pX)x(M-)(pX) —0 

^ h 

Since xiri W -= xa-> W, xcn (P^) — — XiV) (pA) we obtain, on adding 
the two equations just written, 

2x(X)(X)X(V)(A) — 0 

h 

showing that the two ineducible representations of 22, whose characters 
are x<X)(A) and x<X')(A)> respectively, are non-equivalent We obtain, 
therefore, the characters of u non-equivalent irreducible representations 
of H by merely writing down those characters of either one of a pair of 
associated irreducible representations of G which are attached to the even 
classes of G. These characters take the same value over each of the two 
classes into which H divides each of the v classes of G whose elements 
consist of cycles of unequal odd lengths 
To obtain the remaining 2v simple characteristics of H we consider 
the v self-associated representations of G. Let 2>(X) be one of these, 
then X(X)(X) are the characters of a representation of H which is, 
however, reducible. In fact x<xi (pX) = 0 so that 

2{x<x.(fc)}*“2{x<x,wr = »»'--^ 2- 

Hence the representation of H whose characters are X(X)(A) contains two 
irreducible representations of B. each one once We denote these two repre- 
sentations of H by 2?'(A), 2?"(A) so that X(X)(X) -=x'(X)(A) + x"a)W- 
Now the characters of the representation 2>'(A) of H furnish a simple 
characteristic of H and this enables us to construct by the method of 
p 98 a characteristic of G , the characters of the corresponding repre- 
sentation r of (? are found by averaging the characters of 2)'(A) over 
the classes of H which constitute a refinement, by 22, of a class of G and 
by then multiplying this average by 2 (the ratio of the order of G to that 
of H). Denoting the characters of this representation of G by x we have 

x(p) 0 ^ i ^ permutation of G. 

If h belongs to a class of G which is not refined by H x'ai (p-‘Ap) — x'(X)(A) 
BO that xVt) — 2x'(X)(ft). 
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The numbers x'(X)(P'*^P) characters tl>{h) of a second repre- 

sentation of H which IS said to be conjugate to the representation i7'(A) 
and which is obtained as follows. Let .d(A) denote the matrices of Z>'(A) 
and define the matrices B(Ji) thus: 

B(h) — A(p-^hp). 

Then the matrices B{h) furnish a representation of J? : in fact 

B{h')B(h) A(p-^h'p)A(pr^hp) — A{p-^h'p p-^hp) 

— A(p'Whp) — •B(ft'h). 

Also B{e) —A{e) — where e is the unit permutation and d'(\) 

IS the dimension of Z)'(A); finally JS(A‘*)B(A) =B(e) De- 

noting this conjugate representation of Jy [k) by B'(A) it is clear from 
the definition that the conjugate of .^(A) is B'(A) , and we have seen 
that both representations have the same dimension d',X) If p were an 
even, and not an odd, permutation the characters x'a,(A) of iy(\) 
would be the same as those of D'{X) so that the two conjugate repre- 
sentations would coincide. But this cannot happen when p is an odd 
permutation, for if B'(A) and B'(A) were equivalent the characters x(fc) 
of the representation r of G which are attached to elements of H would 
be twice those of D'(A), the remaining characters of T being zero Hence 
r would contain two irreducible representations of G. One of these is 
D{K) (by the theorem of p 100) and the other would have to be self- 
associated since all its characters which are attached to odd permutations 
p vanish. Denoting it hyD(iJ.) we have X(X>(^)+X(M)(^)="2x'(X)(h) i.e. 

X^X)(^) +X^^X)(^) +X^w(^) +x"(i*)(^) ““2x^X)(h) 
or 

X^X)(^) “X^^X)(^) +X^«»(^) +X”(M)(^) 

implying B'(A) = D"{X) D'(fi) + which is absurd since 

2>'(A) IS irreducible. 

It IS clear that the characters of ^(A) are merely a rearrangement of 
the characters of I>'(A), simply because p'^hp runs, with h, over H. 
Hence the irreducibility of D'(A) implies that of j^(A) (the criterion 
of irreducibility being that the average over H of the squared moduli of 
the characters be unity). It follows that the representation r of G whose 
characters are x is simple • 

2 I x(«) r - 2 I x(ft) 1 “ - 2 I x'<M W -h x'(X. ip-^hp) |» 

— 2 {x'(X) (h) + x'(X) (P'^hp ) } (x'cX) (^i'* ) -f /(X) (p‘'fc”V) } 

— -Jm ! 0 -j- I — m I. 
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Since it must contain D(\) once it must coincide with D(\). Hence 
the second simple representation I/'{X) of B is the same as the conjugate 
representation O' (X) 

(6. 2) X(X) (ft) = x'(X) (ft) + x'<x, (p-^hp) 

We have, then, obtained from the a pairs of associated representations 
and from the v self-associated representations of the symmetric group G 
on m letters a -f- 8« irreducible representations of its alternating sub- 
group B , and we have seen that no two of the first a of these are 
equivalent. No one of the last 2v irreducible representations of B is 
equivalent to any one of the first a, in fact if xtM) (ft) characters 

of one of these a representations the non-equivalencc of the representa- 
tions D{X),D{ii.) of Q yields 2xiX)(s)xie)(s) “ 0 equivalently. 

2x(X)(ft)x(/‘)(ft) = 0- Hence 2{x'(X)(ft) + x (X)(ft)}xw(ft) = 

* * - 

and smee the representations D'(X),iy(X) of B are non-equivalent 
one or other (and hence both) of the two sums 2 X^X) (ft)X(e> (ft)> 

2x'<X)(ft)x(M)(ft) ®"ist vanish. This proves that neither 2?' (A) nor 

* 

^(A) 18 equivalent to any one of the first a irreducible representations 
of B. Finally, if D(X), D(n) are any two self-associated representations 
of O, neither of the two irreducible representations 1/ (n) , D' {/i) of B 
IB equivalent to either of the two irreducible representations ^/(A), 
H'(A) of B In fact the non-equivalence of D{X) and D{n) yields 

2 {x'<x,(ft) + i'(X,(ft)}{x'<M.(ft-') + xV(ft-’)} = 0 Since 7/(;i), 

» 

D'(i).) are non-equivalent one or other of the two sums 2 x^M (ft)x^/‘) (ft'*) > 

h 

2x^X)(ft)x'G‘)(ft'*) must vanish For the sake of definiteness suppose 
the first vanishes and observe that this implies the vanishing of 
2 x'lX) (.ir^hp)xw iP'^fi-'p), 1 . e of 2x (Xj (ft)x c/n (ft"*)- Hence 

2x'cx,(ft)x'.f.)(ft-*) + 2x'<x,(ft)x'<s.(ft-*) =0; 

* X 

on replacing ft by fr*ftp lu the first of the two sums it becomes clear 
that the two sums are equivalent so that 2 x^'Xi (ft Ix'iin (ft"*) = 0 imply- 
ing the non-equivalence of II'(A) and H'(^) (or, equivalently, the non- 
equivalence of iy{X) and Bin) ) Hence no two of the u-\-2v 
irreducible representations of the alternating group whose characters 
have been found from those of the containing symmetric group, are 
equivalent and we are in possession of the complete character table of 
the alternating group 
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Examples 

The cases m — - 2, 3 are uninteresting For m = 2, S' is the group 
consisting of but one element and the only irreducible representation is 
the identical representation. For m = 3, S is the cyclic group of order 
three consisting of the permutations 1, (123), (132). Its character 
table IS 


/ * / 

X(» X (2.1) X (2.1) 


Cl = (!■) 

111 

(123) 

1 <0 

0, = <7"a = (132) 

1 Ol® Ct> 


The case m = 4 is quite interesting, the corresponding group, of order 
12, being known as the letrahedial group (since it can be geometrically 
realised by the group of rotations sending a regular tetrahedron into 
itself) It has four classes Cj. the identity . C, = (2'“) the set of three 
rotations, through ir, aiouiid a line joining tlie niid-points of opposite 
edges of the tetiahedron, C',= (1, •!)' the .set of four rotations, through 
2)1/3, round an altitude of the tetiahedron. and 04 = (1, 3)", the set of 
four rotations through — (2-7r/3) round an altitude of the tetrahedron 
Ecmembering that x'cxi W = ix(X) W ^ belongs to a class of O which 
16 not refined by II and that the characters are a rearrangement of 
x'<M (the sum x'lM + x'(X) being X(Xi) at once write down 



X(*) 

X(8.1) 

X'(2*) 

X'(2*) 


Cl = (1‘) 

t 

3 

1 

1 

1 

C2 = (a“) 

1 

— 1 

1 

1 

3 

(73= (1,3)' 

1 

0 

X 

y 


Cl = (1, 3)" 

1 

0 

y 

X 

4 

where x + y = — 1 Since x^ 2 “), 

x'< 22 ) aie one 

dimensional lepresenta- 

tions and all elements of the class C3 and 6% are of order 3 ( 1 . e. have 

their cubes = the identical permutation) 

X and 

y must be cube roots of 

unity Since their sum is unity we have x = 

= 0 ), y = where l+<8+‘“*= 0 

1 e <«= (— 1 + V— 3)/2. 

Hence the character table for the tetra- 

hedral group is 







X(4) 

X(».» 

X'(2’) 

X(2') 


( 7 ) =(!«)' 

1 

3 

1 

1 

1 

C3 - (2») 

1 

— 1 

1 

1 

3 

(73 =(1,3)' 

1 

0 

Ci> 


4 

Cl = (1, 3)" 

1 

0 

0,® 

(D 

4 
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When m — 5 the alternating group is of order 60 and is known as the 
group of the icosahedron. Its character table is 


X<»1 

X<«.i> 

x<».»> 

X («.»•) 

X 


Cl-(l') 1 

4 

5 

3 

3 

1 

f7*=(l*,3) 1 

1 

— 1 

0 

0 

20 

(73-(1,2») 1 

0 

1 

— 1 

— 1 

15 

O'. -(6)' 1 

— 1 

0 

X 

y 

12 

1 

— 1 

0 

y 

X 

12 


The permutations of the class Cs are the squares of those of Ct and vice 
versa; for (12345) is sent into its square (13524) by the odd permutation 
(2453) Hence each of the classes C^, Cn contains the fourth power 
(i e the reciprocal) of each of its elements so that the numbers x and y 
are real, we ha\e x-\-y= \ and the orthogonality relation connecting 
the fourth and fifth rows of the table yields yy + 1 = 0 so that x, y are 
the roots of the quadratic equation 6® — 6 — 1 — 0 Hence ir-=(l+V5)/2. 
j,= (1_VT)/2. 




CHAPTBE SEVEN 


LINEAR GROUPS 

In this chapter we shall discuss the conttnuous representations of the 
ummodular subgroup of the full linear group and shall consider the 
semi-rational representations of the full hnear group. The chapter closes 
with a description of all continuous representations of the full linear 
group 

1. The rational representations of the unimodular group. 

The ummodular group of dimension n consists of all n X n matrices 
A of determinant 1 We denote the matrices of any rational representa- 
tion of this group hy D( A) so that the elements of D(A) are rational 
functions of the elements of A Reducing these to a common denomi- 
nator <I>(A) the elements of D{A) arc all of the type ^,’^{A)/<p{A) where 
the \li,'{A), <I>(A) are polynomials in the n- elements of A. If B is 
any non-singular n X ” matrix the matrix A = aB, where o“ = (det B)"’’, 
IS an element of the ummodular group (a being chosen, for convenience, 
so that a = 1 when det B =■ 1 ) The n roots of the equation for a • 
a" = (det B)'* being denoted by a^ = ac*'**''", = 0, 1, , n — 1, the 

B-l 

product n </i(ae”'**/"B) is a polynomial in the elements of B whose 

ll=0 

coefBcients are symmetric polynomial functions of the a* It is accordingly 
a polynomial in the elements of B and in (detB)*' , i. e it is a rational func- 
tion of the elements of B. Bach element ^.'■(A)/<^(A)=^,''(3B)/i^(aB) 
appears, accordingly, on multiplying both numerator and denominator 

n-1 

hy n as a polynomial of degree n — 1 in a whose coeffi- 

1 

cients are rational functions of the elements of B, in other words 
D(A) — B(aB) may be expressed as a polynomial of degree n — 1 in a 
whose coefficients are matrices whose elements are rational functions of 
the elements of B. 

tsa 

Let Bi be any other non-singular n 'X. n matrix and let the unimodular 
matrix A, be derived from B, just as A was derived above from B, then 
the representation property B(AiA) — Z)(Ai)B(A) yields (since the 
a for BjB is aia) 

(7.1) (S«p(Bi)ai«’)(2E«(B)«*). 

k»o p=o <po 
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Holding Bx fixed and regarding B as variable this is an equation of 
degree < n satisfied by a (tlie coefficients of the equation being rational 
functions of the elements of B). Since detB is an irreducible poly- 
nomial m its elements the equation a" — (det£)“* = 0 is irreducible 
1 . e. no equation^ with coefficients rational functions of the elements of B, 
of degree < » is satisfied by a Hence (7. 1) must be an identity in a 
so that 

Bf(BiB)tii^ = S ^(Bi)Bg(B)ax^ , q “ 0, 1, ,n — 1. 

p=a 

Bepeating our previous argument (where now Bx is variable and B fixed) 
we find 

(7.2) E,(BxB)-R^{Bx)R,(B), R„{Bx)R^{B) -Q, p=f^q 

*l~l 

This implies that R(B) Rk(B) is a rational representation of the 

k-o 

full linear group WhenJSis unimodular Oi=l,A’=B and D{A)=R{A). 
In other words any rational representation of the unimodular subgroup 
may be imbedded in a rational representation of the full linear group 
Since, by the theorem of p. 34, R(B) = P(B)/(detB)* whore fc is a 
positive integer or zero and 1’{B) is a rational integral (= polynomial) 
representation of the full linear group and since when B is unimodular 
p\b) ^R{B) we have the basic result 

Any rational representation of the unimodular subgroup of ike full 
linear group may be imbedded in a rational integral representation of 
the full linear group. In other words we are in possession of all rational 
representations of the unimodular group when we know the rational in- 
tegral representations of the full linear group Since all rational integral 
representations of the full linear group arc either irreducible or analysable 
(— completely reducible) it follows that all rational representations of 
the unimodular group are either irreducible or completely reducible In 
fact it IS clear from the construction of the imbedding representation 
{P(H)} that when {D{A)} is reducible so also is {P{B)) (in fact each 
zero element of D{A) j'lelda a corresponding zero clement of each and 
every Rk{B), I; =»= 0, 1, ,n — 1, and hence a zero element of P{B)). 
Hence the reducibility of {21(A)} forces the reducibility of [P(B)} , 
this implies the analysability of {P{B)) (by the basic theorem of p. 129) 
and hence, & fortiori, the analysability of (21(A)} since the collection 
of matrices {2)(A) } is a subset of the collection {P{B) }. The irreducible 
representations (rational) of the unimodular group are to be sought for 
amongst the irreducible rational integral representations of the full 
linear group, and the converse is true’ each irreducible rational integral 
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representation {P(B)} of the full linear group furnishes by the selection 
principle, i.e. by setting D{A) — •P(A), an irreducible representation 
of the untmodular subgroup. The proof of this statement is precisely 
the same as the proof of the corresponding theorem for the unitary sub- 
group (p. 130). We first prove that any homogeneous polynomial 
in the n^ elements of an » X « matrix B which vanishes when these 
elements are the elements of a unimodular matrix A must vanish identi- 
cally. Any such polynomial of degree m may be written m the form 
S where the coefficients c* l^may, without any loss of 

generality, be taken as symmetric m the superscripts (;) and in the 
subscripts (k) We are given that eg g; o* aiz^ ® when the 
variables (a,'‘) are conditioned by the single equation det A = 1. On 
forming the differential of eg ^2“ we obtain m terms (each 

of which IS an emmuple summation) but, owing to the symmetry of the 
coefficients these are all the same. Hence, on writing for the 

moment c? -= «» we have f?»da^”=0. The dif- 

ferential of det A is found by taking, in turn, the differential of each row 
and adding the results so that it is doa^ whore A,*" is the cofactor of 
Ur* in the expansion of det A. Hence we must have = 0 where 

the differentials daj^ are connected by the 'iingle relation A^“ da^^ — 0 
Hence // = AA,* where A is an, as yet, undetermined multiplier To 
determine it we substitute back in the original relation which now appears 
in the condensed form /j® = 0 and find A det A = 0 i. e A -= 0 (since 

detA = l). Hence // = 0 or eg S Proceeding 

with each of these homogeneous polynomials of degree m — 1 in precisely 
the same way (in other words, using the principle of mathematical 
induction) we are forced to the conclusion = 0 so that 

' il 3m 

b^~^ {-^^C-^)} ={ PCA)} were reducible 

(hence completely reducible) the collection [P{B)} would also be re- 
ducible, contrary to hj’pothesis, in fact the assumed analysability of 
{D{A)} IS expressed by the fact that there exists a transforming matrix 
T (with elements independent of A) such that 

r-'H(A)r = Hi(A) -1-2>.(A). 

Each of the equations implied by this matrix equation expresses the 
vanishing of a homogeneous polynomial in the elements of A. Hence 
these polynomials must vanish identically so that 


r-»/’(B)r — P,(5) -|-P2(B) 
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The results of the present section may be expressed concisely by the 
statement: the rational representations of the ummodviar subgroup 
furnish nothing new. They are all completely reducible and the irre- 
ducible representations are obtained by the selection principle from the 
irreducible (hence homogeneous) rational mtegral representations of the 
full linear group. Their characters are <^(X)(*) where (\) is a partition 
of m (the degree of the representation) containing not more than n non- 
zero elements (where n is the dimension of the unimodular group) and 
**““rr(il*). No two of these irreducible representations can have the 
same characters if they are of the same degree m , for an assumed rela- 
tion 0(X') (a) = ^(X) (a) valid when Sk =■ Tr{A’‘), detA = 1 would imply 
^(V)(a) —^(X)(a) valid when Sic = Tr{B’‘), detS arbitrary (since the 
^(X)(a), as polynomials in (a), are polynomials, homogeneous of degree 
TO, in the elements of B) But the characters of the irreducible repre- 
sentations of the full linear group are different if 

(A) ^ (A') (p 129) , hence the corresponding characters of the uni- 
modular subgroup are different if (A) (A'). In other words two 

irreducible rational representations of the unimodular group are equiva- 
lent if they have the same characters. 

2. The rational representations of the extended unimodular group. 

The extended unimodular group, of dimension n, consists of all » X » 
matrices whose determinants = ± 1. It contains the unimodular group 
as a subgroup of index 2 (hence invariant). Denoting, as before, bv A 
a typical element of the unimodular group any matrix 0 of the extended 
unimodular group whose determinant — — 1 is of the form C — JA 

where .7 is a particular such matrix. We shall take J — ( ^ „ I 

\ 0 Ji/n- 1 / 

so that = En', then the unimodular group H {A} possesses in the 
extended unimodular group H' the two cosets Hi = H, H 2 — {JA}. 
Let r' be any non-analysable rational representation of H' ; it induces, 
by the selection principle, a representation r— {D(4)} of H. So far 
as we yet know r may be reducible , if it is it must be completely reducible 
(by the result of the preceding section) and a typical matrix of it may 
be presented in the form 

(7.3) 1}(A) = D,(A) -I +Dk(A) 

where {Dj(A)} is an irreducible rational representation of H, 
; — 1, 2, , fc. Now J sends any element A ol H into an element A 

of 3‘. A’^J'^AJ and the collection {D>(il)} defined by Dj{A) 
— Di(A) =Di{J~^AJ) constitutes a representation of B (by the reason- 
mg of p. 173) known as the conjugate of {Dil^A)). Since {D){A)} 



THB EXTENDBO CNIMOStTLAR OBOUP 181 

may be imbedded in a representation {Pi{B)) of the foil linear group 
we have 

b,{A) -~D,{A) -Pi(J-MJ) 

-P,{J-^)P,{A)Pt(J) = {Pi{J)y^D,{A)P,[J) 

so that {Dj{A)} coincides with its conjugate Denotmg by K 

the matrix which coriesponds to J in the representation T' of S" we have, 
since r 18 imbedded in P 

(7.4) Kb{A) =KD{J-^AJ) —D(A)K, 

and if K, when written as a block matrix of the type determined by 
(7 3) IS 



h k 

(7.4) yields the equations (since b{A) —='^Dj(J''AJ) =2-0, (A)) 

1=1 1-1 

(7.5) Kp'‘Df(A) ^ Dq{A)Kp'‘ , p,q-^ 1,2) ,k. 

If the irreducible representations {Dp{A)}, {Dq(A)} are non-equivalent 
the irreducible representations {Dp{A)), {Dq{A)) are non-equivalent, 
since {.D,(A)} and {Dp{A)} are equivalent and so, by Schur’s lemma, 
Kp'‘ =■ 0 , an interchange of p and q 3 nelding K,p = 0. If, then, 
{D,{A)), , {Dr{A)) are equivalent whilst no one of the remammg 

representations {2?r+i(A)}, ,{I?*(A)} are equivalent to {2?i(A)} 

all Kp’’, K(f vanish for which p belongs to the set (1, ,r) and q to 

the set (r -t- 1, ,k) , there being no lack of generality in denoting 

hy {DiiA)), ,{Dr{A)} the representations in the set {i?i(A)} 
which are equivalent to {I?, (A)} since this can always be arranged, if 
necessary, by means of a transforming permutation matrix Since the 
matrices of the representation P ot H are of the forms D{A),KD{A) 
it follows (in order not to contradict the hypothecated non-analysability 
of r') that no two of the irreducible representations {D, (A)} of H are 
non-equivdlent. We may, therefore, by a proper choice of basis, write 

(1.6) D{A) -EiXDiiA) 

and the equations (7. 5) then appear m the form 

(7.7) Z^pVA(A) -2)i(A)ir,v; p,S-l, ,k. 

The equivalence of {2)i(A)} and {Pi(A)} is expressed by the formula 
A(A) — r-'Di(A)r and so (7. 7) implies K,<‘T-^Di(A)T — Di[A)Kf<‘ 
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or, equivalentiy, "=-Di(A) Hence, by Schur’s 

lemma, Kp'‘T~^ is a scalar matrix : 

(7.8) Kfi — fpOT; E = FXT 

where i?’ is a fc X ^ matrix and T is the matrix Pi{J) which transforms 
(Z), (.4)} into {JDi(X) }. It should be observed that if we effect a change 
of basis for the representation T' of H' by means of a transforming matrix 
R of the type S X Pdy (where 8 la e.k matrix and di is the dimen- 
sion of Dt(A)) the matrices D(A) — X DiiA) are unaffected smce 

(8 X X D,(A)) (8 X E^) 

= (8-^ X E^) {E^ X DdA) ) {8 X J?a,) --E^X D,{A) 


whilst E undergoes the transformation 

E-*{8X Ei,)-^{F XT)(SX Et,) = S-^F8 X T 


so that the change of basis for V induces the transformation of F by 8. 
Since E and T — Pi(J) correspond to J in the representations r' and 
(Pi (P) } of H' and the full linear group, respectively, and since = En 
we have E’‘ = Ed, = Ed, where d is the common dimension of r' and 
r and di is the dimension of {Z>i(4)}. Since E^ = (F X T) (F X T) 
= F^ XT^ we have Ed = F‘ X Ed, so that P* — Ek. On introducing 
a new basis for r', if necessary, so that F is presented m its Schux 
canonical form (p. 25) we have, smce Z® >=• Et, 


F 




¥ + h"—h. 


But this apparently implies that E F X T is analysable and, hence, 
the analysability, contrary to hypothesis, of r' whose matrices are 
{P(A)} = {Ek X D,{A)] and ED{A) - (P X TDM)) The only 
loophole for escape from this dilemma is that fc = 1 m which case 
P = ± 1, ir= zt Pi(J) Hence the representation T of if which is 
obtained, by means of the selection principle, from any given non- 
analysable representation of H' is irreducible and F' is of the form 
{D(A), ± P{J)D(A)} where P{J) is the matrix corresponding to J 
in the irreducible rational integral representation of the full linear group 
in which the irreducible representation {i)(A)} of the unimodular group 
IS imbedded. When the positive sign is taken T'={D(A) =P{A)’, 
P(J)D{A) =‘P{JA)} IS imbedded in the irreducible representation 
P{B) of the full linear group. Whichever sign is taken V is irreducible 
since the subset r = {D{A)} is irreducible. Hence every non-analysable 
rational representation of the extended unimodular group is irreducible 
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SO that redttcibtliiy and complete reduc%Mtty are synonymous for rational 
representations of the extended unimodular group (just as they are for 
rational representations of the unimodular group, or of the full Imear 
group). All irreducible representations of the extended unimodular 
group are found by taking an irreducible rational integral representation 
{F(JS)} of tbe full linear group and setting r' = {P{A) , PiJA)} or 
r"= {P(A) , — P{JA)}, A running over the unimodular group and 
J* “= En, det J = — 1 If C denotes an arbitrary element of the extended 
unimodular group. 

r'={P(C')}; r"= {det C'P(C')} 

3. The continuous representations of the unimodular group. 

If A 18 an arbitrary element of the n dimensional unimodular group H 
and if {Z>(A)} is a representation r of 11 we say that r is continuous 
at a “point" A of ff if the elements of D{A) are, each and every one, 
continuous functions of the elements {a/) of A at the set of values a,' ; 
this IS equivalent (p S4) to the statement 

1Z>(A + AA)— i)(A)|-+0 with |AA|. 

If B IS any point of 11 we have D{B) — D{BA-'^)D{A), and, AB being 
arbitrary we define A + AA, and hence AA, by the equation 

(7.9) (A + AA) =AB-'(B + aB); AA — AB->AB 
so that as C^B — » 0, AA — » 0. Then 

+ AB) — B(BA-‘)i?(A + AA) 

so that 

D{B + AB) —D(B) — D[BA-^)[D{A + AA) —D(A)) 

implying 7)(B + AB) — B(B) — > 0 with AB. In other words a repre- 
sentation r of -ff which is continuous at any one given point A of is 
continuous at each and every point B of H. The only discontinuous 
representations of II arc those which are everywhere discontinuous. In 
the derivation of this result no specific properties of H were used other 
than the fact that all A -j- A A defined by (7. 9) belong to iff if | AB | is 
sufficiently small We understand in what follows that all representations 
referred to are continuous 

If a 18 any real number the matrix 



IS a member of S and the collection (A (s) } is an Abelian subgroup £ 
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oi JB; it being evident that A (*)^ (t) — A(s -j- i) — A (t)A («). The 
collection of 8 X 2 matrices A (a) — CD IB a representation of this 
subgroup and hence its symmetrized Kroneeker «i-th power (p. 74) 



IS a representation of K. That this representation is non-analysable 
follows from the fact that the only matrices which commute with every 
matrix of [4 («)](»,) have all their characteristic numbers equal, it being 
at once clear, on developing the matrix equation 

[4 (s) ] (m)/* -=■ PfA (s ) ] (»i) 

that P must be a triangle matrix (i. e. a matrix with all elements above 
the mam diagonal zero) with all its diagonal elements equal We now 
show that any real conhnuous non-analysable representation, of dimen- 
sion m -f- 1, of ^ 18 equivalent to « an arbitrary real con- 

stant. To do this we denote the matrices of any such representation of 
K by F(s) so that F{s) has, for every s. only one characteristic number 
A(s) (p. 39) (since the collection {F(t)) is non-analysable and P(») 
commutes with every member of it). A(s) is a continuous function of 
the elements of F{s) and, hence, of a since the representation {P(s)} is 
assumed to be a continuous representation of K. Furthermore it satisfies 
the equation A(s -|- f) = A(s)A(t) since A(s)A(<) is a characteristic 
number of F{s)F{t) (p 44) and this product being =F(.s-l- t) has 
only one characteristic number, namely, A(s-|-<). Hence, (p. 32) 
A(s) — e“* where a is a real constant (A(s) = 5 ^ 0 since F{s) is non- 
singular). The quotient G{s) — F{a)/X(s) =F(s)e"®* furnishes again 
a representation of K and all the characteristic numbers of 0{a) are 
unity, every s, hence L{s) =— G{s) — Fm+i has all its characteristic 
numbers zero so that (Jl(s) )"*** — 0 . Denoting i(l) by C we have 
Qm*! =_ 0 so that, if n is any positive integer, the matrix 

-(-(”)o-H(n), say. 

Hence H{n)E{n') — H(n -j- n') if n, n' are any two positive integers. 
If a IS any real number the matrix 
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where 

/s\ s(a — l) (a — ; + l) 

\i) 

has all its elements polynomials of degree ^ m m s. Hence the equation 
H{s)H{t) — //(s+<) being valid for all positive integral values of 
s, t must be an identity, i e valid for all real values of s, t Continuing 
now with the argument of pp. 45-46, we find 0{s) = H{s), every real s', 
so that 

F{s) - + (j ) + + ( * ) 

If the constant matrix C were analysable the representation P(s) would, 
accordingly, be analysable contrary to hypothesis. Hence C must have 
only one elementary divisor of degree m + 1 (p 37) or, equivalently, 
C" ^ 0 Now a particular non-analysable representation of dimension 
m-f- 1 of Z IS furnished by F(s) = [4 («)](«.), for this representation 
a 0 BO that P{s) is necessarily of the type 

where 0=^F{1) — Em-n has but one elementary divisor i e. 

Hence C is equivalent to C implying F{s) equivalent to F{s)e''’. Any 
representation whatsoever of K, i. e. any collection of non-singular 
matrices M (s) for which 

itf (s)Jtf(<) — ilf(s -1- 0, 


being representable as a direct sum of non-analysable representations of 
K, it follows that, no matter what basis is chosen, the elements of M. (s) 
must all be of the form Spy (<)«“'* where the pj(<) are polynomials in / 
and the aj are constants. 


Denoting by T the 2 X ^ unimodular matrix (S 
transform of A(s) by T is A(a*s) 

(r X X ;)• 

( TO \ 

0 E J r IS a member of E) we have 


If, then T 
(7.10) 


T-^A{s)T — A{<s^s). 
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Let r be any representation of K and denote by M (a) the matrix of r 
which corresponds to the element il(s) of K, Then lf(s)3f(<) 

k 

>«“Jlf(s + f) so that M(s) IB of the form where the 

0 

are distinct constants and the elements of each of the matrices Bi{a), 
; •= 0, ,l are polynomials in s. If one of the is zero we separate 
it from the rest and write 

(7.11) ilf(s) ■=!?„(«) +2 («)«“'* 

1 

where the are distinct constants, none of which is zero, and where 
Ro(,s) is the zero matrix if none of the (so, Si, ,ak) vanish If N 
IS the matrix of r which corresponds to the element T of K the equation 
(7. 10) implies 

N-^M(s)N = Mi»^s) 

and on writing N~‘^Bi(s)N = Qt{s) this appears as 
(7.13) Qo(s) +ig>(s)e»i<«> =B„(a»s) + i5,(a»s)e-^i*. 


On choosing distinct from any of the ratios ocp/a^, p,q = l, ,k, 
the 2k numbers a„ «“«/ are all distmct and no one of them is zero. Now 
it IS clear that if «i^ and if P,(s), l\(s) aic any two polynomials 
in s an assumed relation Pi(«)e“>’ -j-P 2 (?)«’'»" ^0 implies Pi (a) =0, 
P 2 (s) =0 simply because e* never vanishes. In fact if Pi(s) = 7<^0 our 

M!) PM 


assumed relation yields . 


forcing 


Pr{a)’ P,(s) 

P 2 (s) and Pi (a) to be numerical constants (since if either is not a value 
of s could be found which would make it vanish) But this would force 
(ni — no) a to be constant contrary to the hypothesis It fol- 

lows that if Jii, no, fl, are three distinct numbers an assumed relation 
Pi(s)e">* + P 2 (s)e">* -f- Po(s) 0 “>* = 0, where the Pi,P 2 , Pa are poly- 
nomials in s, implies P](s)s0, P2(s)=0, P3(s)s0. In fact let 
kj.fcajfca be the degrees of Pi(s), P 2 (s), Ps(e), respectively, and set 
«2 — »i = a, Wa — «! = jff so that P 2 (.s)e“* -|- P»(s)e^ = — Pi(s). 
On differentiating this fci + 1 times we obtain {(P -|- a)*^*‘P 2 (s)}e®* 
-t- { (P -1- P)'^*'^Pa{s))e^‘ = 0, where P = d/ds, and the fact that 
implies {(P -|- «)'^*^P 2 (s)} ^ 0, {(P -|- /J)*^+*Pa(s)} s 0. But 
(P -J- cc)^*^P 2 (s) IS a pol 3 momial of which the term of highest degree 
is times the term of highest degree in P 2 (s) , hence P 2 (s)s 0 
(in which case Pi(s) = 0, P 2 (a) =0 since our assumed relation reduces 
to the two term relation Pi(s)0"'* -1- P 2 (s)e"** — 0) smce a^O. Pro- 
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ceeding in this way it follows that if »i, » 2 , , iiq are q numbers, no 

two of which are equal, an assumed relation of the type 

Pi(s)e"**+ +Pj(s)e"»* = 0 

where the Pi. , Pq are polynomials in s implies the identical vanish- 
ing of these polvnomials. This means, further, that an assumed relation 
Pi(s)e“i*-i- -f- = 0, where the P|, ,Rq are rational 

functions of ? implies the identical vanishing of each of these rational 
functions, for the rational functions can be written with a common 
denominator R,{s)=P,(s) — <j>{s) and the identical vanishing of 
P, (a) forces that of Ri(s), j = 1, ,q It follows, therefore, from 
(7. 12) that R, (a) = 0, ; = 1, , &, so that 

M{s) =P„(s) 

Hence the matrices of any contmuous repiesentation T of the unimodular 
n-dimensional group II aie such that the elements of those matrices of 
r which coriespond to the matrices j1(s) of H, a real, are rational func- 
tions of a, 1 e of the elements of -A (a) Starting with the 2X3 matrix 

4'(a) we may repeat the argument verbatim and we find 

that the elements ot those matrices of T which correspond to the 

matrices 



of II are rational functions of the elements of A''(a). Let now P be any 
n X « permutation matrix , since PP' = En, det P = ± 1 , we refer to 
those permutation matrices (or which det P = 1 as proper (those for 
which det 7’ = — 1 being termed improper) and observe that A'(s) is 
the transtorm of A(.s) by the improper permutation matrix 



Hence the transform of 4(s) by any permutation matrix, proper or im- 
propei, IS the transform of eithei or •4 '(a) b\ a proper peimutation 
matrix, i.e. by an element of II. Let then B{s) be the transform of 
by any permutation matrix so that either B{s) = P~^A{s)P or 
B{s) = P'‘^A'(s)P where P is a proper permutation matrix. If T is 
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the matrix of r which corresponds to P and N (s) the matrix of r which 
corresponds to B{s) we have either 

N{s)—K-^M(s)E or N(s) — E-^M^s)K 

so that, in either event, the elements of those matrices of r which corre- 
spond to the matrices B(s) oi H are rational functions of the elements 
of B(s) We now show that any element A oi H may be represented 
as the product of a number of matrices Si(si) Bq{sq), where the 
Si, , Sq are rational real functions of the elements of A , it follows 
from this result that the elements of those matrices of r which correspond 
to real elements of H are rational functions of the elements of the 
matrices oiH i. e every continuous representation of the real untmodular 
n-dimensional group is rational. 

We begin the proof of the theorem that any n-dimensional unimodular 
matrix may be factored in the form B,(s,) Bi,{sq) by remarking that 

this IB almost evident when n — 2 In fact let 4 ^ ^ ^ , ad — 6c — 1 

be any 2X3 unimodular matrix , then either a == 0 or o 0. If a — 0, 
c — — 6'^ and 


-G % -nil 0 

If a ^ 0 

"-G ^)=G»- Oil .°)G T)- 

and 

/a 0\ /I 0\/l — “SV 1 0\/l 8\ 

\0 oV V« l)\0 1 )\—a» lAo 1/ 


where «8 ■= (a — l)/a*, so that every 2X8 unimodular matrix may be 
presented as the product of matrices of the types -dCs) 


A'(s) 


■GO- 


<l 0’ 


where each s is a rational function of the elements of A. 


For n-dimensional unimodular matrices (n > 2) we use the method of 
mathematical induction; we assume the theorem true W matrices of 
dimension n — 1 and show that this assumption implies its validity for 
matrices of dimension n. Let, then, A be a unimodular matrix of 
dimension n and denote by A,’’ the cofactor of a,* in the expansion of 
detjl. Not all jin’" =-0,r = l, , n, since det 4 == 1 =54 0. IfAn" — 0 
we can transform A by means of a permutation matrix P: A—*B — P~^AP 
the permutation matrix P being so chosen that B»" ^ 0. If we can prove 
our factoring theorem for B it is certainly valid for A — PBP-'-, since 
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each PB{s)P~^ is a B{s). There is, accordingly, no lack of generality 
in assuming from the beginning that An* ^ 0 and we shall do this. Now 
the matrix A(«) is the matrix of the transformation: ar— where 
sxi + * 2 ; — Xj, i so that, for any fixed the matrix of 

the transformation x—*af where nfn — + ai, , x'* — a?*,, 1e=f^n, is of 

the type B{s). The product of the n — 1 matrices obtained m this way 
by giving ; the values 1, 2, , n — 1 is the matrix 

0 

where x* is the IX n — 1 matrix (s„ Similarly the uni- 

modular matrix where y is any real n — 1 X 1 matrix is a 

product of factors of the type B{s) (the s being, again, rational func- 
tions of the matrix which is being factored) Since the reciprocal of 
any B(s) is also a B(s) (being in fact B{ — s)) the reciprocals of the 

matrices » (^0 ' l) factorable as products of matrices 

J5(s). If we set y< = An^JAn* it is at once seen that 

^ (En-i pn-l 0 \ 

^ \ 0 1/ \X* 1/An*/ 

where iln-i is the matrix obtained from A by erasing its last row and 
column and x* is the 1 X « — 1 matrix formed by the first n — 1 ele- 
ments of the n-th row of A If we set (?*) = (*i, ,*»-i) where 

Zj = A,*/ An*, 1 = 1, , n — 1 the product 



where Bn-i is the n — 1 X « — 1 matrix obtained from iln-i by dividing 
its first row by An*- We have already seen that the 2X3 matrix 


? } IS the product of a set of factors /l(s) and this implies that 
0 1 / 0 / 

/An* 0 \ 

the n X n matrix ( En-z ) is the product of a set of factors 

\ 0 l/A-n*/ 


the product of a set of factors 


B{s). Also our induction hypothesis tells us that Bn-i is the product 
of a set of factors B{s) (of dimension n — 1). By addmg to each of 
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these a last row and column all of whose elements are zero save the 
diagonal element which is unity we obtain a set of factors B{s), of 


dimension n, whose product = 



Hence A is a product of a 


set of factors B(s) the s of each factor being a rational function of the 
elements of A. 

Having proven that every continuous representation of the real uni- 
modular n-dimensional group is rational we pass to a consideration of 
the continuous representations of the full uiiimodular group H If r 
IS any continuous representation of this group the matrices M (s) of T 
which correspond to the matrices A(s) (s now complex) of H satisfy, as 
before, the equation M(s)M(t) = M(s t) On setting s = Si + Mj, 
Si,S2 real, M(s) = lf(s,)itf(«2) = M(Si)N {'ij) where N{ii!) =M{^Si). 
Both M(si) and N(Si) satisfy the basic underlying equation F{s)F{i) 
— F{s-{- t) and every ll/(si) commutes with every A’^(s2). Hence (7 11) 


M{Si) =Ro(si) + 

Nis,) ^8o(s,) +%S)(s,)e^>“ 


from which it follows that 

ilf(s) =MMNis,)^To(su.i2) + 

where the elements of the matrices To, Tf are rational functions of the 
leal and imaginary parts s,, Sj of s. We obtain in precisely the same 
way as (7. 13) was obtained 

Qo{suSi) + r„(a%, aHo) 

But the relation j{s,, = 0, where no two of the numbers 

i 

«j or of the numbers are equal, and the Pj(si, Sj) are polynomials, 
implies each Pj(si, s,) sO, in fact on fixing So wp have (p 187) each 
Pj(s„ S2)e^i*i> = 0, every Si and this forces P, (si, *2) =0 every s, and 
every Ss since ^ 0. Hence S2) =0, ; = 1, 8, and 

M(.i) == ToisjySi) 

Hence every oontmuous representation r of the full unimodular group 
H 18 such that the elements of those matrices of T which correspond to 
the elements A (s) of H are rational functions of the real and imaginary 
parts of s. This implies, since each matrix A of H is factorable as a 
product of matrices B(s) where each s is a rational function of the ele- 
ments of A, that the elements of each matrix of r are rational functions 
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of the real and imaginary parts of the elements of A, Such representa- 
tions are termed semi-rational so that the principal theorem concemmg 
continuous representaticns of the unimodular group may be stated as 
follows: all conUnuoua representations of the unimodular group are 
semi-rational. 

Let x= {x/),y= (y,*") be the real and imaginary parts of the ele- 
ments a — (a,*’) of any matrix A of the n-dimensional unimodular group 
H. Then the elements of the matrix D{A) which correspond to m a 
semi-rational representation F of ^ are rational functions of x and y so 
that the basic representation property 

D{A^)D{A) =-D{A,A) 

IS expressed (on regarding Ai as fixed) by the vanishing of a set of 
polynomials m x,y Let <f>{x,y) be one of these polynomials so that 
<f)(x,y) =0 for all real values of x,y for which detil = l. Since 
det ^0 not all its eofactors vanish; let Aj'‘ be one of the non-vanishing 
cofactors so that xiJ,yk^ may be expressed as rational functions of the 
remaining variables x, y (since the equation det >4 = 1 may be written 
in the form OaMy“ = 1 giving =■ (1 — }‘^)/Af* where 2' means 

a a 

that the value a = is omitted). On substituting these values for 
Xk‘,yk> in the polynomial <t>{x,y) we obtain a polynomial ^(®', /) 
(where x' means the — 1 variables obtained from the n* variables x 
by omitting Xk^ and y' means the n* — 1 variables obtained from the n* 
variables y by omitting yt^) which must vanish for all real x', y' Hence 
it must vanish identically, i. e. for all complex x', yf. In other words 
^{x,y) must vanish for all those complex x,y for which det4 = l. 
When X, y are complex the numbers a/ = a:,’" -f %y,', 6/ = x,'' — ly,^ 
are independent (and not one the conjugate of the other as is the 
case when x, y are real) , in fact when a,’’, 6,’’ are arbitrarily given 

aj/ — ^(o,'" -j- 6,’’) , statement detjl = l is 

equivalent to ak> = R(x',y'), where R is a rational function of 
the 2n“ — 2 variables y, y' obtained bv omitting x^^, yk’, i e. to 

= P(a/,y') -f-/J(a;', — y'); yt< !?(*', y') —J?(a;', — y'), since 

ay IS a rational function, ivith real coefficients, of the remaining elements 
ay of A. A change in the sign of y' leaves x^ unaffected and changes 
the sign of y^ , when x, y are real this merely says that det A — 1 
implies det A •= 1. But when x, y are arbitrary complex numbers and 
we set ay = xy lyy, iy — xy — lyy we see that det A 1 implies 
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detB>-l. The elements of D(A), bemg rational functions of x,y 
{x, y real), are rational functions of a*' and A/ and ve indicate this by 
writing R(A,A) for D{A). We have seen, then, that the equation 
B{Ai,Ai)R{A, A) •^R{AiA, A^^A), assumed valid for all matrices A, Ai 
for which det •= 1, det •— 1 implies 

(7 13) R{A^,B^)R{A,B) =-R{A^A,BJB) 


for all matrices A, At, B, Bi for which det A — 1, det Ai = 1, det B — 1, 
detBi =“ 1 It follows by the reasonmg given on pp. 177-178 that the 
semi-rational representation R(A,A) of the unimodular group may be 
imbedded in a semi-rational integral representation of the full linear 
group. In fact any element of jB (. 4., S) is of the type ^,'■(4, B)/^(4., S) 
where the i/i,''(A, B) , <t>(A, B) are polynomial functions of the elements 
of A and B. If F, 0 are any two non-smgular matrices we set A = aF, 
B — RG where a" = (det F)-^, = (det F)-^, a and R bemg so chosen 

that « — 1, j8 “ 1 when det F — 1, det G — 1 On multiplying both 

</'.^(A,B) _ ,l„<'(aF,fiG) 
4>{A,B) <t,{aF,fiG) 

n-1 n-i 

by n n Re‘'^*'‘^’'G) the denominator appears as a rational 

1=1 4=1 

function of the elements of F and Q so that R{A,B) =R{(xF,pG) 
IS of the form 

R(A,B) -2 G)xfp\ 

iUu 


numerator and denominator of the fraction 


the elements of the matrices Tjjc bemg rational functions of the elements 
of F, G On substituting this exprrasion in (7. 13) we obtain 


2 

1=0 4-0 

y=0 k^o p=o q~o 

On holding Fj, O,, G tixed we find as on p 178 that this must be an 
identity in a : 




tl-1 





n-l 


2 TM, G'i)«i'/3i»}{2 TM 0)^). 


Holding Fi, Gi fixed this must be an identity, for each p, in ^ ' 


71-1 7J-1 


T„(F,F, ff.(7)«,*>)8x'> - T„{F, G) {2 2 T|,t{F^, Gx)«iW}. 

/so fc=0 
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From this we denye 


T^{F^F, OrG) - TM, 0,)T^{F, 0) 

0 — T]ic(,Fi, 0-i)T„{F, O) if either j^p or q^Tc 

fl -1 «-l 

and these imply that T{F, 0) = 2 2 Tsk{F, 0) satisfies the equation 

/so |c=0 

(7. 14) T{F,F, 0,0) — T{F„ 0,)TiF, 0) 

so that T(F, P) IS a semi-rational representation of the full linear group 
m which the representation T of the unimodular group is imbedded. 

For when det F — 1, « — 1 and B(A, ^) = 2 2 Tjk{F, F)aici* 

n-l 11-1 

—■2 ^Tjk{F,P) — T(F,P) Agam, by the reasoning of pp. 33-34, 

/=0 A-O 

the semi-rational representation T(F,P) of the full linear group is 

P(F P) 

necessarily of the form T(F,P) = Ji’)i ' (d et7)^ ' non-negative 

integers where P{F,P) is a semi-rational integral representation of the 
full linear group (i e. the elements of P{F,P) are polynomial functions 
of the real and imaginary parts of the elements of F) . In fact ii<i>{F,0) 
denotes the lowest common denominator of the elements ot T{F, 0) we 

write T{F, O) "= where the elements of P(F, 0) and <I>(F, 0) 

ipyjf f ir ) 

have no common factor and where <I>(F, O) may be supposed normalised 
by the condition — 1. From (7. 14) we read off 

P(F,F,0 0) P(F„G,) P{F,G) 

,t,(F,F,0,G) H^uO,) <t>iF,G) 

or, equivalently, 

4,(F,F, 0,0)P(F, 0)—4,(F, 0) ■=4‘{F„ 0,)P-^[F„ G,)P(F,F, 0,0). 

Since the elements of the matrix on the right are polynomials in the 
elements of F and 0 {F,. 0, being held fixed) the elements of the matrix 
on the left must be polynomials m the elements of F and O But the 
elements of P{F,G) and q>{F,0) have no factor in common and so 
q>{F,G) must divide q>{FiF,OiO). Since these are both polynomials, 
of the same degree, m the elements of F and O the quotient must be a 
numerical constant whose value is found to be tl>(P,,Gi) (on setting 
F-=0 = En). Hence 

(7. 16) <i>{F,F, 0x0) Ox)4‘{F, 0) 

13 
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implTing, from (7. 16) 

(7. 17) P(F^F, 0,0) =P(Fu 0,)P{F, 0). 

Now it follows from (7 16) that (f>{F,En) is a rational integral one- 
dimensional representation of the full linear group , for 

<l>{FiF,En) ^ <fi{F,y En)4*i^F, En) and fj>{Enj E-n) =1. 


Hence, p. 33, <l>{F,En) = (det^')^, / a non-negative integer Simi- 
larly 4>(.Fn, 0) = (det 0)'', I B. non-negative integer. However it follows 
from (7.16) that <I>(F, En)<f)(En, O) = <I>(,F, G) so that 


(7. 18) 
Hence 


<t,(F,0) = (AetF)i (detff)*. 


T{F, G) 


PjP, O) 

(detF)>{AetG)'‘ 


where P(F,P) is, by (7 17), a semi-rational integral representation of 
the full linear group. When det^’™!, wc have P{F,P) = T{F,P) 
= li(F,P) In other words any semi-rational representation of the 
unimodular group (i e any contvtmom, representation of the unimodular 
group) may be imbedded in a semi-rational integral representation of 
the full linear group We have in fact proved more if R{A,A) is any 
continuous representation of the unimodular group theie exists aP{F,G), 
defined for all pairs of elements F, G of the full linear group, whose 
elements are polynomials in the elements of F, G, and which satisfies 


(7. 19) P{F„ 0,)P{F, 0) = P{F,F, G,0) , 

furthermore P{A, A) = R{A,A), A any element of the unimodular 
group It follows at once from (7 19) that P{F,En) is a intional 
integral repiesentation of the full linear group as also is P{E„, Q) 
Hence P(E„,G) is, if reducible, completely reducible 

P(En,G)^-^(E,,XMt{G)) 

i 

where {Mj{G)} is an irreducible rational integral representation of 
the full linear group which is contained in G) c, times Since 

P(E„, G)P(F,En) = P(F,En)P{En, G) = P{F, G), P{F, E„), being 
commutative with every matrix of the representation P{En,0) is of the 
form (p. 104) 

P{F,E,y) = '^{N,{F) XE,y) 

where dj is the dimension of the irreducible representation Mj{G) of the 
lull linear group and Ni{F) is of dimension c, Since Nj{F) X En, 
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maybe transformed by means of a permutation matrix into Eg, X 
Nj(F) IS a representation of the full linear group which is contained in 
P(F, En) dj times. For each value of ] the Kronecker product 
Ec, 'X,Mj{0) 18 commutative with the Kronecker product Nj{F) X E^, : 

(Er,XMi{G)){N,(F)XEi,) 

-= {Ni{F)XM,{G)) = {N,{F) XE^,){E.,XM,{G)) 

If Nj{F) IS reducible we write N,{F) ='^ (Ec, „X M)e{F)) where 

k 

Mk[F) IS an irreducible representation of the full linear group and then 
N,(F) X M,{G) X Mk{F) X M,(G) 

l.k 

Hence 

P{F,G) = ^(N,{F) XM,{G)) {Mk{F) XM,{G)) 

1 ).k 

so that the semi-iational representation P(F,P) of the full linear group 
appeals as the sum ot representations Mk(F) X where the M,{F) 

are iiredudble rational integral repieseiitations ot the full linear gioup. 
If P(F,P) IS not analj sable it must accordingly be siiiiph a Kroiierker 
product Mk(F) X and the irreducihility of Mi(F), Mj(P) im- 
plies that ot the Kronecker pioduct Mk(F) X T*' faft if 

JI/i(F) X were ledueilile this would imply, by the aigument of 

p. 191, the reducihility of ilfit(F) X Jd>(G), i c. the vanishing of the set 
of products {Mk{F))/(M,{G)),/’ where (s,?) luns over the first t ot 
the jiairs of this type and (i,p) runs over the remaining didj — / of 
these pairs If all the (3/i(F)),'' were aero the representation {J/);,(F)} 
ot the full linear group would be reducible contrary to hypothesis , since 
one ot the {Mt (F) ) ^ 0 it follows that all the (JJj(G) ),p = 0 i c. 
that {Jf, (0)} is icducible contiarv to hypothesis Hence the final 
principal theorem on continuous representations ot the full unimodular 
group* every non-analy sable conlinuous represenlahoii of the full um- 
modular group ts irreducible and is imbedded in Mk(F) X ^^i{P) where 
Mk{F), Mj{F) are irieducible rational integral ie presentations of the 
full linear group Every reducible continuous representation of the 
unimodular group is andlysdble into a sum of non-analysable representa- 
tions Mk{A) X ^i{A). 

It follows, by a repetition of the argument on pp 180-183 that every 
continuous representation of the extended unimodular group is either 
irreducible or analysable into a sum of irreducible representations; each 
irreducible representation belonging to one of two types F', r"* If (7 
IS anv element of the extended unimodular group r' = {3/^(0 X 3/j (C) } 
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whilst r"— (detC. X In other words the irreducible 

rational integral representations of the full linear group are sufficient to 
construct aU continuous representations of (a) the real unimodular group 
(b) the extended real unimodular group (c) the full unimodular group 
and (d) the extended full unimodular group, and all reducible con- 
tinuous representations of these groups are analysable (= completely 
reducible). 

4. The continuous representations of the real linear group and of 
the full linear group. 

If B IS any element oi the real linear group of dimension n we denote 
by r(B) the positive n-th root of the absolute value of detS 

r(B) = I det B [V* 

and by R{B) the associated scalar matrix 

R(B)=r(B)En 


Then B = R(B)C{B) where detC(B) = ±l so that C{B) is an 
element of the extended, real, unimodular group. If r= {J?(B)} is a 
non-analysablo contmuouh representation of the real linear group the 
subset of r obtained by letting B run over the extended unimodular group 
(so that r(B) =» 1, B(B) — B*, C(B) =B) constitutes a continuous 
representation r, of the extended real unimodular group H' This repre- 
sentation (obtained from T by the principle of selection) of H' is semi- 
rational and, if reducible, completely reducible Again when B is a 
scalar matrix 0(B) ~= ± En,R(B) = ± B, as B runs over the group 
of positively definite scalar matrices the corresponding elements of r 
constitute a representation Tj of the group of positively definite scalar 
matrices Since a scalar matrix commutes with any matrix of the same 
dimension any element of r. commutes with any element of r, and the 
relation B — B(B)C{B) tells us that any element of r is the product of 
an element of Ti hy an element of Tj Let X he a typieal element of 
Ti BO that, if Tj IS reducible, X = Xi -j- A’lt Then any 

element F of T commuting, as it does, with X will be analysable (p. 181) 
unless all the A',, Z-, .Zjt are equivalent, but the analysability of 
Pj <= {F} would force that of r whose typical matrix is of the type 
FZ =■ ZF and as this is contrary to hypothesis all X ) must be equivalent 


and we may write 


Z = Ek X Z] , 


the commutativity of F and X (together with the irreducibility of {Zi}) 
forcing 
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where is a X ^ matruc and di is the dimensionality of Z^. Hence 
the matrices of any non-analysable continuous representation of the real 
linear group are necessarily of the form 

XY = (Et X Zx) (Zx X E^) = Zx X Zx. 

Since Zx X Zx is a block matrix of the type (Zi)ji’‘Zx the Kroneeker 
product Zx X Zx would certainly be analysable if Zx were analysable. 
Dropping the subscript 1 as now useless we may state tbis preliminary 
result as follows • 


Any non-analysable continuous representation of the real linear group 
of dimension n is necessarily of the form {Z X Z} where {Z} is an 
irreducible continuous (hence rational) representation of the extended 
real unimodular group and {Z) ts a non-analysable continuous repre- 
sentatvon of the group of positively definite scalar matrices of dimension n. 

Conversely any such Kroneeker product {Z X Z} constitutes a non- 
analysable representation of the real linear group That it constitutes 
a representation is evident since if B — r(B) =r{Bi)r(Bi), 

R{B) = so that Z(B) = Z(B,)Z(Bx) , 0(B) =B-*(B)B 

= C(Bi)0(B,) so that Z(B) == Z(Bi)Z(Bj) Hence (Z(B,) 
X Z(B.)) (Z(Bx) X Z(B.)) = (Z(Bx)Z(Bx) X X(B^)X(B,)) 
=— Z(B) X Z(B). What we have to show is that the representation 
{ZXZ} IS non-analyeable when {Z} is irreducible and {Z} non- 
analysable To do this let rEn, r > 0 be a typical element of the group 
of positively definite scalar matrices of dimension n and let Z (r) be the 
matrix of the non-analysable representation Fj which corresponds to the 
matrix rE„ Then Y(r)Y(s) =Y(rs) and on setting r = ^, s — e®', 
Z(r) =Z(p) we find 

Z(p) Z(<r)=Z{p + a) 

where the elements of Z(p) are continuous functions of p (since the 
elements of Z (r) = Z (p) are continuous functions of r = e®) The 
non-analysability and continuity of Z(p) tell us that Z(p) is presentable 
in a properly chosen basis m the form (p 185) 

Z(p) = [l(p)](„,e®o; m = 0,l,3. 


where Fx is of dimension dx = ot -|- 1, « is an arbitrary constant, and 
A(p)~ CO . Now ZXZ appears, when written in block form as 


ya’'X where y,’’ •= 0, r > s, y,'=^r^ every s (3. 4). It is sufficient to 
illustrate the rest of the discussion by the case where Z is of dimension 
three so that 
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0 0 \ 
rXX-ly^‘X y^X 0 J 
\y,‘‘X y,oX y,^x) 

fr^ P.H 

Let P= \Pi^ Pi" Pa® I where each P,' is a square matrix of the 
\P^^ Pa» Pa*/ 

same dimension as X and let us express the fact that P commutes with 
Y XX. We obtain a set of equations of which one is yi^XPa^ = ys^P^X , 
since ya® = yi* this yields A'Pa* = Pa‘X and the irreducihility of X tells 
us that Pa^ IS a scalar matrix P,' = p,^Ed,. On equating the elements 
in the second (block) low and third (block) column of P (F X X) 
and of (F X X) P we find that Pa'X — XPa“ is a scalar multiple of 

X, say aX, where a = ~pa^ = pp^. Since P^-X — XPs® is inde- 

pendent of p we must have pa’ = 0, Pa® -= pa^-Pdi Similarly, on equat- 
ing the elements in the third row and column (block) we find pa‘ = 0, 
Pa'" — pa’Pa, Proceeding then to the elements in the second column 
we find first Pa == Pa‘P</, , then p^ = 0, Pj® == pa'Pa, , then pa® = pa. 
Pa® = pa'Ed^. Proceeding in this way we find that P, in order to 
commute with all the matrices F X X must be of the form 

P = QXEd, 

where § is a triangular matrix which commutes with all the matrices F , 
in other words Q has all its characteristic numbers equal. Since Q X E,i, 
18 transformable, by means of a permutation matrix, into E\ X Q, this 
means that P has all its characteristic numbers equal Hence (F X X} 
IS non-analysable. On setting p = log r we have 

F(r) = \A (logr)],„,r-. 

«)(s l)(o = A (s) IS presentable in the 

form J^(a®s) by a mere change of basis. Hence F(r) may be presented 
m the form [A (n log r)](m,r“ 

= [it (log I detS !)](»,) I detS |®/". 

Since a IS an arbitrary constant there is no point in writing a/n and 
we may state the result just obtained as follows’ 

Each non-analysable continuous representation of the real linear group 
IS of the form 

{l^et®l‘[(log|detB| 


XX} 
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where {X} ts an irreducible continuous representation of the extended 
real untmodular group. The representation of the extended real 
unimodular group may be imbedded m an irreducible rational mtegral 
representation of the full linear gioup, denoting the matrices of this 
representation by P{F), where F is any element of the full linear group, 
we have X =—P{ A) where A is any element of the extended real uni- 
modular grouj) It B is any element of the real linear group A — \ det B \ 

B 18 an element of the extended real unimodular group so that 

-Y = P( I det B 5) = 1 det B P(B) 

where q is the degree of the, necessarily homogeneous, irreducible rational 
integral rejiresentation {P(F)] of the full linear group. On absorbing 
g/n in tbe arbitrary lonstant a we bd\e our mam lesult 

Each non-analysable continuous representation of the real linear group 
IS of the form, 

<”0) i-w-i^si-CGogidrtii 

where {P{F)) ts an irreducible lational integral repi esentahon of the 
full linear gioup, and, coni ersely, each such Kronecker product furnishes 
a non-analysable continuous repi esentahon of the real linear group 
If the representation is not only non-analysable but irreducible we must 
have m ■= 0 , thus, for example, if m = 1 

P{B) 0 

log|detB|B(B) P{B) 

which IB reducible (and reduced) Hence not eveiy non-analysable con- 
tinuous representation of the real linear group is irreducible Wo have 
proved that 

Each irteducible continuous representation of the real linear group is 
of the form 

V{B) = I detBl»F(B) 

where {P{F ) } ts an irreducible rational integral representation of degree 
q of the full linear group Hence D(B) is a homogeneous function of B 
of degree g -f- a 

In order that two irreducible continuous representations P, T of the 
real linear group be similar it is, then, necessary that {P{F)) be equiva- 
lent to {P{F ) } so that q — q- 

The corresponding theorems for continuous representations of the full 
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lineai group follow at once. Let F be any element of the full linear 
group and set det F — | det F , then the matrix A defined by the 
equation 

F— I det P |i/« e**/« ^ 

IS unimodular and any matrix D{F) of a representation of the full 
linear group is the pioduet of a matrix F of a representation (determined 
by the selection principle), of the group of all positively definite scalar 
matrices, by a matrix .Z of a repiesentation of the group of all scalar 
matrices of the type e**''" En, by a matrix .JT of a representation of the 
unimodular group. The matrices Y are of the same foim as before . 



whilst the matrices 2 satisfy the equation 




Since they must be periodic (with period 2ir) the m for them must be 


zero (since for any other m some of the elements of 



are 


non-penodic, being non-constant polynomials). Hence Z(6) 
integral. Since any irreducible contmuous representation (A'} of the 
unimodular group may be imbedded in a semi-rational representation 
X PitiP) of the full linear group we have the principal theorem. 

Each non-analysable continuous representation of the full linear group 
of dimension n is of the form 


i)(P) - 1 a.iP I-..*. [(,^^ 1 J)] _ X p,(P) X P.(P) 

where 6 — argdetF, 0:^fl<2ir, a is any complex constant, /8, m 
= 0, 1, 2, , and P,(F), Pk{F) are irreducible (hence homogeneous) 

rational integral representations of the full linear group. The converse 
IB true save that an additional condition is imposed on y3 , we must have 
-^here = arg det(FiFz) If fl, = i. e. if 

det Pi = det J'z => — 1 it follows that 0 = 0 since det F=l, hence 
gSTis/n 1 go that j8 must be a multiple of n Hence 
Each non-analysable continuous representation of the full linear group 
IS of the form 

P(P)-|dep|-.- J)]^_XP,(P)XP,(P) 

where 0 = argdetF, 0^tf<2ir, a is any complete constant-, v,m 
= 0, 1, 2, ; and Pj{F), Pk{F) are irreducible {hence homogeneous) 
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rational integral representations of the full linear group. And, con- 
versely, each such representation of the full linear group is non-analysable. 

In order that a non-analysable continuous representation of the full 
linear group be irreducible we must have m = 0 , so that not every non- 
analysable continuous representation of the full linear group is irreducible . 

Each irreducible continuous representation of the full linear group « 
of the form 

D(F) — I detF \‘e*‘^Pi(F) X Pk(P) 

where 0 — arg detF, 0 < < 2^ , a ts any complex constant, v — 0, 1, 2, , 
and P](F), Fji(F) are irreducible (hence homogeneous) rational integral 
representations of the full linear group and, conversely, each such repre- 
sentation is irreducible Two such irreducible representations r, T are 
equivalent only when (Pj (F) X Ph(P) } is equivalent to (Pj (F) X Ft (F) } , 
since this implies, by the argument of p. 191 the equivalence of 
{Pj (F) X a ( G) } and {Pj (F) X Pfc( <?) } it implies (on setting Q = E„) 
the equivalence of Pj(F) and P](F) and, similarly, the equivalence of 
Pic (F) and Pt (F) In particular the degrees of homogeneity of {P, (F) } 
and {Pj(F)} and of {Pt(F)} and {P*(F)} must be the same. 



CHAPTER EIGHT 


GROUP INTEGRATION 

In this chapter we shall introduce, by first considering the n-dimensional 
real linear group, the concept of group-integration and shall obtain ex- 
pressions for the volume element of the full linear group and of its more 
important subgroups (with the exception of the orthogonal group which 
IB treated in the following chapter) 

1. The volume element of the real linear group. 

Each element X, F, Z, of the n-dimensional real linear group 0 
IS an n X « non-singular matrix The elements of these matrices 
run, independently of each other, over the set of real numbers (the only 
condition being that the determinant of each matrix shall not vanish). 
We express tins fact by the statement that Q is an n^-parametcr con- 
tinuous group We regard the parameters (i e. the n- elements of 
any matrix of (}) as the components of a vector m an n“-dimcnsional 
“ parameter space ” and to indicate this we denote by ai'''' the element 
xf in the p-tli low and (j'-th column of X, in other words we regard the 
n-' quantities a-/ as the elements of an n- X 1 matrix rather than the 
elements of an n X « matrix Let A be a fixed matrix of G and consider 
the left translation of 0 whuh is induced by A 

(8.1) X^y = AZ. 

This equation is equivalent to the n® equations yuf = oJxk'^ or, 
equivalently, 

( 8 . 2 ) 

so that the left-translation (8 1) of 0 induces iii the n®-dimensional 
parameter space a linear transformation whose matrix is 

(8.3) F{A) -^AXEn. 

These linear transformations of the parameter space furnish a repre- 
sentation of G 

F(B)F(A) -^iBX E,) U X En) = 5A X = F{BA) 

F{E^) =EnXEn = E„‘, F(A-^)F(A) =F{E„) =E„>. 

Let us now consider an arbitrary non-singular n® X matrix. Its 
columns may be regarded as n® linearly independent vectors m the para- 
metric space and on multiplying the matrix by F{X~'-) —F~^(X) we 
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obtain, for each element X of G, a new non-singular matrix, i e. a new 
set of linearly independent vectors of the parametric space. Denoting 
this non-singular n* X matrix, which is thus associated with the ele- 
ment X of G, by V (Z) so that the ongmal, arbitrarily chosen, matrix 
IB V(En) we have 
(8 4) y(Z) 

Under the left translation (8 1) of 6, V(X) — » U(F) where 

V(Y) =F-'(Y)F(X)V(X) 

^F-^(YX-^)V(X) ^F-HA)V{X). 

It IS clear, moreovei, from (8.2) that the Jacobian determinant of the 
transformation from the n- variables (*) == (a:**, , a:”") to the n® 

variables (y) = (y*‘, j^"") is det^j^ = det2<’(.(l) 

so that 

(8 5) d(y) =detF(A)d(x) 

Hence 

det7(r) d(y)— detF-‘(^)dety(Z) detZ(yl)d(a:) ==det 7(Z)d(a:) 

In otliei words the product det7(Z)d(a:) i» invariant under all left 
translations of the grouji G If, then, we consider any bounded n*- 
dimensional region li of the n'^-dimensioiial parametric space and if this 
IS sent b-s the non-singular linear transformation F(A) of this space 
into the n--dmicnhioiial legioii of the parametric space, and if <t>{X) 
lb aiiv continuous tuiiction defined over G then the integral 

!«(<!>)= f <^(Z)det7(Z)cf(ai) 

J It 

has the same value as the integral of the function ^i-'(Z) 

= <^(.1 ‘A’) oier the legion (We ashume the region R to be con- 
nected, 1 e. that any two points of it may be joined by a continuous 
curve, then the continuous function ietV{x)d{x) preserves its sign 
over R since it cannot vanish). In fact 

Ie,i (<#>!->) = f <^i-'(U) det7(r)d(y) = f <I>a-'{AX) det7(Z)d(ir) 

J R 

=. f <t,{A-^ AZ) det7(Z)cf(a:) -= f .f.(Z) det 7(Z)cf(®). 
•Jr Jr 

It IS convenient to normalise matters by choosing V{En)=E»' so 
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that, from (8.4), F(Z)— and the invariant product &r 
sdet F(a:)d(a;) is 

(8.6) dr — detP-‘(-i’)<i(®)- 


We refer to dr as the element of volume of 0. 

Since F{X) —XY,E% it may be transformed, by means of a per- 
mutation matrix into En'X.X so that detF(Z) — (detZ')“. Hence 
the element of volume of the n-dimensional real linear group is 


(8.7) 


dr 


d(x) 

(detZ)"‘ 


It IB evident that a similar argument may be carried through for the 
right-translations of 0: 

(8.8) X^T — XA. 


From this equation we read == i. e. 

yl* = -riofl*;* — 


so that the Imear transformation of the n*-dimensional parametric space 
which 18 induced by the right translation (8 8) of G has for its matrix 

(8. 9) K{A) ^EnY, A', A' the transposed of A, 

On setting W(Z) =^K-^{X) = Z, X = {A-^Y we have det W{X) 
■= det Z"' (Z) = {detZ(Z)}~^ whilst d{y) ■=detZ(A) d{x) so lhat 
detW(F) (i(y) = {detZ(F))"' detZ(A)d(a;) Now it follows from 
(8. 9) that 

K{BA) - F, X A'W = {E„ X A'} (F, X B') = K{A)K[B) 
Z(Z„) 

so that, in particular, Z(j1~’) = K''-{A). Hence {detZ(F)}'‘ 
— det K ( F”* ) so that 

det W(F)(i(y) — detZ(F-i) detZ(A)d(x) — det Z(F-‘)Z(il)d(®) 
= det Z(^F-‘) d(x) = det Z(Z-»)d(a) ^ 

= detZ-*(Z)(f(x) =detW(Z)i(x). 

If, then, R is an fi“-dimensional region of our parametric space which is 
sent by the non-singular linear transformation K{A) (induced by the 
right translation (8 8) of G) into the n*-dimensional region Ra we 
have by the same reasonmg as before 
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In this foimula ^ is any continuous function of X defined over Gt and 
is the continuous function of X defined by 

<^V*(Z) = 4>iXA-^). 

We have, then, apparently two elements of volume of G one of which, 
namely det P~^{X)d{x), is suitable for left translations of G whilst the 
other, namely det Z'''(X)d(a:) is suitable for right translations of G 
But they are not distinct, simply because det X' — det X In fact 
detJS'(Z) = det(Z, X X') = (detZ')* = (detZ)- — detZ(Z). 

d{x) 


Hence the group element of volume dr = 


(detZ)" 


has the properties 


(8.10) C <f>{A''^X)dT — C ^(Z)dT=“ C ^(XA~^)d-r, every A, 

a' Rj{ 4./ R a.' R*jI 

where Ra, R^a denote, respectively, the regions of the ^^-dimensional 
parametric space into which R is sent by the left translation (8. 1) and 
the right translation (8. 8) of 0. When i^(Z) = 1 we may express the 
result of (8 10) by saying that the volume of Ra equals that of R which 
also equals that of R'a , in other words the volume element of the para- 
metric space has been so defined that the right and left translations of 
G induce volume preseivwg transformations of the parametric space. 

On observing that detZ(jl) is the Jacobian determinant det^T^^- 

d{x) 

where Y — AX whilst detZ(4) is the Jacobian determinant det— 

o\x) 

where Y == XA we obtain, on differentiating with respect to (s) the 
identity En = ZZ'^ 

0 = Z(Z-i) -f F{X) 


or, equivalently, 

( 8 . 11 ) 


d{x-^) 


d[x) 


d(x) 


■F-*(Z)Z-‘(Z) 


where (x~^) denotes the point of the parametric space which corresponds 
to Z’’ From this matrix equation we obtam 

det Z-' {X)d{x) det Z* (Z-») d (s-> ) 

so that if R IS sent by the inversion Z —* Z‘* into if"* and if we denote 
by 4>-iiX) the function i^>(A'"‘) then 

f <|>-^{X)dr~^(—)-fH^)dr 
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In fact r C detF~^{X)d{x) 

Jr 

«= (— )"* detr-‘(^)<i(a;) 

= (-!)« r ^(X)dr. 

Jr 

Hence, in particular, not only are volumes preserved under right and left 
translations of G hut they are aho preserved (save possibly in sign) 
under inversions of G. 

It 18 important to observe that the element of volume dr = 

of the real n-dimensional linear group G is a class function. In fact if 
X, Y belong to the same class of G we have Y = A'^XA so that 
det Y = det A’. The trnnslormation ol G defined by 

X-^Y = AXA-', A fixed 


IS a one to one correspondence of the elements ol G with the elements of 
G with the projierties Eu E„ , X, —* 1',, A '2 — > 1 j imply A'iAr 2 — » Fil' 2 - 
It IS termed an automorphism of G. This automorphism ot G, induced 
by A, may be legarded as the result ol ftisi jieiloiming the left traiis- 
latioii A —*Z = AX and thru performing the right translation Z — > F 
= Hence the automorphism of G induces a linear transfoimation 

in the parainetiic space whose matiix is 

11(A) = (E„ X -T) (A X /?») = (A XA), A = (A-^)' 

The matrices 11(A) lurinsh an n--diraeiisional representation of G and 
their deteiniiiiaiits fuinisli the identity representation of G In lact 

detH(.4) = det(B„ X*I) det(A X = {det(y4'„ X A') det ^’(A) 
= {det /v (.'I ) }-> det F(A) = 1 

The representation ot G which is furnished by the matiicPs 

(8.12) B(A)=>(E„XA)(AXF„) 

= /i-'(A)F(A) = (A XA), A= (A-')' 

IB known as the adjoint representation of G, its characters are given by 

(8 13) xiA)^Tr(A)Tr(A-^). 

The fact that the element of volume is a class function makes it easier 
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to perform the mtegration over R in terms of other coordmates than the 
elements {x/) of A'. If X is any n X « matrix its characteristic vectors 
V are defined by the equation 
(8. 14) Xv ■= X.V 

If X IS such that its cliaracteristic vectors v span the n-dimensional 
earner space oJ X tlie » characteiistic vectors Vi, ,v„ may be regarded 
as the columns ot ,i uon-singular matrix V and then (8. 14) may be 
presented in the form 

XV— V\, v-^xv = & 

where A is the « X « diagonal matrix whose diagonal elements are the 
characteristic numbers (Ai, ,Xn) of X We may suppose these char- 
acteristic vectors iioimalised by the c-ondition that they are all of unit 
magnitude, or, li none of the diagonal elements ot V is zero, we may 
make the normalization (whieh is more convenient for us) that these 
diagonal clenicnla aie all unity 11 two or more of the diagonal elements 
of A, 1 e of the (luiacteiistic numbers of .A, are equal V is not de- 
toi minute so we shall define our new coordinates only foi a “geneiic” 
element A ol (}, i e ioi an element whose chaincteristic numbers are 
all distinct (it being certain then that the chaiactenstic vectors of X 
spun the entire catiier space ot A . lor an assumed relation r®!'® = 0 
would yic'ld In lejieated operation on it with A the equations <f^Xj‘Va — 0, 
/i=0, 1, ,11 — 1. Taking the y-th components of each of these 

vector equations we would lia\e a svstem ot n honiogeiieous equations 
whose deteiiniiiaiit, being the Vandermonde deterniiiiaiit with value 
A(A) = ri (Aji — K), ^ 0 Hence c‘iV = 0 every fc, ; , but, for a given 

h , not all vjs? = 0 so that c* = 0) With eveiy generic element A' of 0, 
then, there is assoeiated a diagonal matiix A, uniquely defined sale for 
transtormat ions by all ailntrary permulation matiix, and a matrix V 
(uniquely defined when A is chosen) whose diagonal elements we shall 
suppose to be unity Then we adopt as oui n‘- coordinates of the point x 
of A’ the 11 diagonal clemoiits of A and the n- — « non-diagonal ele- 
ments of T' 

= ^ — p=^q 

The characteristic niimbeis A, and the associated characteristic vectors v, 
will not, in general, be real If a characteristic number A is real the 
associated characteristic vector, defined by Xv = \v, may be taken to be 
real On the other hand if a characteristic vector Ai = /* + *v is not 
real the associated characteristic vector r, — u -{- tw cannot be real since 
X is real Then A' will have the pair of conjugate complex characteristic 
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□umbeTB Xi — As — /» — tv and the associated pair of char- 

acteristic vectors Vi «— w + tmd Vs “ n — w. We take, then, as our 
real coordinates for the point z of JS the numbers (ju, v) etc., and the 
vectors {u,w) etc. and the volume element as calculated for the coordi- 
nates i »— (A, v) will be multiplied by a mere constant when the co- 
ordinates are (/t, v, u, w) In fact 


As) 
0(/t, v) 




whilst 


8(1)1“, 02^, t>i°, VzS 
8(tt*, «)*, to*. 


_) 

) 


(— 2t)»-* 


so that the volume element as calculated below for the complex coordi- 
nates f must be multiplied by ( — 2t)*", where h is the number of pairs 
of conjugate complex characteristic numbers A, to yield the volume 
element for the real coordinates {^, v, ti, to). It may be observed that 
whilst ttj has been normalised so that its ;-th component is unity Wj has 
been normalised so that its j-th component is zero 

The Jacobian of the transformation from the parameters x to 

8(t) 

the coordinates ( is readily calculated. From the relation X == FAF'* 

we read l 7 r 7 ‘='^(^) = F X F so that the elements of which 
0(A) 0(t) 

correspond to the (p, p) column are the elements in the (p, p) column 

of F X F On differentiating the equation X = FaF‘* with respect to 

holding A fixed, we find 


8(g) 

9 ( 0 ) 


-Jf(AF-‘)+F(FA)^ 

=-£-(AF-‘) — F(FA)F(F-*)Z(F-*), by (8 11), 
- (F„X fa)— {(FAF-*) X F) 

= (F X F) [(F-‘ X A) — (aF-^ X i’«)] 


We need only the determinant of and this is the same as the de- 
d(z) 

tenninant of where Z -= Fo"*A Fo the constant matrix Fo com- 

8(z) 

ciding with F at the point wheie is being evaluated. Since 

=- Fo‘* X F'o (by 8 13) it follows that 

0(z) 

= the rs. pp element of , 

= the rs, pq element of (F-* X A) — (AF’i X -Bn) 


Denoting, for a moment, bv U tlie matrix F"' the rs, pq element of 
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(F-‘ X A) — (A 7 "‘ X ^n) 18 — Ar)V SO that the matrix 

18 the direct sum of » » X « matrices of which the j-th has for its 
(r, p) element' 

“ Up^^Xq — Ar) J p ^ ““ Sj*'. 


The determinant of this matrix — II (A, — Ar) U,® where UJ‘ is the 

cofactor of in the expansion of det U. Since U is the reciprocal of V 
If,® = det =” det 17 = (det F)‘i (since we have supposed V nor- 
malised by the condition that its diagonal elements should be unity 1. 

Hence the Jacobian determinant or equivalently the Jacobian 

determinant has the value 
0V«) 


(_)n(»-i )/2 {A(A)}=‘ — (det F)' 


A(A) — n (A, — A,) 

p<« 


Since det JF ”= det A = AiAj An it follows from (8 7) that the ele- 
ment of volume of the group, when expressed in terms of the parameters 

€ IS 

(8.16) (—)-<““>/= [{A (A)}*— (AxA, A»)»(detF)«]i(^). 


2. The volume element of subgroups of the real linear group. 

The matrices Z of a subgroup 3 of the real linear group of dimension 
n will generally depend on r <i parameters. Thus the group of all 
real orthogonal matrices consists of the matrices 0 which satisfy the 
equation 

00' -^En. 


The elements of O satisfy, accordingly, the n(n-|- l)/2 equations 


'ZOp'Oa’ = S,', r<s 

a 

and the matrices 0 depend on n* — ^ 


parameters. 


(That there are not more than 


n(w — 1) 
2 


parameters will appear later 


when we examine the orthogonal group in detail). The arguments given 
m the precedmg section for the real Imear group (for which the number 
of parameters m®) are fortunately available with but minor modifica- 
tions. We shall denote by (i‘, ,(') the parameters on which the 

matrices X of our subgroup depend, then the left translation 


(8. 17) 


z-*r—AZ 


li 
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of our subgroup S (A any fixed element of H) induces a transformation 
(no longer, in general, linear) of our r-dimensional parametric space; 
it being tacitly supposed, when we refer to H as an r-parameter group, 
that as X runs over H, (J) runs over an r-dimensional region. We sup- 
pose that X IS a, differentiable function of each of the variables | and 
we obtain from (8. 17) 


(8.18) 



- AZ., 


where 


ay 


5 -;, the parameters of Y bemg denoted by ij. 

^ a( ) 

We denote the rX r matrix by F{rj,i) and it follows, on con- 


sidering the result of performing the two left translations X-*Y = AX; 
Y—*Z = BY, which result is itself the left translation Z— » Z = BA X 


that 

( 8 . 11 ) Fa,i)=FU,,))F{v,i) 


where i, ij, H are the points of the parametric space which correspond to 
Z, Y, Z, respectively In fact this is merely a transcription of the 
formula of composite differentiation (for r functions of r variables) : 

a(x) -mm 

m 9(,)0(f)- 

The three points i, n, f are arbitrary since Z, Y, Z may be arbitrarily 
chosen (.4 bemg then = FZ*‘ and B being =ZY~^) Furthermore 

F «= Z implies ■= i so that Hence, on choosing f =- 1 in 

(8 19) we obtain 

(8 20) F(i,r,)F{y,,i)=K,. 

If c is the point of our parametric space which corresponds to En we 
obtain, on setting i; = ein (8 19), 

FU,i)-F(i,t)F(e,i) 

and, on denoting F{i,t) simply by F{i), so that F(c) = Er, F{€,i) 
=“F~^(0 this appears as 


( 8 . 21 ) F(t,i)^FU)F-Hi) 


Denoting by l’’(f) the non-singular rXr matrix F'^d) which is 
attached, in this manner, to each point i of our r-dimensional para- 
metric space (F(t) being the unit matrix Er) the left translation 
Z -» F — 4Z of our group H induces F(i) — » V{ij) — F"‘(ij). 
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From the equation of definition 

lows detF"^(ij)(i(i;) == detF^^(^)<i(f). In other words the product 
detF■^(^)^Z(^) IB invariant under aU left translations of our subgroup H. 
If, then, we consider any bounded r-dimensional region B of our para- 
metric space and if this is sent by the left translation X — » F — AZ 
of H into the region Ra the integral 

IrM = j^.^(l)detF->U)d(|) 

of any continuous function defined over the entire parametric space is 
the same as the integral of the function over the 

region Ra, where <l>A(i) is defined, for every A, by the formula <^i(^) 
= 0(1;) , the region R being supposed connected so that the non-vanishmg 
continuous volume element dr — det preserves its sign 
through R In fact 

“ r detF-*(i})d(ij) 

,/ Ha 

R 

It IS evident that a similar argument may be carried through for the 
right translation ot II 

X-*Y = XA. 

Q / \ 

On denoting the Jacobian matrix of the induced transformation 
of the parametric space by ^(17, |) we find, as before, 

F(£,f) =lira,y)jr(,,l), KU,i) = 

and on denoting K ($, «) simply by K(,i) 

E(r,,^)=K{r,)K-H() 

On attaching to each point i of our parametric space the non-singular 
matrix we find 

detJf-*(^)d(|) =dotF'-»(,)d(,) 

and show, exactly as before, that if £ is any region of our parametric 
space which is sent into B'a by the right translation F — » F = XA of H 
then 

I B'a (<#>V 0 ==/*(</>) 

where <l> is any continuous function defined over R and is defined 
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by 4>'A-^(ri) As before we have, then, apparently two Tolnme 

elements of our group H of which the first, namely, det is 

appropriate for left translations of the group whilst the second, namely, 
det is appropriate for nght translations of the group. Both 

volume elements of the group are, however, readily seen to be the same 
(save, possibly, for a difference m sign) by the followmg reasonmg. 
Let us consider the automorphism, of H which is mduced by the element 
A ofH: 


X-^Z — AXA-^ 


and regard this automorphism as the result of first performing the left 
translation X—*Y = AX of H and then performing the right trans- 
lation Y —*Z == YA-' of H. The corresponding transformations ^ 

ly— *{of the parametric space are such that ; 

and so 

When X = E„, Z — En so that when ^ e, f =“ < and at this point the 

matrix ~r becomes K'^ {a)F(a) where a is the point of the parametric 
o(c) 

space which corresponds to the element A of 27 (for X — forces 
F — A, = a) On denoting by II{a) the matrix 

(8.22) .ff(a) =jr->(«)F(«) 


we may say that the automorphism X—*Z = AXA*’ of H mduces a 
linear transformation, whose matrix is H{a), on the differentials of the 
parameters at the point « (which is invariant under the automorphism) . 
Smce the collection of automorphisms X —*Z = AZA"‘ of H, obtained 
as A runs over H, constitute a group the linear transformations whose 
matrices are H{a) must furnish an r-dimensional representation of H. 
This fact, which is essential in the theory, is readily verified as follows. 
Let A, B be any two elements of H and consider the transformation 


X^Z = AXB 


of H into itself. This may be regarded in two ways 

1) as the result of first performing the left translation Z— » F -= AZ 
and following this with the nght translation F — » Z — YB. On 
calculating 


HO 

HO 


9(C) Hv) 
d{v) HO 


we find 

|-jf^-.Z(f,,)F(,,|) 


EU ,» OF {<>^.0 
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where a£ denotes the point of the parametric space which corresponds to 
T~~AX. 


2) as the result of first performing the nght translation X-*Y — Xfl 
and following this with the left translation Y-*Z = AY. On calculating 


Hi) 9(0 Hv) 
Hi) Hv) Hi) 


we find 

m 

Hi) 


. FU, ,)Z(,, i) = F{C. iP)KUfi. i) 


where denotes the point of the parametric space which corresponds to 
Y = XB. On equating the results obtained we find 


which IS an identity in a, i the point C being = On setting 
^ = c we obtam 

F{»fi,P)K{fi) =K(»p,a)F{») 


which IS an identity in «, /3. On setting F(a^,p) F{afi)F'^(p), 
K{stp,a) —K{ap)K~^{a) we obtam 

K-Hotfi)Fiafi) ^E-H<x)F{a)K-HB)F{fi) 

or, equivalently, 

(8.23) H(afl) =S(<t)H(fi). 


Since H («) “ Er it follows that the matrices H (a) constitute an 
r-dimensional representation of H, This representation is known as the 
adjoint representation of II. The determinants of the matrices H^a) 
furnish, accordingly, a continuous one-dimensional representation of H. 
On the assumption that this one-dimensional representation is bounded 
(which will certainly be the case if the region R of the parametric space 
which corresponds to H is bounded and closed, since a continuous func- 
tion defined over a bounded closed region is itself bounded) it must be 
unitary and so its 1 X 1 matrices = it 1 Hence det H(() — ± 1, or 
equivalently, det£'(f) = ± detF(f) so that the two elements of volume 
of our group, namely, det ^'■*(^)d(|) and det jP'*(|)d(^) are equal or 
differ only m sign. The region E, which corresponds to the entire group 
H, IS sent into itself by any right or left translation; denoting simply 
by 2(<)>) the integral of any contmuous function ^ defined over R we 
have the basic relations 

(8. 24) I{<l>i) — f (<#•) = > e^ery A 

where 

Mi) -i>{*i) i <^'a(4) -«^(4«) ; iw - r M) dot F-Hi)d{i). 
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It follows alsOj by the same argument as before, that !{<!>) is invariant, 
not only with respect to all left and right translations of the integrand 
<j>, but with respect to inversions of tj> By this we mean that if 
where is the point of the parametric space which 
corresponds to the element 2^"* of H, 

(8 25) f(r")=/(0) 

In fact on differentiating the identity € = with respect to i (i e. on 
taking the Jacohniii matrix of the r constants t with respect to the r 

independent variables we find 0 = K(t,i) 


dct2r->(i)d(^) detF-HrOd(^’) = ± det 


Hence the element of volume is unaltered, save possibly for sign, under 
the inversion 4— As always we assume R connected so that if the 
element of volume is changed m sign at one point I it is changed in sign 
at all points 

We illusiiate the theory of integration over a subgroup of the n- 
dimeiisioiial real linear gioiip by considering the group II of all proper 


real ortliogonal 2X2 matrices. 



IS an element of R 


the conditions on the four numbers a, b, c, d, are the following, 
a® + = 1, a6 + cd — 0, 6” + d” = 1, ad — 6c = 1 Hence we may 

write a = cos a, h = siii a, c — — sin a, d == cos a. In other words 
II IS a oiie-paianietei ooiitmuous group whose typical element is 

X — eos^) region R of the parametric space which corre- 
sponds to II being the open interval 0 ^ < 27r. We make tins interval 

closed by %deniify\ng its end points 0 and 27r, by this we mean that when 
we speak, for instance, of a continuous function <^(|) defined over R we 
imply not only continuity but periodmly <^(2ir) = 4>{0). An equiva- 
lent way of desciitiing this “ closmg” of the interval 0 < | < 2ir is to 
say that we picture the iiitenal. not as a segment of a line, but as the 
circunilercnee of tlie unit circle The left translation X—*Y=^AX 
of II iiuluces. as is at oiite seen on performing the matrix multiplication, 
the linear tiansformation i— »y = a-l-| of our parametric space R and 
so the matrix F is the one-dimensional unit matrix. Hence the “ element 
of volume ” of II is simply d^. This example, whilst important, is trivial 
in the sense that the transformation i-^ij = a£ of the parametric space 
which IS induced by the left translation X F = AX of R is easily 
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detemined. In general the explicit determination of the transformation 
I 17 of the parametric space presents considerable dil&cnlties. 

3. The orthogonality relations. 

Once we are in possession of an invariant element of volume dr for 
a continuous group H whose parametric region B is bounded and closed 
we may parallel the discussion already given on pp 80-82 for finite 
groups, the average of any continuous function <f> over the group being 

■= C Adr where V — f dr is the “ volume ” of the group. Since R 
V Jr Jr 

IS closed and bounded any continuous representation F of II may be 
presented as a unitary representation (since the matrices -D(s) of F are 
bounded, s variable over E) and hence every continuous representation 
of II IS either irreducible or analysable (= completely reducible). Con- 
fining our attention therefore to irreducible representations let F 
= {E(s)) be an irreducible, contmuous representation, of dimension d, 
of II and consider the matrix function 


0(w) =D(s)AZ)*(s) 


defined over R, A bemg a fixed, but arbitrary, d X d matrix and a the 
point of R which corresponds to the element s of E The matrix 

P= I <^(<r)dr possesses the property 

(8.26) Dit)PD*it) =P, every t 


In fact = f D{t)E{s)AD*{s)D*{t)dr 

R 

= f D(ts)AD*{ts)dT= f D{u)AD*{u)dT = P, 
Jr Jr 


the element of volume dr being invariant under the left translation 
s— = of E. We may write (8. 26) in the form 


D{t)P = P{II*(t)}-‘ -= PD{i) 

where f = {5(<)} is the representation of S furnished by the matrices 
D{t) -= {D*(<)}-'. Since F=- {!>(<)) is unitary we may (and shall) 
suppose it presented m a basis in which its matrices D{t) are unitary 
implying D(t) =D{i). F being irreducible it follows by Schur’s lernmn 
that P IS a scalar matrix 


r D(s)AB*{a)dr — cEt. 
Jr 
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On taking to be the matrix whose ), le element is unity, all others being 
zero we find 

f {^ (« ) }/{-»• (s) } t*dT - 
Jr 

On setting < =— r and summing with respect to r we obtain 
{D*{s)D{s)}Hr^dc,\ 

and since !>(«) is unitary this yields dc^>==F8j* where ^ 

IS the volume of the group. Hence the first set of orthogonality relations is 

(8.37) f D(s) unitary 

J It a 

Similarly if r, and Ta are any two non-equivalent irreducible con- 
tinuous representations of H we find, again by an application of Schur’s 
lemma, that P is the zero matrix imply mg 

(8.28) f {2)i(s)}/{Z)*a(s)},»dT = 0, 

it being here unnecessary that either Di{s) or Di^s) be unitary If 
Dt{s) 18 presented in a basis m which the matrices are unitary 

we may replace X>*a(s) by Di(s~'^) and then both sets of orthogonality 
relations appears as 

J {2J(s)}/{2)(«-‘)},*«ir=.j8,»8,-, 

(8 29) ^ 

•/ R 

From these follow, on setting r = j, h = t and summing with respect 
to } and t, the orthogonality relations amongst the characters • 

(8.30) r x(«)x(*''^‘*’'='^> r Xi(s)x2(*"^)<f’'^ 0 
Jr Jr 

where x(*‘*)> Xi(s“') ““’‘y replaced, if desired, by x(s), xiis), respec- 
tively, since the representations considered are unitary If T is any 
continuous representation of H it follows from (8 30) that its analysis 
mto irreducible parts is unique j for r==c‘ri-|- + c®r, implies 

x(s) --c*xi(s) + +c*X<i(*) whence J^x(s)xj(s)<^r show- 

mg that IS uniquely determmed by r. Furthermore if two irreducible 
contmuous representations of H have the same characters they must be 
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equivalent; for their non-equivalence would imply ( 

t' R 

and hence the identical vanishing of the continuous function xC^) ad 
this cannot be since x(^) «— Hence any two continuous repre- 
sentations, whatever, reducible or irreducible of H are equivalent if 
and only if they have the same characters. Furthermore the relation 

x(s) “ c®x«(«) yields ( x(*)x(s)<*’' ” F 2(c*)* so that a criterion for 

a/A a 

irreducibility of r is I x(s)x(s)dT — 1. 

As an example let us consider the irreducible continuous representa- 
tions of the Abelian group of proper real orthogonal 2X3 matrices. 
Smce the group is Abelian each irreducible representation is one- 
dimensional and since the representation is unitary we must have 
D{X) where 6(i) is a real function of f which satisfies the 

equation 6(a) -f- 6(i) •= 6(a -j- 6). Hence 6(f) = cf , c a real constant. 
Smce «**<{**') = must have c = m where m is an integer. 

Hence the irreducible continuous (and periodic) representations of the 
group H of proper real orthogonal 2X2 matrices are exhausted by 
H(Z) = m =■ 0, ± 1, ± 2, . The orthogonality relations merely 

express the familiar facts 

J' e'"* e “ 0 , m^n. 

= 2ir, m = n. 


4. The element of volume of the full linear group and of itb sub- 
groups. 

A typical element X of the full linear group 0 of dimension n is a 
non-singular n'X.n matrix with complex elements a:/ = fi.’" -}- t£i,^ so 
that G IS a 2n* parameter group, one set of parameters, for instance, 
being the 2n“ real numbers ii,', ( 2 /'. It is not always most convenient 
to use real parameters and we suppose, then, that the parameters f are 
subjected to a linear transformation (not necessarily leal) f— -Tf. 
If f— IS, as before, the transformation of the parametric space 
which IS induced by the left translation X—>Y = AX of 0, the element 


of volume, when the parameters f are used, is {det |||j’d(f)),j= 


If 


are the new, possibly complex, parameters for F it is clear that 


det — det since u — 3Pij, f — T-'f implies 


3(0 3(0 ^ • 
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Hence the element of volume when the new, possibly complex, parameters 
are used is 

where t — Tt. denotes the new parameters of For example let a/, 
be used as complex parameters for the element X of the full linear group. 
Then the left translation X — » F = AX mduces the linear transformation 
whose matrix is X X -En on the set a:,*' of the 2«“ parameters and the 
linear transformation whose matrix ib A X, En on the remaining set 
of the 2n^ parameters Hence the transformation of the 2n* parameter 
space which is induced by the left translation X—*Y = AX is linear 
and has for its matrix the direct sum of A X Fn and A X Its 
determinant is accordingly (det^lA)*. In order to obtain the element 
of volume of the full linear group we must evaluate this at I” = En, 
1 . 6 . A— X~^, and so the element of volume is 


dr 


1 

(detXX)" 


dm 


where the ( are any real parameters which are connected with x,^,V 
by a non-singular linear transformation. In particular if i -= (fi, fj) 
the element of volume appears as 


(8.31) 


1 

(detXZ)” 




The element of volume when the coordinates in B which are introduced 
to facilitate the integration are not (^i, ^ 2 ) but the elements of A, V and 
their conjugates where X = 7AF'* is calculated by the method given 
on pp. 207-209 W e must merely multiply the J ar obian determinant there 
calculated by its conjugate (since now the change of parameters is not 
merely from x to (A, d) but from {x.x) to (A, A, 0 , 0 )); wo find 


(fi oow {A(A)A (A)P 1 

(8.32)dr— A„)"(A, X,)” (dety)»(detK)'‘‘*(^) 

No change is necessary as far as the discussion of the element of 
volume of a subgroup of the full Imear group is concerned. In fact the 
determmation of the element of volume of a subgroup rests on the trans- 
formation £ — > i; of the parametric space and is unaffected by the nature 
of the elements X. 
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5. The characteristic matrices of a subgroup of the full linear group. 

The left translation X-^Y — AX of any r parameter subgroup H 
of the full linear group O induces the transformation i~*ri oi the 
parametric region R of H where, (8. 18), 

On evaluating this identity in (|, ij) at >> = < so that Y = E-n, A = X~^, 
we obtain the following identity in i 



where the constant matrices Mj are defined by 


(8. 34) 



1 = 


,r. 


The matrices M/ are known as the characteristic matrices of the group 
JI (relative to the parameter specification $) If they are linearly inde- 
pendent t« ihe field of real numbers, i c if an hypothecated relation 
= 0, where the are real numbers, implies = 0, ; == 1, , r, 

the equation (8 33) furnishes a method for determining the element of 

dX 

volume of II Wc have merely to calculate X~'^ and express it as a 

linear combination of the characteristic matrices Mj, the coeflicient c,* 
in tills linear eoinbination is, by (8 33) and the hypothecated linear 
independence in the field of real numbers of the characteristic matrices 

Mj, ) Hence the mati ix (c^) = C is F{€, |) = F-^(f) so that the 

clement of volume of H is 


dr = dot F-^$)d(i) = det CdfO 

The matrices M, may well be linearly dependent in the field of complex 
numbers , in other words there may well exist a relation c®Ma =- 0 where 
the complex numbers do not all vanish. It is usually more convenient 

dX 

to calculate all the matrices X~^^, q = l, ,r, at once by calcu- 
dX 

lating X''^dX where dX •= ^ df® , then the result is 
(8. 35) X-HX — 3f.(dij“),a 
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and the element of volume is found by taking the determinant of the 
coefiBaents of the r linear forms (dy^)j)=t, ; “ 1> > *■> in the differen- 

tials df* and multiplying it by d((). The matrix X~^dX is known as 
the general infinitesimal matrix associated with H and the collection of 
matrices 

(8. 36) iX^X~^dX‘, X variable over B 

IS said to constitute the infinitesimal group of B. 

In order to illustrate the theory, let us consider the group B of unitary 
unimodular 2X2 matrices. The typical element of B is 


^ — ta, — Xi — taA 

\a:i — ixi *4-1- »®i/ 

where a,* -|- -|- a,* + = det X = 1. Hence H is a three parameter 

group and we take (a,, x^, Xa) as the three parameters Since Ei is 
furnished by i = 0, aa = 1, and since Xidxi x^dx^ x»dxs -t- XtdXi — 0 
we have (dxt)i=t = 0 so that the three characteristic matrices are 


i )-. ».-( j +:). 


On calculating SX = X~^dX and writing it in the form we find 


c' “ x^dxi — x^dxz -f- Xzdxz Xidxt 
C* — XadXi -t- XtdXz ■ — XidXa — XzdXt 

c* — — Xzdxi -|- xzdxz -f- Xfdxz — asda«. 


On eliminatmg dx^ by means of the relation Xidxi -j- xzdxz xadxz 
Xtdxt = 0 and multiplying each row of the resulting determmant by 
Xt we see that we have to evaluate the determinant 

ai® -|- ai” — XfX, -f- XiXz XfXi -j- a, a, 

XiX, XiXz la’ a^Xi -f XiXa . 

— XtXz + XiX, x,Xi + XzX, aa* -)- as’ 

This turns out to be a«’ and so the element of volume is — d(ai, aj, as) 

(since the determinant must be divided by a," to neutralise the previous 
multiplication of each of its three rows by a,). On writing a, — coed 
so that ai’ -|- as’ -f- ” sin’ $ it becomes convenient to introduce new 

parameters (( 1 ,( 1 , it) defined by i.e. fi=-ai — 

. sin4 p j. sinfl , 

it) €s = *8 — • — ^ it ; tne new parametric space becommg 

the mtenor of the sphere 0 6 < 2»r (smoe -f £,’ {,* — 6»). An 
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easy calculation yields cos € so that 


Tolume element when the parameters C are used is 



■ 1. Hence the 


sin’ 0 cos 0 


cos $ 


sm’ 6 


d{C). In fact if ca corresponds to ij, as C does to (, 


im 


d(C) 
1 «=«' 

“ { ^ L= J ^ I 1(0 • “t^ducmg polar coordinates 

0, A, ft the integration may be performed by means of the formula 

Sb /. sin’ 8 dd am \dXdn. Since the characteristic numbers 

of X are e'*^ any class function t/i is a function 4>{^) of 6 alone and our 
integral simpliiies to 


(8. 37) 


^ xjtdr — ■ ^ ^ 


6d». 


Note that the polar coordinates 6, A, /t are merely convenient tools for 
performing the integration (after the element of volume has been already 
calculated) and cannot serve as parameters for H , for the origin #-=0 
of the parametric space, which corresponds to the unit point of the group, 
18 a singular point of the polar coordinates. It is important to observe 
that a typical element X of the group H is of the form 

(8.38) .y »= cos SNi + sm ffZ 


where 7 = ^ In other 

words X = where I is the product by i of a 2 X 8 Hermitian matrix 
whose trace is zero. On writing 


h 






we may write X = cos 8Et + f ^j,ere the 

matrices E2, h, h, I3 obey the rules of quaternion multiplication: 


Ii’ = Zj’ — /s’ — — Et', IJ3 ■— Zi — — Z3Z2 etc. 


Hence the group H is a representation of the group of all real unit 
quaternions (under quaternion multiplication as the law of combmation) 
the representation being faithful (i.e. to each element Z of H there 
corresponds one and only one umtquatermon). The subgroup of H which 
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IS composed of its real elements le the proper real orthogonal group of 
dimension 2 , any element 0 of this group is of the form 

(8 39 ) 0 =- cos 6 E 2 + sin 61 

where / = U 1 ) IB a skew symmetric matrix whose square is — ^ 2 . 

Since E,,I obey the rules of multiplication of ordmary complex num- 
bers P — — E_ the group ol piopci real orthogonal 3X2 matrices is 
a faithful representation ol the gioup of all unit complex numbers (1 e 
complex uumbeis of unit modulus). 

We ha\e seen, ji 213, that the autonioi phism ot II 

X-*Z.= AXA-^ 

which IS induced by the element A oi H gives rise to an r-dimensional 
representation r= (ff(«)}, known as the adjoint representation, of B.. 

A f 

The matrices II{(x) are the Jacobian matrices evaluated at | = e or, 

what IS the same thing, f = c On differentiating the equation Z = AXA~'^ 
with respect to and evaluating at ^ = e we obtain 



On regarding the set of matrices Mf, y == 1, , r, as a 1 X vector M 

we may say that the automorphism X—*Z = AXA~' of H induces the 
linear transformation 

M-*N = Mn{a) 

of the r-dimensioiial real vector space which is spanned by the charac- 
teristic vector-matrices M Since the determinant of H{a) is unity (on 
the supposition that anv point of the parametric region R may be con- 
nected bv a continuous curve with the unit point c; for det//(t) == 1 
and the continuous function det7/(«) can take only the values ± 1) 
it IS clear that if C is any r X r matrix and if we write the -^ector-matrix 
MC (whose y-th component is the matrix in the form ND then 

detl> = det C. In fact C — II{ac)D so that det C = detfl'(«) detZ) 
= det D The useful implication of this result for our immediate pur- 
pose is the following. We know that in order to calculate the element 
of volume of H we must express SX — X~‘dX as a linear combination 
c“Ma =” of the characteristic matrices Mf and must then take 

the determinant of the matrix C = (cj*). We now see that, if it proves 
more convenient, we may express SX just as well as a linear combmation 
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of the matrices = AMiA~^ where A is any element of H; or, equiva- 
lently, we may express A~^SXA, instead of 8X, as a linear combination 
of the characteristic matrices M}, the only thing remaining to do being 
then to take the determinant of the linear forms in the which appear 
as the coefficients in this linear combination. 

We illustrate these remarks by considering the element of volume of 
the n-dimensional unitary group H Since the Schur canonical form of 
any element X of H is diagonal (X being normal) and unitary the 
diagonal representative A of the class to which X belongs is 


=* e 


te 




where ® ib the real diagonal (hence Hermitian) matrix 


r«. 






A 


Hence d = I’Ar-' = VeJ^V~' = ^y^pj-e jj Y®y-^ 

= F®y* IS Heimitiaii Conversely every matrix A' = e*^. H an arbi- 
trary Hermitian matrix, is unitary since X* = Since an 

arbitiary Hemitiaii matn\ depends on n -j- — n)2 = ji“ real para- 

meters the unitary n-dimeiiisonal group is an parameter group, we 
take as our parameters for X the n-diagonal elements V and the n® — n 
real and iinagmaiy paiU of Ihe non-diagonal elements Zip'*, q < p, of if. 

m -m 

Since X = = Eh %H — -gj — and smee n = 0 yields 

the unit element of our group the characteristic matiices Mq are simply 

dS 

q-=l, , In fact dH^ = HdH + dJ? • J? = 0, when 

d = dll + H dH^ = 0 when H — 0 and so on. The first n 
characteristic matrices Jl/,, , Jl/„ arc, accordingly, diagonal 


r* 


0 







oj 




t 
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whilst the remainder are of the type Mt - = 


• 0 

+ * 


0 


0 J 


The element V of our group which trans- 


forms X into A IS undetermmed to the extent of a right-factor diagonal 
unitary matrix 2) (it being understood that we are confining our atten- 
tion to the “ generic ” unitary matrix X, no two of whose characteristic 
numbers «**>, , e**" are equal). We use this diagonal unitary matrix 

D which IS at our disposal to arrange that the diagonal elements of V are 
real and positive so that V depends on — n, instead of n‘ parameters. 

We are now ready to proceed with the calculation of SX = X~^dX. 
Since X = VKV-\ XV = V\ so that dX V + X dV^dV A TdA 
or, equivalently, dJST— (dF A + F dA — X dV)V~^. Hence 

SX = X-'dX — F(A-‘F-‘dFA + A->dA — F-*dF) F’' 
orj equivalently, 

F-»8ZF — A-18FA + 8A — 8F. 


We have now merely to express this as a linear combination of the char- 
acteristic matrices Mj, Mj!>, Smce the diagonal elements of A'^SFA 
and 8F are the same the coefficient c> of Mj is dOj. The j, k element of 
the matrix F"'8ZF (j^k) is — 1)8%^ and if 8F = c/j“Jfo^ 

-f- (Sv)ic> — (tCj* + Cj*), k > ] BO that the coefficient of in 

F"*SZF IS the imaginary part of (i)* tCf*) — 1) whilst the 

coefficient of M )*• is the real part of this expression. Since a determinant 
is multiplied by — 2t when the first of two of its columns is replaced 
by the first -j- 1 . times the second whilst the second is replaced by the 
first — i times the second the determinant of the »(» — linear forms 

which constitute the coefficients of the Mf", in V~^SXV is 
times the determinant of the n(n — 1) Imear forms 

(cy* -f- tCy*) {e*<**"*J> — 1}, (Cj* — ICy*) {s'****"*!* — 1} 

In order to facilitate the integration we shall mtroduce as new coordinates 
(not as parameters for the group) the n numbers (Oi, • • , 8I») and 

n* — n numbers which specify the elements of F; then the numbers 
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Cj*, are independent of 0 and the volume element is factorable into a 
product one factor of which depends only on the coordinates 6 and the 
other on the n* — n parameters for V. In integrating any elms function 
over R we need only pay attention to the integration with respect to the 
cooordinates 9, the part which comes from the integration with respect 
to the remaining n’ — n cooordinates dividing out in the averaging 
process over the group We shall call the part which depends only on 6, 
for the sake of brevity, the element of volume dr of the group and shall 
absorb all awkward constants in the other factor which cancels out. 
For the unitary group dr is, accordmgly n(e*** — — e~*^>)d{9f) 

*>i 

or, equivalently, since numerical factors are without significance, 

(8.40) dr=:U6ui‘-- ~^- d(e„ ,e„). 

*>y * 

For the uiiimodular unitary group only a slight change has to be 
made Since X = FAF"', det X = 1 forces det A = 1, or, equivalently 
— = 0 The group is an — 1 parameter group and if we 
use as coordinates fl,, ,6,,., togethei with the n® — n coordinates 
which specify F the clement of volume is 

(8 41) * = 118111*^-— ^d(ei, ,0n-i), 

k>i « 

fin = (fil + -f" fin-l). 

Thus for the unimodular two'dimensional unitary group 

dr = sin* fidfi 

as given in (8 37) (only in that simple case the complete expression for 
dr involving the factor depending on the other coordinates was given) 
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CHAPTER NINE 


THE ORTHOGONAL GROUP 

In this chapter we shall discu>i8 the irreducible representations of the 
n-dimensioiial real orthogonal group and shall derive from these the 
irreducible representations of the fulimerisional lotation group (= group 
of u X u real orthogonal matrices of determmant unity) 


1 . The conojiical representatire of a class of the real orthogonal group. 

The typical element X of the group R' ot all real orthogonal matrices 
of dimension n is defined by 

XX' — X'X = En 


Smee X' = X*, X being real, iJ' is a subgroup of the unitary group so 
that the characteristic numbers of X are all of unit modulus. If a char- 
acteristic number is real it must be d: 1 and we shall suppose, for the 
moment, that X has at least one characteristic number 1 This char- 
acteristic number 1 has at least one characteristic vector t»i associated 
with it and since Vi satisfies the equation A'l'i = Vi it may be taken to 
be real and of unit magnitude, in fact the ratios of the n components 
of Vi are real and Wi is uudetermincd to the extent of a scalar factor 
We know, from the oithogonalisation proiess ot Schmidt, that Vt may 
be taken as the fiist column of a real w X u orthogonal matrix A, the 
discussion oi this process given on p 24 dealt with vectors ut the com- 
plex field (i e vectors whose components are complex numbers) but it 
may be repeated foi vectors vi the teal field (i e vectors whose com- 
ponents are real numbers) and then the adjective unttary may be replaced 
by real otthogonal Since, then, Ae, =tii the equation A’ci = r, may 
be replaced by A~'XAei = e, so that the real orthogonal matrix A'^XA 


is of the form ^ j where «' is a 1 Xu — 1 and Y an n — 1 X n — 1 
matrix. The fact that {;“0 IS orthogonal finds its expression m the 


equation 



■En: 


and this implies first u'u = 0, so that tt — 0, and next YY' = En-i 
226 



CANONICAL BBPBE8ENTATITB OF A CLASS 


gar 

80 that F IB a real oithcgonal matiiz. The same reduction is feasible if 
X has a characteristic number = — 1. If F has a real characteristic 
number we can find, by the same argument, a real orthogonal n — 1 
X « — 1 matrix B such that 

^ , i/ a real orthogonal n — 8 X n — 2 matrix. 

Then the n X n real orthogonal matrix = is such that 

Ar‘A-2rAA,-(^‘ y 

where Fi is a two-rowed diagonal real orthogonal matrix (hence with 
diagonal elements ±: 1 ) and ^ is an n — 2 X — 2 real orthogonal 
matrix Continuing this argument we see that if X possesses j real 
characteristic numbers ± 1 (each counted according to its multiplicity) 
we can find a real ii-dimensional orthogonal matrix A such that 

™-(o' f) 


B-'FB 


-( 


whore F, is a real diagonal orthogonal matrix (hence with diagonal 
elements ± 1) and 1' is an n — ] dimensional real orthogonal matrix 
none of whose < haraotenstic numbers are real Since the complex 
characteristic numbers occur in conjugate pairs n — ] must be even, 
= 2m, say 11 B is a Sni-dimcnsionnl real orthogonal matrix and 


/ HJ 0 \ 

B-^YB = Z then A. = qJ is s real n-dimensional orthogonal 

‘-G' 1 ) 


matrix such that Ar^A^'XAAs 


In order to find therefore. 


a canonical representative for the class of R' to which A’ belongs we 
have merely to lind a canonical form under trail storniations by real 
orthogonal matrices for a gcn-dimciisional real orthogonal matrix F 
which has no real characteristic numbei. If is a characteristic number 
of F no characteristic vector v associated with can be real since 
Yv = e*^v i + Vi, Vs real. In addition Vi ^ 0 for 

if V, —0, r/i— V, would be a real characteristic vector, also r, and Vs 
are linearly independent since otherwise I'l would be a multifile of v and 
hence a characteristic vector associated with e** which is impossible since 
til IB real Let then, Us be two mutually perpendiculai real unit 
vectors in the plane determined by Vi,Vs and (again by the orthogo- 
nalisation process of Schmidt) let B be a real 8m-dimensional orthogonal 
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matm of which Ui, M2 are the first two columns. Since Yv = e**v 
we have 

Yvi = cos 6vi — sin tfoj j Yvi = sin fivi + cos 6v2. 

On writing u,, M2 as linear combinations (with real coefficients) of Vi, V2, 
and lice versa, we obtain Yu,, Yu^ as linear combinations (with real 
ooefficients) of Mi and Ui, 1 . e B'^YBe,, B'^^YBbi as linear combinations 
of B,, B2 ‘ 

m) 

where C is a real 2X2 matrix, IJ is a real 2 X 2 to — 2 matrix and M 
a real 2m — 2 X 2m — 2 matrix. Expressing that B~^YB is orthogonal 

we find first C'C = so that C is a real orthogonal 2X2 matrix , next 
LC => 0 so that L = 0 (on multiplying on the right by O') and finally 
that M'M = Ejm-j so that M is a real orthogonal 2m — 2 X 2m — 2 
matrix. Continuing this process we see that we can find a real oithogonal 
matrix V so that 



where F/ is a real diagonal orthogonal matrix and each C,, 7 = 1, , m, 

IS a real 2X2 orthogonal matrix Furtliernioro eacli C, is a proper 


2X2 orthogonal matiix since every improper real 2X3 orthogonal 

matrix, being of the type { ^ ^ | has the real characteristic 

^ \sin 9 — cos 9 / 


numbers ± 1. Hence each Cj is of the type 



sin 

cos 9 ,) ■ 


Since Ei, — E^ are of the type C, with 9 j = 0, ir, respectively, an even 
number of + I’s and of ( — 1)’8 may be absorbed from Fj and so a 
canonical representative of the class of R' to which X belongs is of the 
following type 
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1. 71 even. 




■N 


"C-x 

•N 

A = 


Cn/2 ^ 

if X IS proper , 


C'(n/2)-l 

FJ 


if X IS improper, where P = 



2 


n odd = 2ii: + 1. 


rCy 

1 


'G^ 

"I 


V 

if y is proper; 


\ 

I 


if .y IS impiopcr If we consider the classes of the rotation subgroup B 

of B' it IS clear that a distinction must be made between the cases n even 

and n odd If « is odd B does not effect any refinement of the classes 

of B'. For if V transforms X into any element F of 12 so also does 

V( — En) = — V and of the two matrices, V and — V, one is proper. 

If n IS even there is a refinement of the classes of B' by B In fact 

s]nd\ , /cosO — sinfl\ , 

a /.) “<1 C'(— S) = ( . /,) are trans- 

\ — siuS cosd/ \8]n ^ cos 9/ 

formable into one another by the improper 2X2 real orthogonal matrix 


F 



but are not transformable into one another by any ele- 


ment ot the 2-dimenBional rotation group (since this group is Abelian) 
On wilting n = 2Jc and denoting by A(tf,, ,fti) the canonical repre- 
sentative of the class of B' to which X belongs . 


A(6], 










cu 


wo see that , ± 6%) all belong to the same class of B' whilst 

they belong to two distinct classes of B Those for which an even 
number of the (9i, , ftt) carry a negative sign belong to the class 

containing A(5i, ,9*) whilst those for which an odd number of 

the (9i, , ft:) carry a negative sign belong to the class containing 
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A( — 9i,B2, ,9k). Since the matrix inverse to A(fl,, jftt) is 

A( — 9,, , — 9k) each class of If contains the inverse of each of its 

members. Uence the characters of any continuous representation of 
are real , for the representation, being bounded, is necessarily equivalent 
to a unitary representation so that the character of any element is the 
conjugate comjilev of tile character of the reciprocal of that element. 

In closing this section we remark that the argument we have given 
shows that any leal n X « matrix may be transformed by means of a 
real orthogonal « X n matrix into a canonical form analogous to the 
canonical form due to Schur (in the complex field). If n is even 
(=2m) the canonical form is an m 'X, m matrix (whose elements are 
2X2 matrices) the elements below the main diagonal being zero In 
other words the canonical loini is precisely the triangular canonical form 
of Schur but the elements ol the n/2 X n/2 “ block ” matrix, which fur- 
nishes the canonical form, are 2X2 real matrices (instead of 1 X 1 
complex matrices) When n is odd (=2m -j- 1) the canonical form is 
obtained from the canonical form just given for n — 2m by adding a 
last column of real elements and a last row all of whose elements are 
zero save the last (i e. diagonal) element. 

2. The element of volume of the n-dimensional rotation group. 

Since Cj = ^ where S/ is the skew-symmetne 

matrix ‘“Jy ^ any proper real n-dimensional orthogonal 

matrix may be written in the form Z = e® where S is a real n-dimensional 
skew-symmetric matrix In fact the canonical representative of the class 
of R’ to which -t' belongs is of the form e- where S is the skew-symmetric 
real matrix, of dimension v, 

S, 


''Si 

S — , if n is odd (= 2fc + 1). 

8k 




0 
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Hence X — » Ve^Y-' = ’ = e® where 5 is a real skew-symmetric 

matrix of dimension n. In fact 8 = TST"' so that S' — 

= — ysy"* = — S. Since a skew-symmetric real matrix involves 
i(n* — n) =^n{n — 1) parameters the n-dimensional rotation group is 
an iti(n — 1) parameter group. We shall adopt as parameters the ele- 
ments p > q,oi S which lie above the main diagonal of 8 (I*® being 
the element in the g-th row and p-th column of S) Since the set of 
matrices X{t) = e'® furnishes, as t varies continuously from 0 to 1, a 
set of elements of R varying continuously from En to X the rotation 
group R IS connected. We proceed to determine its element of volume 
dr. Since 8 = 0 furnishes the unit element of R and since X = 


5 “ 


+ 5 + ^ + 


the characteristic matrices 




> 9- 


On denoting by the w-dimensional matrix all of whose elements are 
zero save the one in the ;-th row and i-th column, which one is unity, 
we have 


(9.1) 


Bp® 


As always our problem in calculating the element of volume of our group 
IS to express SX = X'^dX as a linear combination 


SX = 

of the characteristic matrices Mjf and then to calculate the determinant 
of the in(n — 1) linear forms Cp® m the differentials di. We have 
already soon (p. 333) that if it proves more convenient we may just as 
well express where V is any element of our group, as a linear 

combination of the characteristic matrices In finding this Imear 

combination we may adopt any convenient basis whatever in which to 
express the elements of our group. Thus if A is any fixed non-singular 
matrix whatever (not necessarily a member of our group) we may express 
as a linear combination of the matrices A~^M^A. If we 
denote the presentations of V, X, A, in the new basis by W, T, ®, Nf/>, 
respectively • 

W = A-’yA, Y = A-^XA, 0 — A-*AA, Njf = A-^M^A, 
the equation ZF = FA appears in the form YW = W®, and the equation 
F->SZF -= A-‘8FA -f- 8A — 8F 

appears in the form 

W-*8FW — ®-»8W® -1- 8® — 8W. 
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Since W-18FF = («r being .l-'&S'A) we have merely to 

express @"*817© + 8© — SIV as a linear combination of the matrices 
and then to take the determinant of the in{n — 1) linear forms in the 
differentials d4 which appear as the coefBcients of the matrices N^. We 
shall take our transforming matrix A unitary so that whilst ®, Y, W are 
no longer members of our real orthogonal group they will be members 
of the containing n-dimensional unitary group Hence 8W will be a 
linear combination (with specialized coefficients, to be sure), of the 
characteristic matrices Mj, Jf/, Jtfj* (?><?) of the unitary group 
(pp. 283-4) Denoting by J the 2X2 unitary matrix 



we shall choose for A, according as n is even or odd, the following' 

1) neven, = 2fc, ^4 = X </, 2) »odd, == 2i; -f- 1, A = Hn X J + Ei. 
It IS at once clear that 

sintfy cosflj 

and so @ has the following forms, according as n is even or odd 


1 ) » even = 21c , 


6-*^ 


(9 2) ©.!-= 




2) n odd, = 2/c 1 , 

(9 3 ) ® 2 <r+l = ©zfc -I* -El 






On denoting, as before, by e,® the nX n matrix all of whose elements 
are zero save the one in the p-th row and (7-th column, which one is unity, 
an easy calculation yields the following results (it being understood that 
when n is even we write n = 21- and when n is odd we write n=2k-\- 1) 


A = -I- -f e*«) 

^ = I - «IU + •’T - 

(9 4) . , p,g=l, 

A (e^jij + 

^ “ 4 + eJJ) 


,1c. 
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^-Ig2j>-1 A , 




j -V2p A -= — L- e^p ) 

^ ®2*+l yg V^2*+l ®2]fc+l/ 




»2fc+l 4- c2fc+l\ 

■' 2 ®-! I ‘' 2 b / 


ap 


— ■ 


(the second set being necessary only when n is odd ) From these formulae 
it IS easy to evaluate the presentations iVp® of the characteristic matrices of 
our group in the adopted basis, in fact JVj« = A"^j¥/A = A“*(e 5 » — e,®) A. 
On adopting the following notations 


we find 


^2,-1 __ 

2(7 

fi2k+l 

% 


e^P — - - 7r*ff 

lp~ I 2p-l > 2^1 2p-l 2p 

e^a-i = A"2«-l ,,2,-1 — g2B ^ ^2B 

2, * 2, > 2B-1 2, -^2, 

“atn ■" 2II-H > ' 2,-i ' .•*+! : 


- A*« 

^2,-1 


= i 

= I ( Al?:l - Al®., + -Kll) , P > g , 

(9 r) p,g = i, ,*• 

^ 2 ?-' = - 1 + ^ 22-1 - ^ir - 

^1% = i - ^11-1 - 

When Ji is even (= 2/i) these equations express all the W,®, p > g, save 
those for whieli p is even and q = p — 1, in terms of the matrices jP,®, 
p > g (the matrices A,® for which p is even andg = p — 1 not appearing 
in these expressions) The exceptional matrices N‘’~' are furnished by 
tlie formulae 

(9 8) Nl>-^ = 1 (««:} - fij) , } = 1,2, ,h 


There are ^ (^ — 1) sets of matrices ^H) and as 

each set contains foui matrices there are ■Jn(n — 3) matrices of this 
type , adding to these the matrices of the special diagonal tvpe Nl^f^ 
we have the entire set of J«(n — 1) matrices Af,,®, p > g We see, then, 
that when n is even, the expression @"’8W@ -f- 8® — 8W which we know 
to be a linear combination of the matrices iV,®, p > g, mav equally well 
be expressed as a linear combination of the in(n — 3) matrices 
P > g> together with the n/2 diagonal matrices 
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; — 1, • • , ir. Furthermore the determinant of the four equations con- 
necting each set corresponding set 

IS unity SO that the determinant of the •Jn(n — 1) 
X — 1) matrix which connects the set [K, y‘j'') with the set 
18 unity This assures us that in order to find the element of volume 
of the rotation group, for n even (— 2i), we may if it proves more 
(onvenient, express ©'’ilF© + 8® — SIF as a linear combination of the 
matrices (A', (instead of the matrices AT/, p> q) and then take 

the determinant of the linear forms in the differentials di which appear 
as the coefficients of the matrices 

The following relations follow at once from the definition of ® = ® 2 ii 

(9.9) Vl Vl ^ 2p-l 

Aiii6p-^6Q)p2q-l pZQ 

Ip 2f) > 2p ip 


and those furnish 

<s)-ii’2»-i0 = ® 'K^'< ® = 

-/<*■! 2^1 ” 2p«l 2p^l 

(!) 10) = A’?«-*, = 

' ' ip 2p ’ 2p ip> 

®-';vff->® = A’-?.-' 

£f mj 

Hence if 8W = 2 ^ + 2 , + 2 

+ 2 the coefficients of the vaiious matrices AT'j'*, 

A''*^j, AT’a in the expression ®'’S1V® -)- 8® — 8fF are. respectively d6,. 

Adopting as cooidinatcs in terms of which it is convenient to carry out 
the integration the le numbers (fl,, .ft) and i»i(n. — 2) parameters 
(j) specifying W the coefficients c/, {c^Y, (r/)", {c^Y" depend only 
on the parameters Now any class function i e any function depending 
only on the canonical reprcseiitatnc A of the class of R to which X 
belongs IS a function of the mimbers ft. , ft, alone , in fact a function 
of particular type since it must be a symmetric function which is, more- 
oyer, unaffected by a change of sign of an even number of the fts. For 
such functions we need only calculate the part of the multiple integral 
(with respect to the fts and <^’s) which depends on the fts alone (the 
other part cancelling out m the process of averaging over the group). 
Hence the element of volume (for class functions) of the rotation group 
of even dimension %h is 
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- n 4{1 — C08(tf, — tf,) }{1 — cos(9p + «,) , ftt) 

V>9 

“ n I 16 Bin‘ sin* | , ^). 

The numerical factor 16 may be removed from each parenthesis as im- 
important and so we write 

(9. 11) dr = n j sin= sm* | d(0„ , 6^). 

]g/]g 

Here {pyQ) run over the ■■■— — ~ pairs which mav be selected from 

ifc = - numbers For the trivial case » = 2 there are no such pairs and 

dr IS simply d6 (there being no matrices K in this case but simply the 
one matrix N,^) For n. = 4 we have 


, - 

dr = Sin- — 




When n is odd, •= 21: + 1 , we have, in addition to the matrices 

Kiy, A’g), p > 5 , the 21: matnees 
<9 121 = c«*‘ c’F-i; K’‘» = gSr . d=1 k. 


Using the equations (9. 5) we derive 
(9 13) 

N-f =>i-»)i/2r A = d-»fc**'“ — e'**’ AT*" 1 

■‘’2t+l V^Sp '^21t*l/'“ y-g '.■'*^2»1-1 ■'^at+1/ 

SO that our matrices Np’’ are replaceable by the k diagonal 

matrices the ^1 (1 — 1) sets of four matrices 

,iiid the k sets of two matrices A'jJ,,). Furthermore, the 

determinant of the linear transformation from these new matrices 
R) to the old matrices (Np") is ( — »)*. The relations (9 9) 
are unaffected by the change in definition of 0, namely, 0 == 02 it -f- Ri 
(instead of @ = ®ik) but we must add now the additional relations 


(9 14 ) 


2p~l 2p~l ’ 2p 2p ’ 


From these and (9 12) we obtain 
(916) 
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SO that the element of volume, as calculated for the 'Hie dimensional 

t 

rotation group, must be multiplied by U (e**' — — 1). Ee- 

!>=1 

moving as before unimportant numerical factors we obtain as the element 
of volume of the (21c + 1) dimensional rotation group (appropriate for 
the integration of class functions over the group) 

(9. 16) dr = n siti=' y IT I sm* g,n“ ^ ff^) 

p=i <0 p><7 ( ^ ^ ) 

For the three dimensional rotation group there are no pairs (p, q) and 

the element of volume is simply sin* - d9 

In order to determine the region of the (Oi, , ft^) apace over which 
the integration is to be effected we remark that the relation X — 
implies that any characteristic vector of S is a characteristic vector of 
X, for Sv = i/dv forces Xv = e**r. Hence if X = e^ = p,^ the two 
real n-dimcnawnal skew-symmetric matrices haic the same (non- 

singular) matrix of characteristic vectors and when these characteristic 
vectors are adopted as the vectors of a basis both Si and Sj appear 
simultaneously in diagonal form. Hence Si permutes with S, and so 
eSi = gSa implies -= E. If the normal forms of 8i and 8i are 





and 

'le'i 

— i9'i 


< 





J 


respectiiely, it follows that j = 9, 2mjir where mt is an integer 
Conveisely when the characteristic vectors of 8 are prescribed it is suffi- 
cient to let each 9] vary in the range 0 < to obtain the entire 

set of matrices .T of our rotation group, and any two points 9 of this 
region furiiish distinct matrices X. If n is odd a change of sign of any 
6) does not affect the class so that in integrating a class fufiction we may 
restrict each 9 to the range When n is even, on the other 

hand, we may restrict all of the 9’s but one, 9i say, to this range whilst 
9i itself varies over the entire range 0 < 9, < Sa- When n — 3, for 
example, the parametric region (three dimensional) is the interior of a 
sphere of radius w together with half of its surface (diametrically opposite 
points 9 = ± IT having to be identified since they yield the same X) . 
In this (physically important) case it is easy to write down in finite terms 
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the dependence of X on S. In fact 8 satisfies the equation + 0^8 = 0 
so that X = ^ IB expressible as a quadratic polynomial in 8. 

Z — (xE 3 + 8S + yS^ 

The coelBcients are at once determined by writing 8 in its normal form 
and noting that X then appears m its normal form 


(' .) 
r-.) 


We find a = 1, e*** = (1 — 6^) ± ijSfl so that > 


sin $ 


y = 


1 — cos (9 


hence 
X = E, 


sin 6 


1 — cos 6 

¥ 


S\ 


8 is of the form 


8 = 


( 0 — n m\ 

n 0 — i j 
— m I 0 / 


with 




The Iwo remaining parameters (which specify the dilTerent members of 
a gnen class) may be taken to be the angles (A. <^) of a system of polar 
coordinates in which 6 is the radius so that 


8 


0 


— cos A 
0 


sin A sin <l> 
— sin A cos 


" \ — sin A sin <)> sin A cos 0 


0<A<,r, 0 


^ tp 27r 


and it IS Ihcn clear that a change of sign of 9 is equivalent to keeping 6 
fixed and rejdafiiig A by tt — A and bv tt + <^ (i e to a passage to the 
diametricallv ojiposite point of the sphere of radius 9) 

3. Integration over the n-dimensional real orthogonal group. 

If X IS any clement of R and A is any fixed element of R' which is 
not in R the matrices X and Y = AX exhaust R' as X runs over R. 
Denoting the element of volume of R by dr we define the integral over 
R’ of a function tp defined over R' as follows. Writing (p(AX) = <p(X) 

we construct the two integrals 

s T and ^ ipdr over R and we term 
their sum the integral of <p over R' 

ijidr » ^ ^dr -|“ ^ 


(9 17) 
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It 18 clear that is unaffected by any left translation of its mte- 

grand by an element of R (simply because each of its component parts 
is invariant under such a left translation, a left trans- 
lation of mducing the left translation 

^(Z) =- ,t‘i.^X) -* 4>{BAX) A-^BAX) —^(Z-^54Z) of >l>). 

But it is also invariant under a left translation by any “ improper ” 
element of R' In fact any such improper clement of R' is of the form 
AB where B is an element of R and 


Ix{<l>Aa)= r <f>(ABX)dT+ f 4,iABAX)dT 

Jii Jr 

= (' ^(BX)dT+ C ,f>(CX)dT 

Jr Jr 

- r H^)dr+ f .A(Z)dr = 7«.(,A) 

Jr J r 


where C is the element ABA. This invariance under left translations 
enables us to derive the orthogonality relations connecting irreducible 
continuous representations of K'. In fact we first derive, as on p. 216, 
the relation 



{i)(s) ),^{D*(s)},*dT — c^S,' 


it being understood that the irreducible continuous representation 
r — {ZJ(s)} of R' is presented in a basis in which its matrices D{s) 
are unitary On setting t=-=r and summing with respect to r we obtain 


^ {D*(s)D{s)},'‘dT — dcj’' , d the dimension of {Zl(s)}. 

Since 7>(s) is unitary we have D*(s)l){s) — Et so that 

8/F' = dc/ 

where J® volume of R'. Since the volume of R' is 

obtained by integrating over R' the unit function <^(Z) = 1 = <I>(AX), 

F'— I dr -|- I dT = 2F where V is the volume of the rotation 
Jr Jr 

group R. Hence 
(9. 18) 


it being understood that the irreducible representation r= {/?(«)} of 
R' IS presented in a basis in which its matrices Z)(s) are unitary (which 
understanding mvolyes no lack of generality smee the continuous repre- 
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Bentation r of iZ' is bounded, its matrices being of the types D(Z), 
D{A)D{X), X an arbitrary element of R). On setting ; — r, < => jfe in 
(9 18) and summing with respect to r and Ic we obtain 

By continuing with the argument of pp. 216-7 we see that this relation is 
a criterion for irreducibility of the representation r whose characters are 
x(s) , in other words it is not only necessary but sufficient to guarantee 
the irreducibility of r Further the argument there given shows that 
the analysis of any reducible representation F of R' 

V = C^Fa 

into its irreducible components is unique, the coefficients c* being deter- 
mmed by the characters of F 

(it being unnecessary to write xi(s) since the characters of any con- 
tinuous representation of If are real (p 230)) It follows that any 
two continuous representations of Rf which possess the same characters 
are equivalent 

In order to effectively carry out the integration which is defined 
by (9 17) we must be able to perform the integration I ^{X)dT 

w' R 

= ^ <t>(Y)dT where V = AX This involves the expression of dr in 

terms of the elements of Y (of which the integrand 0(F) is a function) 
or in terms of some variables which are convenient for the description of 
0(F). When n is odd there is no difficulty since A inav then be chosen 
as — E„ so that F = — X and the coordinates in terms of which it is 
convenient to specify 0(F) are simply the coordinates in terms of which 
it IS convenient to specify X We have, then, when n is odd 

Ib-( 0) = {0(Z) +0(— Z)}dr 

where, when 0(Z) is a class-function, dr is given by 11). When n 
IS even (= 2A‘) matters are not so simple and it is necessary to evaluate 
dr (associated with the element Z of R) in terms of the element F = ilZ 
of R' We shall choose for A the matrix 

A *“ (^'' ' > so that A^ = E„ 
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The canonical form of T = AX under 'proper orthogonal transforma- 
tions IB 


A(0„ , 0*) = Cl -i- -i- Cfc.1 4- 

whereC,_f ^ ’*^-1 

\ — smtfj eos Oj / 

and from this follows, by the calculation on p. 224, 


Bin 

— cos 6ti) 

Thus y-‘FF--A 


V-ifiyy = A->8FA + 6A — sy 


Now Y = AX so that 


87 = Y-HY = Z-iA-M(AZ) = Z-‘A-^ {AdX) = X'^dX = 8Z 
BO that 

y-"8zy = A-i8yA + 8 a — sy. 

In proceeding, therefore, with the calculation of the element of volume 
dr of R which is attached to the element X of B we have merely to repeat 
the argument of pp 231-5 the only difference being that A(fl,, , ftt) 
now has the form -{- -f" C».i -(- PCk instead of, as before, the 

form (Ji -f- -f Cft-i 4- Cic On transforming all of oui matrices by 

the matrix Ek'X.JiJ = -4=( ^ ) A takes the form 

\ vsV* — ’•// 

re<h 




gih-i 

0 


instead of the form (9 2) as before. We define the matrices Zp®, p> q, 
as in (9 6) and the presentations W/, p>q, of our characteristic 
matrices Jlfj« in our new basis, are furnished by (9 7) and (9 8). The 
relations (9 9) are still valid so long as neither p nor q = k whilst when 
either p or q (or both) takes the value fc we must replace (9 9) by 


2/>-l 2p-l ’ 2k-l 2ft ’ 

^ *-3fc ^ '^2ft-l ^ 

-ac f2k ^ __ Q-UBpSjt) a2p 

2p 2p ’ 2ft-1 2ft f 

@-l„2*0 ^ g. («»+«») g2t-I =_ g-<(«j.+»»)g2p 

2p 2p ^ 2k 2ft-l f 
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The relations (9. 10) must accordingly, when either p or } = Ir, be 
replaced by the following 

(3 = 1, , i. — 1 ) , ®-^lV«->® Nll'^ If, then, 

SW^S. + 2 + 2 

J ^ P>« P>Q ^ 

+ S + 2 (c/)'"Zg 

i>>ii »>>« 

the coelRcients of the various matrices 

in the expression ©‘^SW® + 5® — fiW are the same as those given on 
p 234 when nnthei p nor ] — Ic When ] — h there is a trivial ihange 
d6it must be replaced by dOi. — 2c*, but when p = k the change is more 
serious The coefflcienis of ^k-v » 9 = 1> ^ 

are, respectively, 


(c,« — e/, — (c/)' . 

(c, »)(’<«’«*«») — (cj*)", e-‘f’r^*>(Ca')'— (c/)'" 


In evaluating the determinant of the linear forms in the differentials di 
which constitute the coefncients of the matiicos K,?, iVfj'’ we may com- 
bine (Cf/)"c *•*«■*»’ — Cf/ with — (c/)'', the latter being 

multiplied bv c*'*''"**’, when we obtain (Cg*) — 1) On factoring 

out — 1) the remaining linear form — (Cd*)" may 

be replaced by — (c,*) " in evaluating the determinant Dealing similarly 
with the two linear forms — (c,/)' and (c<j*)' 

— (c,*)'" we see that the four linear forms which constituted ihe coetE- 
cients of replaced by c,*, (c„*)', (Cg*)"} 

{CqY" provided the determinant is multiplied bv (e-**" — 1) — 1) 

= 4 sin*' dq We shall be interested only in the case where the function 
being integrated is a class function (the classes being classes of R' and 
not of R) , since the canonical form of Y, under transformations by 

elements of jB', is Ci + -J- Gk-i -j- F where F = 0-9 such a 

class function is a function of the variables dly 02, , fljt-i alone. The 

factor of I <f>{Y)dT which comes from the integration with respect to 

R 

Ok and the variables which specify W will cancel out in formmg the 
16 
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quotient ^ f <^(Y)dT and so we take for dr the factor of dr which 
involves only the variables 6i, , fe-i 

(9. 19) dr - n Bin* e, n ) sm* am* I d{e^, , 9*-i). 

0=1 P>fl (4 4 ) 


BIOJX 


(” 


R' whose characters are the functions (7m(a) 


, The irreducible continuous representations of the real orthogonal 
group R’. 

The symmetrized Kronecker m-th power [X],*,, [F](iii) of the 
matrices of B' furnishes a rational intcgial representation Fm of dimen- 

+ of 

m / 

where Si — TrY (or TrY), = IVX* (or TrY‘) etc This representa- 
tion may be regarded as operatmg in a carrier space in which the power 
products (a*) (a*) (®")Sfi+f 2 + -j- ;* = m, constitute a 

basis, x= (a*, ,a") being an arbitrary vector in the carrier space 

of the matrices X, Y = AX of R'. Since (a’)* -}- -f (a")* is left 
invariant by all the matrices X, Y of i?' the subspace of the carrier space 
of r,„ which is spanned by the vectors {(s')* + + (!»")*} 

X (a*)*! (a")*" where fci -f- fej -|- -|- fcn = m — 2 is invariant 

under all the matrices of F,,, and the representation of B' which is induced 
by Fm in this invariant space is the symmetrized Kronecker (wi — 8)-nd 
power whose characters are Tm induces, therefore, in a space 

complementary to this invariant space of its carrier space a rational 
mtegral representation of R' whose characters are qm{») — 9 »- 2 («) 
— g'„(s) Since 5 „(*) = p„,(»), where the (») = (z,, ,sin) are 
the characteristic numbers of X, or Y as the case may be, and since 

(1-z.O ' 


( 9 . 20 ) 


1 — t* 


( 1 — Zit) (1 — *»<) 


= 2P'S(»)<*, P'lt(») =P*(») — Pfc-2(*) 


(the usual conventions po(»)— =1, p-i(») — p- 2 (*) = =0 being 

followed). 

Since g'm{») furnishes the characters of a representation of R' any 
product such as g'm,(») furnishes the characters of a repre- 

sentation of fJ', in fact of the representation which is the Kronecker 
product of the representations whose characters are furnished by 
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respectively. If (A) — (Ai, Xj, ,A»i), Ai^A 2 
^ ^ A« ^ 0 are any h numbers the determmantal function 


{A}'(») 


9 Xu 5^ Xi+i I ^ Xj-i j 

s' x,-ij 

H-s'x -Hh-l) J 


(where the various elements are obtained by methodically increasing 
and decreasing by unity the label attached to the symbol q' as we move 
from each column to its neighbor on the right and then writing in each 
column after the first the sum of the two q’ thus obtained, each / carry- 
ing a negative label being zero) is accordingly a linear combination with 
integral coeflBcients (some of which might, so far as we yet know, be 
negative) of the simple characters ot R' We propose to show that 
{A}'(s) furnishes, for each choice of (A), a simple character of R' and 
that no two of the simple characters obtained in this way are the same. 
In order to do this it is necessary to make a preliminary evaluation of 
some integrals over R 

i 

The denominator of the fraction on the left of (9 20) is 11(1 — 2 cos Ojt 

-1- <*) if n(=2fc) IS even and is the product of this by (1 — t) if 
ti (™ -f- 1 ) 'S’ odd We shall assign to the indetemimate t the fc 

distinct values (f,, .1,) and shall denote by y,, the expression 


ffjp = n(l — 2 cos ejtp + V) , 




p -= 1, ,k. 


The corresponding denominator of the fraction m (9 20) will be denoted 
by fp so that fp = ffp if n = 2k is even , fp = (1 — tp)gp if n = 2^- -|- 1 
is odd. The first integral we propose to evaluate is that of the reciprocal 

dr 

. To do this it is con- 

R 9i 9’‘ 

venient to introduct the notations 


r, = i-i- V; 


^ i + V’ 


p = l, ,k, 


for then a factor such as (1 
^^(l — cos OjUp) so that 

{91 9 i‘) ^ “ {TJ' 2 


2cosS/f, -1- fp*) of gp appears as 
Tt)-* (11(1 — cos OjUp) }-*. 

9<i 


But we know, from Cauchy’s determmantal relation (p 115), that 
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{n(i — coB#j«,)}*‘ IS the quotient of the fc-th order determinant j of 


p<t 

» 1 

which the element in the p-th row and j-th column is x — , by 

■* 1 cos ffjUp ^ 

A(u)A(cOBtf), the A sjmbol denotmg, as usual the difference product. 

Thus 


A(«) - n («,-««) = - (r. ny 


1 


P<Q 


0 0 ^ I 0 

Since cos dp — cos = — 2 sin — - sin " the element of volume 

dr, given when n — 2k is even by (9. 11), may be written as 


dT = {A(cos 0 )}>d(f„ 


the numerical factor — 2 being without significance as the constant 
multiplier it gives rise to cancels out in the piooess of averaging over i? 
Hence the integral we wish to evaluate ajipears as 

f — f detf; 3-^)A(cose)d(tf) 

Jjtgi gt Jr \i — cosMr/ 

^ 2»,*->,/»A(j) {fi (1 - ipi,)}T, 

P<Q 

J 

Since 1 — cos ffjxip ^ (1 — 2 cos 0jtp + tp‘) — Tp the factor Ti Tu 
may be absorbed in the determinant and we may write 

2*(*-i)/^A(t)ri(i - <,<,) f— — - 

V<Q ffk 

— r ^ I , J A(cos«9)d(g) 

Jr \1 — 2cosS,tp + <pV / \ / 

How a typical term in the expansion of the determinant is 

± { (1 — 2 cos 9j,t, + <,*) (1 — 2 COB 9jji. + tj) 


where (}„ , pc) is a permutation of the numbers 1 , , Te and the 

plus (minus) sign is used according as this permutation is even (odd). 
But an interchange of two of the variables {0,, , fife) of integration 

cannot affect the value of the integral, such an interchange changes the 
nature of the permutation ,]i) (from even to odd or vice versH) 

and changes the sign of A (cos 9) Hence every one of the terms in 

the expansion of det (-z 5 — v ■ / ' a ) yields, on integration, the 

y 1. ” » COS Cjj tp f 
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same result so that we need only take the leading term and multiply the 
result hy h > Hence 

2t(*-i)/2A(i){n(i-y,)} f— ^ 

p<q Jr Ql Qk 

= fcl I {11(1 — 2 c 08 «j<, + <j=)}-‘A(cosfl)d(5) 


On writing A (cos B) as a Vandermonde determinant, of order fc, of which 
the element in the p-th row and y-th column is (cos Sy)*'*’ we have merely 
to integrate a determinant of which the element in the p-th row and ;-th 
column IS (cos — (1 — 2 cos Ojtj + Since the variables are 
now separated (each of the k columns being a function of only one of 
the k variables 6i, , 6k) the integral of each term in the expansion 

of the determinant is found by integrating each of its factors with respect 
to the single variable contained in it. Hence we have merely to evaluate 
a determinant of order k of which the element in the p-th row and ;-th 
column IS 


On writing 



(cos 6)^^’‘d9 
(1 — 2 cos Blj -\- 


tn‘ 


(1 — 2 cos et) + = (1 — (1 — 

we find 

(1 — 2 cos 61, + ==1+22 c',t,i 

1 

where 

c', = cos gd + cos ((7 — 8)5+ , g = l,2. 


(the summation ending in J if g is even). Hence 


(1 — fj") { (1 — 2 COB 6tj + f,**) )-^ = 1 + 2 2 cos q6l,’‘ 

1 

Furthermore 

Q~i9 1 It-p 


(cos5)*^-j I 


== (cos (fc — p)5+(fc — p) cos (fc — p — 2)5+ } 

— 2 *-'’-^ , k — p == 1, 2, 

From the orthogonality relations 

X 27r 

cos p5 cos q6d9 — 0; p^q; J cos* p6d6 — w 
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J * 

— — p-Tj 18 a polyBOmial in if 

0 1 /c COS f/tj ~f- tj 

of degree h — p the coefficient of the highest power being 2^“ 2*^^, 

p — 1, 2, ,1c — 1. For p — h, on the other hand the value of the 

integral is 2ir. On removing the factor from the p-th row of our 

determinant, p = 1, ,1c — 1, and the factor 27r from the fc-th row 

we obtain a determinant of which the element in the p-th row and ;-th 
column 18 a polynomial of degree k — p m is the coefficient of the higheat 
power of t] being unity. Since the polynomials in a given row are 
the same, only the argument ti varymg from column to column, we may 
simplify our determinant by subtracting from each row an appropriate 
linear combination of the rows beneath it; it then appears as the 
Vandermonde determinant of which the element in the p-th row and 
j-th column is f/'s so that its value is A (I). On dividing out by the 
factors (1 — tj^), 3 = 1, ,k, which were introduced for convenience, 

we obtam 

2(*-i)”{n(i-<A)}{n(i-<,^)} f 

|/<<; p=i •/RSl Sk 


On setting ti — tj— =<» = 0 each of the quantities g,, 
assumes the value unity and we find 


(9 21) 
Hence 


V— (2ir)* iS:'-=-2<*^»*. 


L f 

vjjigt, ,gk 


jt<* 


>9* 


(the factors (1 — </) being absorbed amongst the factors 1 — tptq by 
permitting p — q)- Since n — 2fc is even we may identify each p, with 
fp so that 

(9.22) 4 r — <»<«)}■*, n even ■s= 21 

V Jr Jh psq 


We may observe that the element of volume (9. 11) may be normalised, 
by use of (9. 21) , so that the volume V of the n = ik dimensional group 
becomes unity We have merely to write 

(9.23) dT— .n n (costf, — cos«,)®d(9i, ,0^) , n — 2fc. 
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When » ~ 2i! + 1 IS odd we have to use the element of volume (9. 16) 
or, equivalently, the element of volume 

dr— {n(l — cos 6,) }{n (cos dp — co8d,)*}d(di • ,dfc). 

P<9 

1 

The argument proceeds as before the only difference m the end result 
being that we must evaluate a ifc-th order determinant of which the ele- 
ment in the p-th row and ;-th column is 


instead of 


»> (coa d)'H.(i_eo8d) 
2C08d<j-|-<l* 


J **'(eo8 6 
0 1 — 

£t 


dS 


(cos 8)'^d0 


■ 2 cos 6tj 


as before We have seen 


( gif 4 - e-u\»-p 1 

2 — ) (fc — p)d 


that 


■CtO 


cos (fe — p — 2)d -|- ]) 




(cos 9)'‘~fd0 


is the polynomial 


2 cos 9t -|- 




The polynomial 


Ct') 


-h ]. 


_|_ jjjg^ when t •— 1, 


one half the value of (t + r)*"’’ when < = 1 and so when t = l the 

t 

expression 


<•-<■) r'd? 


(cos 9)’^dB 


■ 2 cos d< -f /■' 

has the value 2ir. Since this value is independent of p the difference 
r‘'*' (co8 d)*-»> — (cos d)*-F -^ 

' ^ ’ Jo 1 — 2 COB d< -f t* 

IB divisible by 1 — t and 

r»-^ (cosd)H.(i-cosd) 

+ T:^2cosW + t* ^ 


dd 
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IB a polynomial of degree k — p m f the coefficient of the highest power 
of t being Hence the value of the determinant (which becomes 

the simple Vandermonde determinant A(l) on removing the common 
factors from each row and the factors 1 + from each column 
followed by subtraction from each row of an appropriate linear com- 
bination of the rows below it) is On dividmg out by the 

factors 1 -f we obtain 

2*<*-”{n(i-M,)Kii (i + <,)} r — ^ = 

P<v J=i JrQx Qk 


On replacing gp hy fp — (1 — ip) we obtam 


dr 


sfi 


On setting ii 

(9. 24) 
so that 


(A i i \ ■( -1 

fk~ 

1 

tfc = 0 each /k = 1 and we find 
2*<**‘* 


(9. 26) = r — Y = { n (1 — Mfl}"’ > « odd = 2ifc -f- ] 

' a/ R /I /fc pSq 


We observe that the volume element (9. 16) may be normalised, by use 
of (9. 34) so that the volume Y of the •\~X dimensional rotation 

group becomes unity. We have merely to write 


2 k(fc-l) k k 

(9,26) = (n (1— cosei)}{n(cos9, — costf,)=*}d(fl„ ,dk). 

V 

In order to evaluate the integral of (/i /*.)-> over JJ' we have to 

consider separately the trivial case when n >= 2fe 1 is odd and the case 
when n = 2fc IS even. When n is odd V = — X and fp evaluated for 
Y = f{—tp). Since the right hand side of (9 25) is unaffected when 
the sign of each and every ip is changed it follows that the two integrals 
whose sum gives the integral over R' are equal. Hence 

(9-27) = 
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The same result holds when n = 2k is even but to prove this some 
further calculations are necessary. We have seen that, whether n is 
odd or even, the integral of (/, over R, divided by the vol- 
ume V of R, = {II (1 — Vv))'^={n(l — where 

1 

k 

= n (1 — Mfl) If 7 18 one of the numbers 1, 2, ,Je — 1 we 

p<<i 

1 

may set — ij +2 == =4 = 0 forcing = /y+o = = /jt — 1 

and we see that the result 


i f 7-^= {fl(i-W, (*)}-% 

y J Rji Jj p=\ p<Q 

1 

IS valid not only when ] — k but also when ; = 1, 2, ,k — 1 To 
see that happens when ; > A. let us consider the function 

= n (1 — 2 cos e,tp -f tp*) 

fl=i 

which -= fp when n = 2k is even and =fp — (1 — tp) when n = 2!: 1 

is odd gp IS a polynomial in tp and T, = 1 -|- tp^ 

gp — C/etp* -f- Cje-itp^ -f- -|- CitpT^ ^ -f- Tp^ 

SO that the determinant of order A. -|- 1 of which the elements in the 
p-th row are {t^,tp‘~'Tp, ,tpTp*"% ^ p) has the same value as the 
determinant of order A: -f- 1 of which the elements in the p-th row are 
(<p*, tp'~'Tp, , tpTp’^^, Tp'‘) This determinant may be readily evalu- 

l+l 

ated 5 in the first place Aa,+i (f ) = II (4 — tq) is a factor of it Secondly 

1 

the elements of the p-th row become, on division by the seme func- 
tions of — that they were originally of tp. Hence not only is tp — tq 

tp 

a factor of the determinant but 1 — tptq is also Hence 
18 a factor of the determinant, the remaining factor is seen to be rmity 
on comparing the coefTieienth of the leading term tftJ^*^ which 

IS unity in both expressions. The cofactors of the last column of the 
determinant ot order A -|- 1, of which the elements in the p-th row are 
(tp*, ,tpTj'~^,gp), are readily evaluated, for example the cofactor 

of Qi, when multiplied by ( — 1)*, is the product by U hti of the 
determmant of order k of which the g-th row is {t*i\ , ^<r+i ^«+i> > 

tq*iT^l , ) and the value of this determmant is, as we have just 
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seen, Ak'(()2«’(t) (the superscripts 1 indicating that A«^(t) and 
are obtained from At+i(f) and X*n.i(t), respectively, by omitting the 
factors which involve t,). We have, accordingly, proved the relation 

(9.88) Afc.,(f)i»*i(*) = (— 

and we divide this relation by V{fi ft^,) and then integrate the 
resulting equation over R. The first term on the right becomes 

(— l)*t= f V 

ft' /*-i 

if n IB even and the quotient of this by (1 — <,) if n is odd But the 
quantity I -z -z — has the value {IT (1 — tp^)Lk ^ (*) }“' and so the 

y Rj2 Jhyi 2 

Jt+1 

first term yields [ ( — 1 )*<2 (t)/ IT ( 1 — fp®) ] times (1 — fi®) , 

p=i 

if n IB even, and times 1 + ti if » w odd The product <s ft*,A**(l) 
may be written as a determinant of order k of which the elements in the 
g-th row are (<^,. 1 , . iq-n) and so we obtain, on multiplying both 

sides of our equation by IT (1 — t/), 

1 

where s, = 1 — f,® if n is even and = 1 + if n is odd. In either 
event the determmant on the right is equivalent to the Vandermonde 
determmaiit whose value is Ajui(l) as may be seen by adding the 
(fe — l)-st column to the last if n is even and by subtracting the ifc-th 
column from the last if n is odd. Hence the basic relation 

1 

holds, not only when ; = 1, 8, ,k, but when ; = )fc + 1 as well. 

Exactly the same argument goes through for higher values of y ; thus if 
y — fc + 8, we divide the basic equation (9 88) by V(/i fk*i) and 
integrate the result over R. The first term yields 

Il+S 

(— i)''f2 <**i 4 *®(*)£»‘(*)/n (1— V) n (1— M«) 

S=® I><« 

t 








^fc+l ^+1 
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if n 18 even and the quotient of this by 1 — <i if n is odd; this may be 
written as 

1C+2 

( 1)*^2 (n (1 tptg)} 

VSq 

1 

times (1 — (1 — titic- 2 ) 

if n 18 even and the quotient of this by 1 — <, if » is odd. On dividing 
through by we obtain 

fi* ti s'l 

V Lj -f- “ (1 - tpt,) 

y j R j I a +2 

flC+l 

where s'p = Sj,(l — As before the determinant on the right is 

the Vandermonde determinant of order fc + 1 whose value is Aii; 4 .i(l) 
and we see ihat (9 291 is valid when ; = 1: + 2 Proceedmg in this 
way from eac-h value of j to the next higher we see that the basic relation 
(9. 29) 18 valid for each value of ; from 1 to n — 1 mclusive, in passmg 
from ; = 11 — 1 to ; = n the quantities Sp which occur m the last column 
of the determinant on the right in the final step of the argument are 
(1 — V)(l — — tjfjfc+s) (1 — tpU), if n 18 even, and the 

quotient of this by 1 — if n is odd In either event Sp is a polynomial 
of degree A" + 1 with lowest term 1 and highest term ( — U; 
the determinant on the right splits up mto the sum of two determinants 
of which the first is the Vandermonde determinant of order A + 1 whose 
value IS Aj,i(l) the second being the product of this by f ]<2 tn. 
Hence when ; = a the relation (9.29) must be replaced bv 

(9 30) if ? T °° (1 — fa<v) )-M 1 + 

y %/ B Ti /I* 

1 

We are now ready to proceed with the final step of our preliminary 

calculations, namely, the evaluation of C j — ~~r » f j 

t/R'Tl Ji 

n When n is odd there is no difficulty since then wc may set 
Y = — X and fp for Y is obtained from the for X by changing the 
sign of tp as already pointed out in the derivation of (9 27) This 

> 

change of sign of each tp does not affect II ( 1 — nud each of the 

pSq 

1 

two integrals, which occur, by definition, in ^ — ~f^ 
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; — 1, ,n — 1, the same value, namely one-half of 

On the other hand when ; = n the seeond of the two integrals has the 
value 


i{n (i-tA)}-Hi + {—u)i—u) 

pSq 


i-U)} 


=i{n(i— M 2 

prSq 


U) 


smce n is odd Hence the integral over R' = {11 (1 — Ma)}'* I® 


other words for all values of } from 1 up to n, inclusive, (not merely up 
to » — 1 mclusive as is the case for the rotation group) 


(9.31) - 1 — ^={11(1— Ma))-’, n = 2k + l 

^ R' Jl Ti 


odd 


This relation holds also when « = 2A; js even but to prove it we have 
to turn to the form (9. 19) for dr, apart from numerical factors which 
have no essential signihcance this may be written as 

Jr 1 *-l 

dr = II (1 — COS* II (cos Op — coaOq)’‘d(0i, , O^-i) 
a-J p<a 

1 

We shall first treat the case } = h — 1 Writing fp{Y) = (1 — tp^)hf 

k-l r* 

so that = II (1 — 3 cos 0]tp -f <p*) the integral I (/i /t-i ) '^dr 

j-1 R 

The calculations pro- 


takes the form 11(1 — VY' j w— 

yirl R 


dr 


Aa-1 


ceed exactly as before save that fc must be replaced by le — 1 and allow- 
ance made lor the diffcience m form of dr We find, as on ]» 245, 

that 2<*'*’‘*'*’^*Aj,.i(*){fl (1 — tftq)} f T — — IS the product of 

P<Q %/ R *1 

1 

(ifc — 1) ! by a deterniinaiit of order k — 1 of which the element in the 

'*'(008 OY'^-v — (eos 

— = 2 ^ 5 ^ 7 + 17 " 

multiplied by (1 — f*) is a 


X 2t(qo8 
i-j- 


have seen that 


(cos 0)*~fd9 
■ 2 cos $ 


(c 

0 1 — S 


polynomial fVp(<) of degree k — p m t 


2*^*Fih,(<) = 22r{<*-» -f- 


(‘ 7 ') 


-h }. 
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When < = 1, has the value 8ir so that Pk^{t) — Pic-^i{t) is 

divisible by 1 — t (since it vanishes when <— ■!). When < — — 1, 
P-h^(t) has the value 2ir ( — so that Pihi(<) — Ph-v^tii) m also 
divisible by 1 + i, hence Pk-pit) — Pt-jHj(i) is divisible by 1 — P the 
quotient being a polynomial of degree i — p m t whose highest degree 
Ztt 

term is In other words the element in the p-th row and ;-th 

column of the determinant of order h — 1 which we have to evaluate is 
a polynomial of degree k — 1 — p in tj the coefficient of the highest 

power being On removing the common factor ^ from the p-th 

row, p — 1, 2, ,1 — 1, the determinant becomes the Vandermonde 

detenninant of order Ic — 1 whose value is We obtain, then, 

the result 


(9 32) 




(2ir)»-^(fc-l)l 


{n(i 






Oil setting tt = 

(2.)>-M/.— ])' 




and so 


0 we see that our choice of dr yields 


1 

It follows that dr may be normalised so that V is unity 


O(fc-l)* fc 1 

(9 34) dr , rydl (1 — «>s“e,)}{ 11 (cosdp — cos9,))=d(9i, ,dj 

(27r)* (/i — 1)’ pi p'„ 

1 


It follows at once from (9 33), on setting </*, = = —h-i — O 

that 

(9 35) ^ r-,— ^= (11(1 -«,<,)}-%; = 1,2, ,k-l, 

r R fl Ti 

and this, in combination with (9 29), yields 


To evaluate the integral for higher values of ; we write down (9. 28) 
with k replaced by fc — 1 and j, by hf and integrate over B the equation 
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obtained by dividing each side of onr equation by V{fi 'fit)- The 
first term on the right becomes 

and BO the right hand side of our equation yields on performing the 
indicated integrations by means of (9 33), the quotient of the Vander- 
monde determinant of order k whose p-th row is j tpj 1) 

k 

by {n (1 — V) } Oil dividmg out by the common factor Ajfc(t), which 
1 

equals the Vandermonde determinant, we find 


If dr 

VJnh h 

which, together with (9. 22), yields 


pSq 

1 


(9.37) 


If dr 

^yjR-u u 




pSq 


Prom (9 37) we pass to~ C -z — — in exactly the same way that 

J R'Jl Jk*t 

we have passed from (9 33) to (9. 37) In this way we obtain the 
general formula 


(9 38) 


If dr 

2vJr'/i 


f { 11(1 tptq))~ 

fi 




,n — 1. 


In passing from j = n — 1 to ] = n we obtam on the right a determi- 
nant of order fr of which the elements in the p-th row are (tp*"', 
Sp) where Vp =( 1 — (1 — Ma»)< The value of 
this determinant =A)i(t)(l — t, tqic) so that the second of our 

integrals in the calculation of f j — ——r has the value 

* y R'Jl fn 

4(11(1 — ^pt«)}”'(i — fi tuc) 


Since the first of the two integrals 
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After these somewhat lengthy calculations we return to a considera- 
tion of the representation of 5' whose characters are the functions 
defined on p. 243. The relation (9 20) may be written (1 — 

00 

“ 2 and on setting, in turn, t = <i, h, , tji we obtain the 
0 

k relations 



2 p'l.V'. 


On multiplying these relations together we obtain 

n(i-v) 

-^7 5 2 

Ti h (1)=0 

We now multiply both sides of this equation bv ^{t)L],{t) , this expres- 
sion IS equivalent to the determinant of order k of which the elements in 
the p-th row are (</'*, (Tp’''*) and this is 

equivalent to the determinant of order I of which the elements in the 
p-th row are (t/'S -f- + (since this 

determinant is obtainable from the previous one by subtracting from each 
column an appropriate linear combmation of the columns which piecede 

no 

it). On multiplying the elements of this p-th row by 2 p' /.V' we obtain 

n 

a determinant of which the elements m the p-tb row arc 

no 00 no 

(2 P^l,-<1-1) V'j 2 {P^i,-(l!-2) + > 2 (p^l, + P*3,.-Jl+-’}^P^*)- 

0 0 0 

On setting 1, =Ai-f (fc — 1), = — 2), ,1/, -=Aa, this 

determinant is the sum o\ er all sets of numbers Ai > Aa ^ i Ai — 0 
of {A}' A(Z,, , h) where A(Zi, , Z*) is the dotermiiwnt ot order k 

of which the elements in the p-th row are (fpS , fp'») On dividing 
through by Afc(t), A{li, , fc) — ^i(t) becomes the simple char- 
acteristic (A) (t) of the symmetric group on A, A- -f- -)- Aa, letters. 

Hence 

n (1 — tptg) 

pSg 

(9.40) -A- 1 2{Ar{A}(t) 

/I Jk (X) 

On denoting by (u,, , 1 X 1 ) a second set ol k mdeteimmates and 
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setting f{ui) —/*+!, we find on multiplying (9.40) 

by the result of substituting ii for t in it 

n (1 — tjtq) n (1 — 

(9.41) ^ , % S {X}'W'{A}(*){/i}(u). 

/j/2 M (X)u) 

On integrating this equation divided by 2F over R' we obtain 
{ n (1 - = 2 {A} (I) {/.}(«) ^ f W'M'dr 

v.q Jr* 

1 

The expression on the left « 2 {^}(*){A)(w) , m fact 

(X) 

Je rc CO 

{ n (1 — t,w,a:)}‘‘ — 2p».(*u)a;”’ = 2 {2{A}(*){A}(«)}a^ 

p,{f 0 0 

1 

where the summation in the coefficient of a®* is over all partitions of m 
(see p 116) On setting a = 1 we obtain the result stated Hence we 
have the relation 

2{A}(t){A)(u)= 2 {A}(I)W(«)^ f {A>'W'dT 

(X) (Xll(i) •tfK J R> 

On regarding u as fixed and t variable we have on each side of the 
equation a combination of homogeneous polynomials {A)(t) of the 
variable t = ( ^, , <i) The parts of each side which are homogeneous 

of a given degree m must equal each other and so 

2{A}(0{A}(«)= 2 {A)(l){;x}(«)i f {A}'{M'dr 

(X) (X)(#1) lir J Ii’ 

where the summation is now over all partitions (A) of m. Since the 

simple charactonstics of the symmetric group on m letters are linearly 
independent it follows that 

{A} (U) = 2 {#x} («) ^ r 

(11) Jli’ 

where (A) is a given partition of m Eegarding now u as variable we 
have first 

unless (ju) IS a partition of m and then 
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(9.48) ^^JxYM'dr^O 

unless (/i) = (A) m which case 
(9.43) 

We know that {A}' is a combination with integral coeflTicients, positive 
or negative, ol simple characters (i. e characters of irreducible repre- 
sentations) of if'. We now learn from (9. 43) that {A}' is either a 
simple character of If or the product of a simple character by — 1 : 
and from (9 43) that no two of the simple characters {A}', {/i}' of R' 
obtained in this way are the same 

In order to show that {A}' is actually a simple character of R' (and 
not the negative of a simple character) we calculate its value for jp», 

the unit element of If , this calculation will at the same tunc furnish 

the dimension of the irreducible representation of R' whose characters 
are furnished by {A}'. It is convenient to modify the form of (A)' and 
this modification will be clearly understood if we illustrate it bv con- 
sidering the case 1: = 4 (i e n = 8 or 9) (A)' is, in this case, a de- 

terminant of order 4 of which the elements in the p-th row are 

(p'i,-s, p' 1,-J + P'lp-i, P'1,-1 + p'i,-o- p'l, + P'i,-«) 

where *= Ai -f- 3, I 2 A2 -f- 2, I 3 =* As -|- 1. I4 ““ A4 (^n general, 

= (fc — 1), Ij — Aj-f (ifc — a), ,li = At) On denoting by 

ip an operator which reduces by unity any label m the ;>-th row we may 
write {A^} as a determinant of order 4 (= le) of which the elements in 
the p-th row are 

((p’p'lr, ^/(l + ^/)p'«,. ^v(l + ^e*)p'l,. (1 + 

Denoting, for a moment, the various columns of this determinant by 
Ol, Ci, C 3 , Ci we subtract 60, — I5C2 -t- 200, from 0i and the element 
in the p-th row of the 4-th column becomes (1 — ^p)“p'ip> 
tract 4O2 — 6O1 from O, when the element in the p-th row of the third 
column becomes — iv)*I^ i, j finally we subtract 20, from O2 when the 
element m the p-th row of the second column becomes ^,= (1 — ivYP'i, 
Carrying through this argument for any value of k we see that (A)' may 
be written as a determinant of order k of which the elements in the p-th 
row are 

17 


ip(i-ipy'‘-*P\, (1 -^p)*»-y.,) 
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Since (1 — iv‘)pi, we see that {X}' may also be wntten as a 

determinant of order h of which the elements in the ;^th row are 


(9.44) , 
or, equivalently, 

(9.45) {X}'-.{n(l-l,>)} ]Ph 

,(!-&)“ 


The expression which operates on the product pi, pi, 
may be written as 


n(i-f,>) 


li*-*(i + fi>), fi*-*(i + ^l*)^ 


pi, in (9.45) 
,(l^-^l*)‘-' 


and, by the argument of p 249, this =11 (1 — £t>£(i)^(^)- Since 

1 


{X}. 

we have 
(9. 45>>") 




,1 

,1 


Pi. 


pi, “A»(S)pi, pit 


{x}'-n(i-«.){x}. 


The evaluation of {X}' for the unit element £!■„ of if' is easily per- 
formed when {X}' is wntten m the form (9 44) In fact, since p/ is the 
coefiBcient of m the development of {(1 — «i() (1 — *»<)}'‘ and 

since Zi=Zi— =*„ = 1 for the element F„ of if', <!>{() pi is the 


coefficient of m- 


<l> being any polynomial function Hence 


(1-t)"’ 

in order to evaluate {X}' at En we have to evaluate a« determinant of 
order k of which the elements in the p-th row are the coefficients of fi> in 
the developments of the functions 


(<*-»(i + <) (1 - <)-'*■*’. <"-‘(1 + 0(1- o-'"-*’, , 

f(l -I- <) (1 — <)-(«-»♦»), (1 + () (1 _ ()-(n-8lk«)) 

as power series in t. The element in the p-th row and ;-th column of 
our determinant, being the coefficient of <*»+>-* m the development of 
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(1 + <)(1 — <)-(■-*<+») IB, accordingly, zero if Zp + ; — ifc<0, unity if 
^ + J — i = 0 and 

/» — 2; + ^ + j — — 2y + Z, + ; — fe — 1)\ 

\ n — 8; /^\ n — %] ) 

(w — 2;4-lp + ; — k — 1) (^ + ; — fc + l) ■ 

(ft — 2;) I (ft+2i, — 2*) 

if + f — fc ^ 1. This last expression can be used if Zp + ; — fc < 0 
since it gives the correct value zero, m fact Z, = Xp + fc — p's: k — pso 
that Ip ] — k^ } — p so that ft — 2j + Zp + ; — k — l^n — ; — p 
— 1^0 unless ] = k — p , n — 2k. But this case cannot arise with 
lp + } — fc < 0 since Zp ^ 0 The general formula valid when Zp + ; — k 
> 0 and Zp + ; — Z: < 0 may also be used when Zp + j — fc = 0 
since it furnishes the propel value unity. When n. is even (= 2k) the 
last column is exceptional, in it we have to develop (1 + Z)(1 — Z)"* 
= 1 4- 2Z + 2Z^ + so that the elements m the last column, being 
the coefficients of /'* are the same, namely 2, for all Zp save Zp = 0. 
Zp ■=■ 0 forces p = k and the elements in the last row are all zero save 
the last which is unity. If, then, ti =« 2fc and Z* = 0 we shall double the 
last row in order to have a determinant m which all elements of the last 
column are 2 (instead of all but one) and we shall divide our result by 2 
at the end Since the element in the p th row and ;-th column of our 
determinant is 


(w — 2;4~^p + f — — 1) 

(n — 2])' 


(lp + ] — k + l) 


(ft + 2Zp — 2k) 


(i. e. a polynomial of degree (ft — 2}) in Zp, the polynomial being the 
same for every row — here the doubling of the last row in the case ft =■ 2k, 

Ic 

Zp = 0 IS essential) our determinant contains A(I) “II (Zp--Z«) as a 

p<r'C| 

1 

factor Furthermore it is evident that if Ip is replaced by 2k — m — Zp 
the expression given above for the element in the p-th row and j-th 
column of our determinant is multiplied by ( — 1)"'*^ so that not only 
IS Zp — Z, a factor of our determinant but so also is (Zp + Z, + n — 2Z:). 
When n — 2k is even, therefore, our determinant has the factor 

It 

n (Zp — Zj) (Zp + Zj) and the remammg factor is numerical since the 

P<8 

1 

Jc 

product XI (V — V) of degree 2k — 2 — n — 2 in li as is also the 

P<Q 

1 

determinant being evaluated Since the coefficient of Zi**“*Z 2 ""* 
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m the expansion of the determinant is 2*— (» — 2)1 '2! we see 

that when n is even (= 2fc) the desired value of our determinant, which 
furnishes {A}' for the element of R' is 

(21c — 2)1 4 T 2 T ’ 

(9.46) a»-l lE 

(2fe — 2) ' JiTI ~~ ’ 

1 

Since this value is positive we see that, when n = 2h is even, {A}' 
furnishes the characters of an irreducible representation of R' whose 
dimension is given by (9 46). When n = 2i; + 1 is odd the p-th row 
of our determinant has the factor n -j- 21p — 21c (this does not happen 
when n ■= 2fc is even for then the last column consists solely of 2’s). 
Since the determinant is of degree n — 2 — 21c — 1 in I, the remaining 
factor, other than 

(ft (» + 21, — 2fc) } (n (ip + + « - 2fc) (Ip — 2,) } 

|)=1 J)<fl 

1 

18 numerical and its value is found as before. On writing Vp = Zp + J 
the value of the determinant is 

(’■«) pr -i)i* - 11 1''- wn ft- >'.)W +'-.)!■ 

I 

Hence, again, when n = 2fc + 1 is odd {A}' furnishes the characters of 
an irreducible representation of R' whose dimension is given by (9 47) 
We shall see in the next section, after we have discussed the irreducible 
representations of the n-dimensional rotation group R, that there are no 
other continuous representations of R' than those described above. 

5. The irreducible representations of the n-dimensional rotation 
group. 

If r 18 an irreducible representation of the n-dimensional full ortho- 
gonal (real) group iJ' we obtain from it, by the principle of selection, 
a representation, which may or may not be irreducible, of the subgroup 
R of R'. Denoting the characters of r by {x(.3r), x(.4X)} the hypothe- 
cated irreducibility of F furnishes the equation 


i* 7^ 0 

h = Q 


I ; n = 21e. 


(9.48) 
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Now Bf has two basic representations of dimension 1 (hence irreducible) 
namely 

(a) the identity representation 


and (b) the alternating representation r-,, for which xC-^) = 1, x(-^-^) 
== — 1 The Kroiiecker product F X r'o of any given irreducible repre- 
sentation r of -K' by F'o IS also irrcduciblp (since it lias the same squared 
characters as F) and it is equivalent to F when and only when the char- 
acters x(^-i*) of arc zero, every X When this is not the case the 
two noii-equivalent representations F and F X T’o of R' are termed 
associated i a representation F of fJ' whose characters x{AX) are zero, 
every T, being termed sclf-asiocialed For a self-associated representa- 


tion F of JJ' we have, from (9 48) J {x(-^)}*^’' ““ 1 equiva- 
lently, -j, f (x(X)ydr = 2. Hence the representation of R which is 

H 


obtained from F by the principle of selection is not irreducible, being the 
sum of piecisely two (since 2(C'*)'' = 2) irreducible representations of 

i 

R. On the other hand il F is an irreducible represeiit.ition of R' which 
IS not self-associated the icpreseutation of R which is obtained from F 
by tlie jiriiici]ilo of selection is irieducible. In fact the non-equivalence 
of F and F X T'o yields (by (8 30)) 


and this, together with (9. 48), forces C {x(.3^) }'<!’■ = 1 so that the 

y J H 

repieseiitutroii of A’ whose chaiacteis are x(-‘l') irreducibk (ji. 239). 
When u = Zl, -|- 1 we mav set A = — A’» and it is clear that no repre- 
sentation of R' IS self-associated since tins would force x( — Rn), which 
= — x(En), to be zero. Hence when n = 2fc -)- 1 is odd all repre- 
sentations of R which are obtained by the principle of selection from 
irreducible representations of R' are themselves irreducible. 

Denote now by F any representation, irreducible or not, of R: 
F= {D(X)} Then the collection of matrices {D(Z')} where 

R(X) =I)(A-‘XA) =D(AXA) (since A-^=A) 

furnishes a representat'oii f of R. When n is odd, so that A = — En 
we have A~^XA == X so that f coincides with F When n is even f may 
or may not coincide with F, it will coincide with F if F is derivable from 
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a representation of by the principle of selection for then 
— Z>”‘(A)2?(Z)f>(jl) and x(Z) — x(Z). If f is different from T it 
wdl he irreducible when r is irreduable and vice versl. In fact the 
volume element dr of R is invariant under the outer automorphism of B : 
X -*Y = AX A , for dr is an even function of the angles (9i, , 9k) 

and the angles for Y •=AXA are {9u , — 9k). Hence 


f £ {xm}‘dr=-^£{x(AXA))‘dT = ^£ {x(Z)}»dT. 


We term f the adjoint representation of to r it being clear that the 
relationship of adjointness is reflexive r is the adjoint representation 
of B to t, also r and f have the same dimension since D(B) = 1)(AJEA) 
= D(E). When r and f comcide we term F a self-adjoint representa- 
tion of iJ, so that, in particular, aU representations of B are self-adjomt 
when n is odd. If r={2)(Z)} is obtained from a self-associated 
irreducible representation of R' by the principle of 

selection F is reducible F = Fi -|- F,; D(X) — Di {X) -|- Dt{X). We 
write D(A) in block form suggested by the analysis of F 


DU)-{i ") 

and observe that this implies D(AX) = D{A)D{X) PH^(X) 

Since {D{X),D(AX)} is irreducible it follows that N is not the zero 
matrix. Now D{X) — D{AXA) = DkiAXA) + D,(A^A) = A(Z) 
■^DkiX); and D{X)D{A)=D(AXA)D(A)=DU^)=‘D{A)D{X) 
so that 

fi)r{X)L D,(X)M\( LD,(X) MD,(X)\ 

\B^AX)N b^(X)p) \nDi{X) PD,{X))' 


Prom the relation D 2 {X)N = NDi{X) and the fact that N is not 
the zero matrix we deduce, by Schur’s lemma, that Fa coincides with Fi ; 
and that JV is a scalar square matrix; in other words the two repre- 
sentations Fi.Fa of B are adjoint (and hence of the same dimension) 
Since Fa and F, are non-equivalent Fa and fa are non-equivalent and so 
the relation Di(X)P = PDi(X) tells us, again by an application of 
Schur’s lemma, that P is the zero matnx, similarly L is the zero matrix. 


Hence B(A) is of the form 


0 cEi 


EA 
0 / 


where d is the common dimen- 


sion of Fi and Fa. 
tells us that cc' = 


The fact that {2)(A)}* — — I>(Pn) =Had 
1, and on transforming all the matrices D{X), 
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D{AX)) by the matrix ^ 


0 representation 

r may be presented in a basis in which 


D(A) 


{0 EA 

A-Bd oy- 


We hare seen in the preceding section that associated with each set 
of k numbers Ai ^ Aa ^ > A* ^ 0 there is an irreducible repre- 

sentation FjX) of JJ' (n =- 31: or 8fe 1). When n is odd each of these 
furnishes, by the principle of selection, an irreducible representation of 
R. To see whether or not any two of the representations TjX) constitute 
a pair of associated representations of R' or whether, when n is even, 
any one of the representations T^x) is self-associated we integrate the 
basic equation (9 41), divided by V, over R (instead of, as before, 
mtegrating this equation, divided by 2V, over R'). When n — 2k-\-l 
IS odd we find 


{n(i — 2 {A}(i)w(it) r {A)'{/irdT 

9,Q (xxm) y Jr 

1 

or, equivalently 

2{A}(*){A}(«)- 2 {A}(t)W(l.)^ f W'WdT 
t\) <x)(m) y Jr 

This implies, by the reasonmg of p. 256, 


(9.49) {A}'{/i}'dT = 0 unless (A) = (j») and-^J^ [{A)']='(iT — 1. 


It follows from (9. 49) that no two of the representations r,x) of fJ' form 
a pair of associated representations of Bf. We obtain, then, further 
irreducible representations of Rf by adding to the set Tixj the set 
r(X) X T'o no two of the latter set being equivalent (if they were the 
pair r(X„ r,/!,, having the same characters, would be equivalent) nor any 
one of the set FjX) X F'o being equivalent to any one, of the set 
FjX) (if it was F(X) and Fj^, would form an associated pair). When, 
on the other hand, n = 81: is even we find 

(9.60) [2{A}(0W(w)(l + <i «*)] 

(M 

= 2 (A) (*){;*}(») 4 r w'w'd- 

(AHm) VJr 

Since {A} (I) — A (1,, ■ , Z*) — A(*), where j1 (Z,, , It) is the fc-th 
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order determinant of which the elements in the p-th row are (t, , /*'») , 

we have 

{A}(l) 4 = A(li + l, ,1,+ !)— A(l) 

= (Ai + 1, A 2 + 1, ,A|;+1). 

Hence we may write (9 50) in the form 


2[{A}(f){A}(u) + {A, + l, ,Ai + l}(l){A,+ l, ,At+ !}(«)] 

M 

= 2 W (*){/!}(«) 4 r 

(X)(«) V Jn 


Hence, again by the reasoning of p 256, C {A}''{/i}'dT = 0 unless 

y Jr 

(A) -= (/i) , so that, again, no two ol the repieseiitations Tix,, Ttfi, of R' 
form an associated pair If Aa — 0 we neier find a member {A} ( 1 ) in the 
set {Ai+ 1, ,A(.+ l}(f) so that when b = 2Z is even and Ai = /t = 0 

we again have ~ C [{A}'] ■‘dr = 1 so that the representation ot R which 
• It 


18 obtained by the principle of selection fiom is iiieducible, m other 
words Tfx, IS not scll-associatcd when n = 'Zk anil Aa, = 0 On the other 
hand, when A*, > 0 we find each {A}(l) once (and only once) in the set 

{Ai 4 - 1 , , A* + l}(t) so that ^ ^ [{A}']‘dT == 2 showing that the 

representation ot R which is obtained from r(X) by the principle of 
selection is leduiible, being the sum ol two adjoint representations ot R, 
or, equivalontl>, that r,x, is a scll-associatt'd representation of R' when 
n = 2Z: is even and Ac = Za > 0 It is clear that neither member of the 
adjoint pair of repieseiitations of R obtained from the self -associated 
representation r, ol R' is equivalent to the representation of R obtained 
from the non-self associated lepiesentation r,)i, of E' In fact 


{ArW'dr = 0 SO that ^ J^[{AA}'-f {A^nW'dr-O 

(the suffixes 1, 2 referring to the two members of the a^djoint pair). But 
dr IS an even function of ( 61 , , fl*) and {/i}' is also (since it is a 

class function over R') so that 


f {AA}'{l*}'dr- f {A2}'{/i}'dr 

Jr Jr 

forcing 

~ M'Wdr “ 4 Xl 

which proves the statement made Similarly we show that neither 



THE IBBEDECIBLE BEFRBSENTATIOKS OF B 


265 


member of the adjoint pair of representations of B obtained from the 
self-associated representation r(X) of B' is equivalent to either member 
of the ad]Oint-pair of representations of B obtained from the self- 
associated representations r,j,, of iJ' ( (A) (;x) ) . In fact {Ai}'(X) 

— forces {A 2 }'(A') = and this forces 

{Ar(Z) ^ {A.}'(Z) + {A 2 }'(Z) = -I- M'(X) ^ W'(Z) 

which IS impossible since the self-associated representations TiX), r,)i) of 
Ef (for which {A}'(j 1Z) = 0 = {/i}'(ilZ)) are non-equivalcnt. 

We now proceed to show that there are no other continuous irreducible 
representations of E than those obtained in this way i e. by the principle 
of selection tiom the representations r,X) of lif when n is odd (= -(- 1), 

or when « is even and A* = 0, combined with the pairs of adjoint repre- 
sentations of K obtained from the analysis of the representations of B 
which follow, again by the principle of selection, from the representations 
of Rf where n = 2k is even and A* > 0. To do this let us first consider 
an arbitrary continuous self-adjoint representation r={J)(Z)} of B. 
On denoting, as before, by C; the 2X2 proper real orthogonal matrix 

( cos 6, sin canonical representative of the class of B to which 

— sin 6j cos 6]/ ^ 

an arbitiary element A' of B belongs is (p 220) 

A = A(9i, , fit) = -j- »=2fc-l-l 

A A ( 6 ,, , 0/f) =ss Cl -j- Ck n ^ 2k 

On denoting A(fli, 0, , 0) by Aj and so on we have 

A = AiA2 a* 

so that 

(9 51) i3(A)=X»(Ai) D{Ak). 

Now the matrices D(\j) constitute a continuous, periodic representation 

Tj of the Abelian group whose elements are ( ) and so a 

' “ ^ V — sintfi cos 6j/ 

basis exists in which (2? (Ay)} is m diagonal form; the diagonal elements 

being of the type e*"**', m an integer, positive, negative or zero. Hence, 

in any basis whatever, the elements of i?(Ay) are polynomials in e**', 

and so, by (9 51), each element of I>(A) is a linear combination of 

expressions of the type +»>»>») where the coefficients m,, , nii 

are integers, positive, negative or zero In particular the trace of 2) (A) 

IS such a linear combination. But x(A) is unaffected by any permutation 

of (ffi, ,dk) (since any permutation of these angles may be effected 

by transforming A by an appropriate permutation matrix — i. e. by an 
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element of £') or by a change of sign of any of the ^s (since any such 
change of sign may, again, be effected by transforming A by an appro- 
pnate element of R) On applying these operations to x(^) 
averaging we see that xi^) ~ xi^) a linear combination of expres- 
sions a-^m) where ©•(mj =• Se*'”!*!* +*»*») the summation being over all 

those permutations and changes of sign of (6,, , St) which actually 

change the term -wniSii). We arrange the notation so that 

mi ^ ms ^ > nifc ^ 0 and establish a dictionary order of the sets 

(m) according to which (m) precedes (m') if Sm > Sm' or if, these sums 
being equal, the first non-vanishing member of the set (m, — m'l, , 
m* — m'n) 18 positive Terming the first member of the linear com- 
bination of the <r(*, which furnishes x(^) when the <r(m> are arranged in 
the order described, the leader of x('^) we now prove the basic result: 
the leader of {A}' is <r(X) ; (A)' furnishing the characters of the repre- 
sentation of B which is obtained, by the principle of selection, from the 
representation FfXj of R'. To do this we start with the relation 

/ d "* ^ { ( 1 — ( 1 tiitf ) =“ 2 

and, by the method by which (9 40) was derived, obtain 
(A /*)-* = 2{A}(»){A}(t). 

(X) 

X 

On multiplying this relation by {11(1 — tftn)} the left-hand side 

1 

becomes 2 {A}'(»){A}(l), by (9.40), whilst on the right the product 

(X) 

{A}(l) by (11(1 — M«)} becomes {A}(*) -|- 2 c*"’ {/*}(*) where each 

(m) 

1 

{^} precedes (A). In fact {A}(*) =-i4(Zi, ,Z*) — A(i) so that 

(a) (*) X tji 4 (3, -|- , Z* + Jh) 

— A(f) == (A/ -1- jAjfc -!-;»} 

and this precedes (A) since S(A-1-;) > 2A. On comparing, then, the 
coefficients of (A}(f) we find 

(9.62) {Ar(») - {A}(») -|-2d''>{v}(») 

\rl 

where each (p) is preceded by (A). But (A) (») is a symmetric function 
of (*„ ,z„) whose leading term is r(X)(») = 2 * 1 ^ (p 164) 

and since (* 1 , ,a») — («<% , e-‘*‘), TfX) (*) — <r(X,. Hence the 
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leading term of {A} (a) and, equiTalently by (9. 62), of {A}'(x) is <ri\y 
It follows that we may, by a recurrence method, express each of the <r(X) 
as a linear combination, with mtegral coefficients, of the {A}' the first 
term m this linear combination being {A}' with the numerical coefficient 
unity. Hence x(-^) is a Imear combination 

x(Jr)-=sc'^'{A)'. 

Not all the coefficients c*^* can be zero smce x(-®) =9^0, let 

and calculate ~ C x(^)M'dT. Smce ~ ( {xyM'dr^-O when 
y Jx vJr 

(A) ^ (fi) ( (9. 49) ) we have i ^x(-^) c" (or 2c'‘ if n =— 2fc, 

Aj, > 0). Hence there does not exist any continuous 8ell-ad]omt repre- 
sentation of R whose characters are orthogonal to all the {A}', in other 

words not all the numbers ~ | x(-^) {A}'dT — 0. But this means that 

K Jji 

every irreducible continuous representation of R is equivalent to one of 
the irreducible representations of R already obtained the set of con- 
tinuous representations of R already obtained is complete. In fact this 
is evident if the proposed new irreducible representation of R is self- 
ad]oint for if it were distinct from the representations of R already 

furnished we would have ^ “ 0 for every (A) (each 

{A}' furnishing either the characters of one of our irreducible represen- 
tations or the sum of the characters of an adjoint pair of our irreducible 
representations) If the proposed new irreducible representation is not 
self-adjoint we consider the representation obtamed by adding it to its 
adjoint, the characters of this (reducible) representation of R are 
x(Z') + xi^) so that we know that not all the mtegrals 

+xW]{A}'dr 

vanish. But dr, being an even function of (9i, , 9*) and {A}' being 

a class function over R' (not merely a class function over B) the integral 

^ ) {A}'dr -i X(^) M'dr 

SO that not all the integrals 



268 


THE OBTHOOOHAL OBOUP 


vanish. As before this shows that the proposed irreducible continuous 
representation of R is equivalent to one of those already in our possession. 

We are now able to show that there are no other continuous irreducible 
representations of R' than the representations r(\), FjX) X already 
obtained. In fact let r be a proposed new irreducible continuous repre- 
sentation of R' with characters ^ 

associated the numbers {x('l^)} are the characters of an irreducible 
self-adjoint lepiesentatioii of R (p 261) so that x(A’) = {A}'(A ) , 
if r IS seU-tissociiited the numbers {x(A ) } are the sums of the characters 
of a pair of adjoint irieducible rejiresentations of R so that again 
x(2r) = {A}'(A’) (where now n = 2k is even and A/ > 0) On com- 
bining the orthogonality relations between the characters of F and F(X) 
and of F and F(\) X T'o we obtain 

i J^xmW'(X)dr = 0, 1 e. A £[{A)']=dr = 0 

which IS absurd since the continuous function {A}' does not vanish at 
X ~En (its value there being the dimension of F) 

We call explicit attention to an important corollary of the results 
obtained in the present section. We have seen that the chaiacters {A}' 
of any irieducible continuous representation F,x, of R' are expressible 
as determinants of order k whose individual elements are linear com- 
binations, with integral coefficients of the quantities p'i{») On expand- 
ing this determinant we secure a senes of products p',,(s) p'lti*) 
some with positive and some with uitegral coefficients Each product 
P'iA’^) P'lki^) furnishes the characters of a rational integral repre- 
sentation of R' , for each factor p'/,(») furnishes the eliaiacters of a 
rational integial lepiescntationof If' (p 212) and the Kioneckei product 
of these vaiious latioiial integral repiescn tat ions of R' is itsell a rational 
integral lepresentation of R' whose chaiaiteis are p'lA*) P'lA^) 
On putting on one side the pioducts p',, p',, carrying positive integral 

coefficients (the otlier products being transferred to the side containing 
{A}') we see that F,X) is part of the aualvsis of a rational integral repre- 
sentation of R’ , hence Fjxj is itself a rational integral representation of 
R'. Hence any continuous representation of R' is a rational integral 
representation since it is a linear combination of certain of the repre- 
sentations F(\). Purtliermore any self-adjoint irreducible representation 
of R, being obtainable from one of the FjX) by the principle of selection, 
18 a rational integral representation of R, and each member of a pair of 
adjoint representations of R which are obtained, when n = 2fc is even, 
by analysing the representation of R which is derived from F(X) by the 
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principle of selection > 0) is also a rational integral representation 
since it IS part of the analysis of a rational integral representation of R. 
Hence every continuous representation of R' and of R is rational integral. 

In concluding this section we point out that the results are particu- 
larly simple in the physically important case n = 3. Here fc =■ 1 ; 
{\y = p\ = p\ — p\-2 IS the coefficient of t'^ m the expansion of 

1 — 1 + < 

(1 — /)(! — 2cos« l~2eos(9 i-f- • 

We have seen (p 245) that 


where 


1 — 2 COS -f V‘ 


■1 + 22 
1 


c'l, = cos q6 -)- cos (g — 3)9 + 
(the summation ending in J if g is even). Hence 


(9. 53) {A}' = 2(c'\ + c'x-j) == 2 cos A9 

+ 2 cos (A— 1)9+ + 2 cos 9 + 1 ^ . 

SID. 2^ 

Since n = 3 is odd the complete set of irreducible continuous represen- 
tations of R IS furnished by the prmciple of selection from To, Tj, To, , 
the representations of li obtained m this way being of dimensions 
1, 3, 5, , (2; -)- 1), respectively. We obtain the coraph'te set of 

npreseiitations of R' by adding to To, Tij their associates. 


6. The analysis of the Kronecker product of irreducible representa- 
tions of the real orthogonal group. 

The eharartcristic numbers of any element X of the n dimensional 
rotation group R arc (e , e"*"*^), if n=Zk is e?en, and 
1) if n — 2fc 1 is odd , and the characteristic numbers 
of any element AX of It' which is not in R are {e-*\ , rfc 1), 

li n = 21 IS even, and {e-*\ j — 1) if n = -)- 1 is odd. 

Denoting by (*) = {zi, ,z„) the sot of n characteristic numbers 
(in any one ot the four cases) the set (1/a) is the same as the set a; 
and the piodiut = Zi is + 1 if evaluated foi an element X 

of R and — 1 if evaluated for an element AX of E' which is not in R. 
Wc shall denote this product by t so that c(.Y) =1, «(4.1') = — 1. 
On indicating the elementary S 3 'mmetric functions of the characteristic 
numbers (a) by (iro, o-i, ,o») we have 

(9. 54) on-i *= toy , ; = 0, 1, 2, • , n. 



870 


THE OBTHOOOHAI. OBOUF 


In fact S(l/*) (— — 2a(.»<ri) so that <rn-i — and so for 
the other values of We have seen (p. 112) that the functions ;%(>) 
are connected with the a(») by the relations 

PoO-o*— Ij Pl<To PtfCl — O, PtfTo PlCl -f- PoO’2 “ 0; 

These relations may be treated as special cases of the basic relation 
(9.55) pjVa — p]-i<ri-\- -f- ( — l)*p>.„<rn = 0 

provided the p-j, ] — 1,2, are properly defined It is clear that if 
we set p-i = p .2 “= = P-(ii-i) = 0 we obtain all the relations first 

written save the single one pt,^^ — 1. To obtain this as the special m- 
stance j — 0 of (9.55) we have to set ( — l)“p.ne=- — 1 i. e. p-« 
— ( — 1)"*’€. By use of (9.54), (9.55) may be written in the form 

pj-n<ro — Pi-n^iOi + + ( — 1 ) “P>(r» == 0 , 

if, then, we set ; = — h and p-(tn») “= ( — l)"**ep*, fc = 0, 1, 2, the 
relation (9 55) is universally valid i. e. valid when j is any integer 
positive, negative or zero On replacing^ by ; — 8 in (9 55) and sub- 
tracting the resulting equation from (9. 55) we obtain 

(9.66) p'i<7o — p'y-i‘fi+ +( — l)"p'i-»<rn = 0, ; = 0, ± 1, ± 2, 

At this stage it is convenient to discuss separately the cases n even and 
n odd and « = ± 1. 

1. n — 8fc, e — 1 

On using (9 54) and setting ; — X -1- fc in (9 56) we find 
p'xoji — (p\+i + P^ x-i)<^*-i + + ( — l)*(p'\.i» p\-*)o'o — 0. 

Hence if Ai ^ X 2 ^ ^ A*+i are any fc -}- 1 integers the determinant 

p' X„ p'Xi« + p' X.-1, p'\,* 4- P' X,-i 

(9.67) Z>(X„ 

P^ X».i-fc, P^ Xfc.i P^ X,.i-2fe 

vanishes. In general we shall denote by D[Ki, ,Xf) the determinant 
of order ] of which the elements in the p-th row are 

(P'x.-oi-in p'x^l + P'x^-lO jp'x,-ii+i + p'x,-p-l+ 2 ) 

and it IS then clear that 17 (Xi, jXt) has the same formal definition 
as the function {X}' which furnishes the characters of the irreducible 
representation FcX) of Bf. But there is one essential difference : m {X}' 
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all the j/a which carry negative eubscripts are assigned the value zero 
whilst in D(Xi, , Aa) those p’s which carry a negative subscript whose 
numerical value ^ n are differently defined. We shall denote by 
A(Xi, ,Ay) the determinant of order ; whose formal defimtion is the 
same as that of D(Xi, ,Xi) but where all p’s carrying negative sub- 
scripts are assigned the value zero (so that, in particular, A (A,, , Aa) 

= {A}'). The least subscript attached to a p' in Z>(A„ , Aa) is found 

as the subscript of the second member of the element in the ^-th row and 
i:-th column and is Aa — 2i: -j- 2 , on replacing each p'y by pj — pi .2 the 
least subscript attached to a p is Aa — 2A'. Hence if Aa > 0 no p with a 
label < — (n — 1) enters D(Xt, ,Aa) and we have 

H(Ai, , Aa) — A(Ai, , Aa) -= {A}', A* > 0. 

On the other hand if Aa ■— = 0 all the elements of the last row of 
D(Xu ,Aa-i, 0) are zero save the last which — 2po whilst all the 
elements of the last row of A (A, ,Aa.i, 0) are zero save the last 

which =~po Hence 

H(Ai, , A*-x, 0) = 2A(A., , A*-i, 0) =- 2{A)'. 

Similar connections may be established between D{X„ ,Ai+i), whose 
value we know to be zero, and A(Ai, , Aa,i) The least label attached 
to a p in 2>(Ai, , Aa+i ) is Aa^i — — 2 and so 

(9.68) A(Ai, , Aa+i) **= ■0 (Ai, ,Aa+i)**0j Aa+i — 3 

If Aati = 2 we find, in the same way, 

(9.59) A(A„ ,A*,2)^ A(At, , A*) {A}' 

Similarly 

A(A„ ,Aa,l)=iH(A„ , A*, 1) = 0 if A* > 1 

whilst 

A(Ai, , Aa-i, 1, 1) “ A(Ai, , A*-i, 0) “ (Ai, ,A*-i, 0}’ 

(the element in the &-th row and (fc-|-l)-Bt column of I>(Ai, , A*.,, 1, 1) 
being p 2 -f Po whilst the element m the ft-th row and (fc l)-st column 
of A(A„ , A*-i, 1, 1) IS simply pj) 

2. n -= 2fc -1- 1 ; t — 1. 

Here («ro,<ri, ,«r») are the elementary symmetric functions of the 

n — 2fc-|-l quantities (e’**>, ,6***», 1); if, then, we denote by 

(</o> ■ j o'lk) the elementary sjrmmetnc functions of the 2k quantities 
(e***, , e****) we have 
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iTo ** 0 “I” 1 3 1 “1“ 3 * ^ ^ 2k 

80 that the basic relation (9. 56) may be written in the form 

Pju'o — Pi-1 (<r'i + <r'o) + — Pi-no' 2Jt = 0 . 

On using the relations <T 2 k-i = <rj, j = 0, 1, 2, , 2fc, we obtain, by 

varying }, a system of homogeneous hneai equations in the fc + 1 
quantities (</*, , </„) and these force us to the conclusion that 

2?(Ai, 3 X 1 + 1 ) again vanishes The reasoning will be entirely clear 

if we write the argument for the ease fc = 8 (n = 5). Our set of 
equations is 

(Pj-2 — Pi-»)<r's — (pi-i — Pi-2 + Pi-, — Pj-i)ai 

+ (Pl— PJ -1 + Pj -4 — Pl-'i)‘^'o =0 

and on adding to this equation the one obtained from it by replacing ] 
by i — 1 we find 

P' l-iP 2 — {p'i-i + + (p't + p' j.t)a 0 = 0 

On setting, in turn, ^ — Aj + 2 ,A 2 4- liXs we obtain three homogeneous 
equations whose determinant is i)(A,, Aj, A,) In this way we obtain the 
geneial result, valid whether »ns even or odd, 

(9 60) i7(A„ ,A»+i)=0. 

Since the least label attached to a p in 7? (A,, ,A*) is A* — 2h it 

follows that 

U(A„ ,A,,)=A(A„ ,A*) = {A}', n = 2fc+ 1, A*>:0 

The least label attached to a p in D(A„ ,Aa*)) is Aji,+i — Zk — 2 
so that 

(9. 61) A(Ai3 3 A*+i) = Zl(Ai, 3 Aft+i) 0 , A*+i — 2 
Similarlv 

A(Ai, ,\i,l)=A(Ai, ,A*) = {A}'. 

3. n = 2k , e = — 1 

Here (<to, o-i, , 0 - 211 ) are the elementary symmetric functions of the 

quantities , e***‘-S ± 1 ) . if, then, we denote by (o'„, ,</nt- 2 ) 

the elementary symmetric functions of the 2k — 2 quantities {e-*\ , 

e»i«»-i) -^e have 

/ f f f 

<ro““wOj 0’2 2 CToj • 

On substituting these expressions in (9 55) and using the relations 
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a'a^j-y — f/j we obtain a set of homogeneous equations in the h quantities 
erVi, • jw'o) and these lead to the conclusion 


(9.68) D{X^, ,A*)— 0. 

The argument will be quite clear on writing it out for the case fc — 3 
(to — 6). Our equations are 

1^1-2 0^2 — {p' i-i + + P^}-t)<r'o = 0 

and on setting j, in turn, equal to Xi + 8, A 2 + 1, As we obtain 
l?(Ai, As, As) ^ 0 As before we have 

(9 63) {A}' — A(Ai, ,A*)=2>(Ai, , A*) = 0, A* > 0. 

It follows, k fortiori (by expanding in terms of the last column) from 
(9. 62) that 

I>(Ai, , A**i) == 0, A(A„ , Ajtti) = 0 unless Ait+i -= 1. 


To evaluate A(Ai, j An, 1) we expand it in terms of the last row 
obtaining, since A(Ai, • , A*) = 0, A* > 0, 


A(A„ ,A*,1) = — 


1 Vt 

1 171 jp ? 


li (1 pxs+i 

1 


k 


where lyp = 

‘ The determinant == 11 — y}q) (i/i + 

and fio 

1 

A(A„ 

A( ] ) = I [ (1 — lj>f<r)A*(?) (iji + ypl)p\,^k-l 

pSq 

1 

==(’)!+ + Vk) > A*}'. 

Since (Ai, 

, A*}' =“ 0 if A* > 0 we have 

(9. 64) 

A(A„ ,A*,1)=0 if A*>1; 

A(Ai, , Ai[.i, 1, 1) ■“ — (Ai, 


+ 7*) 






4. TO = 21: + 1 ; * 1. 


Here (<to, , csfc+i) are the elementary symmetric functions 

quantities (e****, , e****, — 1), if, then, we denote by (<r'o, 

the elementary symmetric functions of the 2ifc quantities (e**^, 
we have 


of the 
>«r'2t) 


0-0 


0^0, <7^0 j 


<7* 


</ 2 0^1 j ■ 


On substituting these values m (9. 55) and usmg the relations </tM 
18 
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mm ; = 0, 1, , 2fc we obtain a system of homogeneous equations 

m the ifc + 1 quantities (tr'*, , oa) which lead to the conclusion 

(9.65) i)(A„ ,Afc*i)—0. 

The argument will be clear if we write it out for the case fc = 2 (n = 6). 
Our equations then are 

(P)'2 + P]-s)<r'2 — (pi-i + pi-* + Pi-3 + pl-t)o''i 

+ (Pi + Pi-1 + Pi-1 4" Pi-5)<r'o = 0, 

and on replacing j by ; — 1 and subtracting, these yield 

p'l-ttr'i — (p’i-i + p's-a)o ' I + (p't 4“ p'i-4,)o-'o = 0. 

On setting, m turn, ; = Ai 4- 2, Xj 4- As we obtain three homogeneous 
equations in (o-'j, — <r\,a'a) whose determinant Z)(A„A 2 , As) must 
vanish In this way the validity of (9. 65) is proved. Exactly as in 
the case n = 21: -|- 1, < = 1 we find 

^(Ai, jA*+i) ==D(Ai, ,Aa+i) 0 if Ajc+i ^ 1, 

whilst 

A(Ai, ,A*, 1) = — (A)' (instead of + {A}' as before). 

We are now able to deal with the problem of analysing the Kronecker 
product of two irreducible representations TeX) and r,f„ of R'. We shall 
first dispose of the trivial rase n = 2 Here A = 1 and the two irre- 
ducible representations ot R' have characters {Ai}‘' = p'x,== (1 — ^i‘)p\u 
{A 2 }' = p'x, == (1 — Ai 5:A2>0, respeclively (There is no 

point in including the trivial case A- = 0 since r„ is the identity repre- 
sentation of R') Our task is to write 

{A,}'{A=r = (1 -li') (1 -l2“)px,px, 

as a linear combination of the {A}' To do this we use the result 

(As, Aj} — (^t ^£)PhPh (^1 “A, 1, lo = A 2 ) 

= (1 — i2/ii)p\^\, 

or, equivalently, 

PXiPis (1 — f2/li)“^{Aj, As} = {A„ As) 

4- {Ai -|- 1, As — 1)4* 4~ {Ai 4" As). 

We have, accordingly, merely to evaluate expressions of the type 
(1 — ^i“)(l — i2^){pi,P2} and we shall do this first for elements of R, 
1 . e. for c 1. Now 
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{l 1+^1* 


Pm^mt 


and 


whilst 


:= (1 — ^l=‘) (1 — f2*) (1 — llf=) (4l — l2)pm,P«, 
= (1 — (1 — (1 — flfl) {,.1, /!=} 

A(/i„ ;ij) = 0 u /i 2 > 2 or if jii 2 = 1, pi > 1 
A(;i„2)^ {/i.r and A(1,1)={0}'. 


Hence if ^i 2 > 2 wc have 

(1 — (1 — ii‘) {mi, M2} = (1 — «.") (1 — ^2=) (mi — 1, M2 — 1} 

and continuing this on we obtain 

(1 — il“) (1 — ^2=) (mi, M2} = (1 — (1 — i2=) {/I. — /12 + 3, 3} 


and this 


= (1-|. = )(1— i2“){p.— /*2 + l,l} — (Pl— P2+3}'. 

If Pi ^ Pi t)>e first term of this 

= (1 — liO (1 — l 2 ’){pi — P 2 } = (1 — li“){pi — Pi} = (pi — P 2 }' 

so that 


(1 — ii'‘) (1 — l/){pi,P2} = {pi — Pi}' — (pi — Pi + 3}'. 

If, on the othci hand, mi = Pi the term 

(l-^r)(i— |.,'){i,l} = 2(0}' 

and so 

(1— 4,=)(1— ^2“){p.,Mi}=3{0}'— {2}'. 

On apjilying tliese results to the expressions given above for p\,p\, we 
obtain 

{A, }'{A.,}' = (A, — A 2 }' + (A, 4- A 2 }', A, ^ A 2 = 5 ^ 0 
{Ai}'{A,}' — 2(0}' + {2Ai}'. 

These relations will be true also for the elements of R' which are not in 
B (for which t = — 1) provided we replace 3{0}' by r*o + r"o for {A}' 
IS zero when t — — I (save when A — 0) . Hence the general result 

Tx, X Txj = rx,.x, + rx,*x, , Ai ^ A 2 

(9. 66) 

Tx, X Tx, = T\ + r-„ + Tsx,. 

We now turn to the equally trivial (but physically important) case 
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n — 8. Since k — 1 the argument is practically the same. But now 
A(^i, /ii) ■=» 0 if /ij > 1 so that 

(1 — ^1*) (1 — (2‘){/ii,/t2} ■= (1 — li®) (1 — — A*2 + 1) 

and this ■=- {/ii — (mi — ft 2 +l}'. On applying these results 
(ralid for e — 1) to the expression given above for p\iP\, we obtain 

{A,}'{A2}' = {Ai — A^}' + {Ai — A, + 1}' + h {Ai + A*}'. 

Since each {A}' is the character of an irreducible representation of the 
three-dimensional rotation group we have, for this group, the formula 

(9. 67) rx, X Tx. -= rx,.x. + rx.-x.« -f + rx.*x.. 

This important result is known as the Clebsch-Gordan formula. 

When we are evaluating {Ai}'{A 2 }' for an element of B' which is not 
in fJ (i.e. for«== — 1) wo obtain {/», — fi^)' — {/i, — (instead 

of {/i, — psY {fii — 1}' as before) On denoting by r*x the 
associated representation Tx X of R' to Tx we have 

(9 68) Fx, X rx,-\, r*x,-X(rn -t- rxi-vs + + 

This form of the Clebsch-Gordan formula is available for both R and R' 
since r and F* coincide over R. 

When S 8 (w > 4) the evaluation of the Kronecker product may be 
carried out as follows. From the relation 

(mi, - (1 — (Y) (1 — (Y)(1— ( 1 ( 2 ) (MX, A**} 

we read off 

(l—tY)(l-iY){^2,M2} = (1— 

){/*!, A**)' 

■= {MuA^a}^ + {a*i — — 1}^ + -f- {/*! — ^ 2 }^' 

Since the characters of Fx, X Fx, are furnished by the expression 

{Ax}'{A 2}' = (1 _ f,») (1 - (2^)pk,p>^ 

= (l-fl»)(l-f2»)[{A„A2} 

+ {Ai-|-l, A 2 — 1} -h +{Ai-|-A2}] 

we obtam 

Fxi+Xf 1 Fx,+Xf-2 -j- Fx,-X, 

-H rx,+x,-i.i -f- rx,tx,-8,i + • -|- Fx,-x,+i.i 

(9. 69) Fx, X Fx, == - -|- Fx,+x ,-2 2 -|- -|- rx,-X 2 + 2,2 

+ ■ ' 

_ + Fx,,x, 

E. g., F, X F2 - (Fs -f F, 4- Fi) + (r,..2, + r(2,i,) + r„,„. 
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For n = 4, Ts and Tj are, by (9. 46), of dimensions 16 and 9, respec- 
tively, and we have the check by dimensions 

16 X 9 — (36 -f 16 + 4) + (48 -f 16) + 24. 

It IS important to notice that (9. 69), which we shall term the generalized 
Clebsch-Oordan formula, is a universal formula being valid even when 
1:-=1 (w — 2or3). When ti — 2 all for which /12 > 2 vanish 

by (9.58) and p. 273 whilst {/ti, 2}' — — also all {/ti, 1}' for 
which /»! > 1 vanish and (1, 1}'>— Hence when « — 2 (9.69) 
reduces to 


Fxj X = Txi+x, + rx,«x ,.2 -}- -|- Fxj-x, 

Fxi+x ,— 2 ~~ Fxi+x,— 4 F\,_x,+2 

and to this plus <{0}' if Ai = A 2 . In other words 

Fxi X Fx, = Fx,+x, + Fx,-x,; Ai ^ A2 
Fx,XFx,~F2x,-|-r*« + r-o. 

Similarly when n = 3 all {/ii,/i 2 }' for which fi 2 > 1 vanish and {/ii, 1 }' 
“= e{/ij}' (pp 272 and 274) so that 

Fxi X Fx, ■= Fx,«x, + Fx,,x«-2 + + Fxi-x, 

+ r*Xi+Xr-l + F*x,+X,-2 + + r*x,-x,ti 


The same method is available for the general Kronecker product 
F<X) X F(^, where (A) = (Ai, ,Aj,), (ft) = (/h, ,/»>,) provided 

A>, ^ We shall first treat r,x, X F, Since 


{A}' - [ft (1-1,*) ft (l-^,^.)]{A} 

p=l p<q 

{!}'= (l-i^,«){l} 

’•1 

we have to evaluate the result of operating with [ 11 ( 1 — &*)II ( 1 — ^jifg)] 


and 


j)=i 


upon {A}{1} this latter product being by (5. 17) 

(Ai + 1, 5 A/i) -f- + (Ai, , A/, -f- 1} -j- {Ai, 


,A,„ 1 }. 


Upon operating on our expression with the product 11 (1 — we 

j>=i 

obtain {Ai -f- 1, >A„}'-f + {Aj, ,Aj„l}' so that the result 

we desire is found by operating with the reciprocal of II (1 — f,^/i+i) 
1 , e. with 
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n (1 - - ft (1 + + ) 

p=i j)=i 

upon the expressions {Ai + 1> 

combining the results. The number in the (j, +l)-st place of the 
parentheses {Ai + 1, , A,,}', , {Ai, ,Aij + l} being, in each 

instance, zero, we obtain from these parentheses merely the result of 
operating by unity whilst from the last parentheses {A„ , Aj„ 1}' we 

obtain 

{^i! + — 1, {^i> — !}• 

Hence the final result 

{^1 + 1 ) >^ 11 ^ + 

(9.70) -j- {Ai, > A,, -|- 1 {Ai, ,Ai„l}' 

+ (A, — 1, , Aj,}' + + {Aj, , A^j — 1 }'. 

E.g. 

{ 2 , = { 3 , 1 }' + {2r + (ir + m' + { 2 . 

When k = 2, 1 e n = 4 or 5, the last term must be modified since it 
contains more than h elements When n = 4 it must be replaced by 
e{Z}' so that, when n= 4, 

Tca.i) X Ti = r{,,i) + r,j», + r(]=) + Ts + r*^ 

the check by dimensions being 

16 X4 = 30 + 10 + 6 + 9 + 9 

On the other hand when n = 5 the term {8, 1*}' must be replaced by 
«{2, 1}' so that, when n= 5 

r(2,i) X r, = Tfa.i) + Tta*, + Td') + Fj + r*(j ,) 

the check by dimensions being (by (9 47)) 

35 X 5 — 81 + 35 + 10 + 14 + 35 

As a second example we calculate r,, a, X Tz- The product 

{3, 2} {2} ^ {5, 8} + {4, 3} + {4, 2, 1} + {3=, 1} + {3, 2*}. 

(Table 6, American Journal of Mathematics, Vol LIX, p 484, (1937) ) 
and we have merely to accent the expressions on the right and to apply 
to each of them the operator 

(i-^il.)-Mi-^^»)''-=(i + ^ii» + ^i*f3‘'+ )(l + ^2i3+i/^3*+ ) 

- 1 + (fi + + (fi* + + . 
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The two element parentheses are unaffected, {4,2,1}' yields {4,2,1}' 
+ {4, 1}' + {3, 2}' ; {3», 1}' yields {3*, 1}' + {3, 2}' whilst {3, 2*}' yields 
{3, r-Y + {3, !»}' + {3}' + {2*, 1}' + {2, 1}' so that 

{3, 2}'{2}'= {5, 2}' + {4, 3}'+ {4, 2, 1}' + {4, 1}' + {3*, 1}' + {3, 2»}' 
+ 2{3, 2}' + {3, 1*}' + {3}' + {2S 1}' + {2, 1}'. 

For n = 4, k = 2 the parentheses containing three elements must be 
modified, each {AijAo, A,}' lor which A3 = l. A2 > 1 vanishes; each 
{Ai, 1, 1}' IS replaced by «{A,,0}' and each {Ai, A,, 2}' is replaced by 
— {Ai, A2}' (cf pp 271 and 273) We obtain, then, when n -= 4 

r(s,2) X r2 = r(5,2) + r(,.a, -1- r,,,,, + r,3,2 ) + Fs -|- r*3 + r(2,i) 

the cheek by dimensions being 

24 X 9 = 64 + 32 + 48 + 24 + IG + 16 + 16 

On multiplying this again by F, we readily find (n = 4) 

r(a,2) X Fa X Ti — F(a,2) + 9F(5,3) -j- 2r,5,i, -)- F,,-!) -)- 4r(4,2) 2F(3», 

+ 2F4 + 2F*4 + 5F,3 ly -|- 2F(2*) 2F2 + 2F*2 + Fd*) 

In Older that the method may be entirely clear we shall carry through 
the analysis of F,, 2) X F(2 d Here we have 

(3, 2}' = (1 -i/) (1 - i,L) {3, 2} , 

{2, 1}' = (1 - ^3=) (1 {2, 1} 

so that 

{3, 2}'{2, !}'=(!- (Y) iY) 

X (1— iii3)(l — {3,2}{2,1}. 

The product 

{3, 2}{2, 1} = {5, 3} + {5, 2, 1} + {4“} + 2{4. 3, 1} + {4, 2=} 

+ {4, 2, 1=} + {3^2} + {3=, P} + {3, 2», 1} 

(see the table Amen-can Journal of Mathematics, Vol LIX, p 485, 
(1937) ) so that we have merely to evaluate expressions of the type 

n (1 — ^p*) (1 — €ila) (1 — £ 3 ( 4 ) {Ai, A 2 , A 3 , A*} 

Since 

{Ai, A 2 , As, As}' “ [ n (1 — II (1 — £fls) ] {Ai, Aa, As, A 4 } (9. 45*™) 
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[ n (1 — &*)] (1 — ^l^a) (1 — Aj, A», A4} 

- (l-^l^a)-‘(l-^l^4)-'(l-^2^a)-Ml-^2^4)-‘{^l.^2,Aa,A4}'. 

In evaluating the expression on the right-hand Bide it is convenient to 
work first with (1 — -= 1 -)- £j£4 + + • If A4 =• 0 the 

terms • contribute nothing since they all yield {A}'’s 

ending in a negative numher. We list the results of applying the 
operator [(1— fifa)(l — to the various 
expressions {6,3}', {6,2,1}', which are obtained by accenting the 
terms in the analysis of the product {3, 2} {2, 1} 

{6, 3}'-» {5, 3}', {5, 2, ly -> {5, 2, 1}' -f {6, 1}' + {4, 2}'; 

{4*}', 2{4, 3, !}'-» 2{4, 3, 1}'-}- 2{4, 2}' + 2{3»}', 

{4, 2>}'-» {4, 2^' -f- {4, 1’}' {3, 2, 1}' + {4}' -f {3, 1}' + {2=}', 

{4, 2, 1«}'-^ {4, 2, 1»}' -I- {4, Vy + {3, 2, 1}' -f {3, 1}', 

{3=,2}'-»{3S2}'-f {3,2,1}' -f {3,1}', 

{3», !»}'-> {3=, IT + {3, 2,l}'-t-{2T, 

{3, 2^ 1}' -» {3, 2^ 1}' + {3, Vy + {2»}' -I- {2=, 1^' -|- 2{2, 1“}' + {2}' + {1^'. 
Hence the net result of the analysis is 

{3, 2}'{2, 1}' = {6, 3}' + {6, 2, 1}' + {4^}' + 2{4, 3, 1}' -f {4, 2^}' 

+ {4, 2, vy -I- {3^ 2}' + {3', 1^}' -f {3, 2*, 1}' 

-I- {5, 1}' -H 3{4, 2}' -1- 2{4, vy + 2{3'}' 

-f 4{3, 2, 1}' -f {3, vy + {2»}' -f {2^ vy + {4}' 

-f 3{3, 1}' -t- 2{2“}' + 2{2, vy {2}' + {!>}' 

Some idea of the complexity of the problem being treated may be 
grasped by computing (by means of (9 46) or (9 47)) the dimensions 
of the representations involved Thus for ifc=4, n=S, Tia,,, is of 

dimension gjpyj 20- 35. 36. 16 16 = 1400 (since k = 6, = 4, 1. — 1, 

2^>=0) whilst Fja,!) 18 of dimension 160, the Kronecker product is 
accordingly of dimension 1400 X 160 = 224,000. On calculating the 
dimensions of the various representations on the right of the expression 
given for {3, 2}'{2, 1}' we obtain the check 

224,000 — 21,840 + 32,768 + 8,918 + 2(26,725) + 15,092 -f 17,820 
+ 8,910 + 8,624 -I- 7,350 + 3,696 -f 3(4,312) + 2(3,676) 

+ 2(1,925) -f 4(4,096) -f 1,680 -|- 840 + 1,134 -f 294 
+ 3(667) -f- 2(300) + 2(350) -f- 36 -f 28. 
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From the analysis of r(s, 2 , X I'd.!) which we have just furmshed for 
i > 4 we can read off the analysis of this same product when fc — 2 or 3. 
Thus when n. = 4, k—2 we have to discard all {Ai, A*, A,}' for which 
As ^ 3 (pp 371 and 373) whilst all {Ai, Az, 3}' must be replaced by 
— {Ax, Az} (p 371) , also all (Ai, Az, 1}' are to be discarded save those for 
which A 2 = 1, (Ai, 1, 1}' being replaced by £{Ai}'. The (Ai, Az, As, As} 
for which As ^ 0 cause more difficulty. Thus, in dealing with {4, 2, 1*}' 
we expand it m terms of the last row. In this expansion we are con- 
fronted with the evaluation of 

^.*(l + li=) 1+ii® 

— (1 — ix=)(l— 4z=)(l — fa“) fa* faMl + fa*) 1 + f=* PtP<P 2 

fa* fs*(l-{-f3*) 1-ffs* 

(this being the cofactor of the element in the fourth row and third 
column). On setting f l/^ = ij the third order determinant appearing 
here takes the form 

1 Vl Vi’ 

fi*fj*fa* 1 V2 ija* = — fx*f2*fs*^(’Q) (’ll ~t“ ila "1~ ’?») 

1 ijs ija* 

- (1 — fifa) (1 — fxfa) (1 — faf,)A(?) {f.fzfs(fx + fi + fs) 

-f- fsfs 4” fafi 4’ fifa) 

Hence the expression we have to evaluate is 

— rfif£fa(fi 4“ fa 4" fs) 4" fafs 4" fsfi 4" fifs] (o, 3, 2}' 

[{3, 2, 1}' 4- {4, 1*}' + {4, 2}' 4- (4, 2*}' 4- {4, 3, 1}' 4- {5, 2, 1}']. 

The cofactOT {4,3,1}' of the element in the fourth row and fourth 
column of {4, 3,1*}' vanishes and so, on discarding the terms which vanish 
and modifying the remainder as described above, we find (4, 2, 1*}' 
— » — «{4:}'. Similarly {3*,l*}'-»0, 

{3, 1*}' = {3, 1*}'{1}' - [{2, 1*}' 4- {3, 1}' 4- {4, 1*}' 4- {3, 2, 1}'] 0 ; 

{3*, 1*}'— » — e{3}' In the evaluation of {3, 8*, 1}' we have to make 
use of the analysis of {3, 3}'{1}' 

{3, 2}'{1}' - {4, 2}' (3*)' 4- (3, 1}' 4- {2*}' 4- {3, 2, 1}' 

->{4,2}'4-{3*}'4-{3,l}'4-{2*}' 

and we find {3, 2*, 1}' — » — {3, 1}'. On combining these results we find, 
for n = 4, 

r(8.j) X r(z,i) “■ Fxs.s) 4" r(B,i) r(«*) -f- 2r(4,2) 4- Fs 4- f*4 4- Fx**, 
4" 4" r(»*) 4- f, f*2 4* F(i*) 
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the check by dimensions being 

24 X 16 — 64 + 70 + 18 + 84 + 25 4- 25 + 14 + 60 + 10 + 9i+ 9 + 6. 

In order to evaluate a product such as r(s, 2 ,X r(S) it is simplest to use 
the relation 

{2,1}'- i.e. {3}'={2)'{1}'- {2,1}' -{!}'. 

pa Pi 

From the analyses already given of r<a. 2 ) X T.. X r„ r( 3 , 2 ) X Tja.i), 
r(a. 2 ) X r,!, we read off (ft = 4) 

r(a,2) X Tia) = Tfa r,B.a) -j- -}■ 

+ r, + r*, 4- 2r„ ,, + r, + r*, 

the check by dimensions being 

24 X 16 = 90 + 54 + 70 + 42 + 26 + 26 + 60 4- 9 + 9 

7. The modification rules for the n-dimensional orthogonal group. 

In the analysis of the Kronecker product of two irreducible repre- 
sentatives of the n-dimensional orthogonal group we are confronted with 
the quantities A(Ai, ,\y) = {Ai, ,Aj}', ; > fc, and it is neces- 
sary to express these in terms of the simple characters A(Ai, ,Aj) 
“{Ai, j Ay}' of the ft-dimensional orthogonal group ((i==2fc-{-l 
if n IS odd, fj — 2ifc if n IS even). We have already given the necessary 
modification rules in the particular case y = i: 4- 1 > they are as follows 
w, odd, (— 2^ -f- 1) , {Ai, , Aa;+i} — 0 if Aa,.! ^ 1 , {A,, , Aa, 1}' 

= £{Ai, , Ai}' where t == ± 1 according as the element of R' is 

proper ) 
improper f 

ti, even, — 2fc , {Ai, ,Aa;,i}' — 0 if A*+i ^2, {Ai, ,A*, 2}' 

— — £{Ai, a*} , {Ai, . Afc, 1} == 0 if Afc ]!> 1 , 

{Ai, , Ai-i, 1*}' = «{Ai, ,A*-i}'. 

To derive the necessary modification rules when j = le-\-2 we proceed 
as follows Considering first the case ft odd, (= 2fc + 1 ) we have 

3p ^ fp — (1 — “ Ckfp* + Ck-itf^^Tp 4 “ 4 " 

so that 

Tpgp^Ckt^T^Jf 
Hence the determinant of order fc 4- 8 
1 tp^^i tp’^n ■ » 


tpT J‘,T pQf I 
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has the same value as the determinant of order h 
\ i M i k'P / 7> fc T’ ft+i I 

I (pp ^ J. Pf J Vpj. 9 ^ -A P I 

k+l 

whose value is Aua (t)LiH 2 (t) On multiplying through by 11(1 — t/) — f, 

1 

and denoting, for the moment, bv Mi(t) the product 

{ri(i-v)} ij(*)=ri(i-M»), 

1 pSj 

1 

we obtain 


- 1 ’ W, (1 + *<p)!r,n',(i - V) ~U I 

/I /fc+2 

where n'p denotes the product of the Jc 1 terms obtained b> assigning 
to 5 , in turn, the values 1, 2, , ii; + 2, with the exception of p We 

now expand the determinant on the right in terms of the last column 
and observe that the cofactor of the element in the ^th row and last 
column has as a factor Since 


M,(t) 

U f, 


5:{A}'W(*) 

(X) 


(cf the derivation of (9.40)) we obtain 

^y(t)3ft.2(f) _ 2 {X}' 1 (1 + .<,) T, I 

Jl /Itt2 (X) 

where Ij == Xi + fc, , h+i = A*ti, and the summation on the right is 
over all parentheses (X) of not more than fc + 1 elements. If (ja) 
denotes a typical parenthesis of not more than fc + 2 elements we obtain, 
accordingly, on division by Ai«:(t) and expanding (1 -\-<tf)Tp in the 
form 1 + + V + 

2 W'W(0 -2{Ar[{A,, ,W(I) ,wi}(0 

{n) (X) 

“f" (Ai, , A»+i, 2} (t) -f- t{X:, , Xt+i, 3} (f)] 


Owing to the linear independence ot the quantities {Xi, ,A*+ 2 }(l) 
it follows that {Xi, ,A*t 2 }' = 0 if A *«2 > 3. Furthermore, since 
{Xi, ,A*+,}' = 0 if Xt*, > 1 only those {Xi, ,A)t+i, 3}' have a 
value differing, possibly, from zero which are disordered and end in 
(1,3) or (0,3) On comparmg coefficients of {X,, ,Ajk+ 2 }(() we 

obtain the following modification rules for (Xi, ,A*t 2 }' when 
n(=2ii: + l) IS odd. All {Xi, jAjt+s)' vanish save the following; 

{Ai, , A», 2®} =» {Xi, , X*} ; 

{Xi, ,X*, 2, 1}^=* — <{Ai, 'jX*}^; 

{Ai, , A*.i, 1*}^ ■“ «{Ai, • , Xfc.i)^ 
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When n(— %le) is even we proceed in a similar manner but here the 
two cases € — ± 1 must be treated separately. Taking first the case 
we have gp^-fp so that the element m the p-th row and last 
column of the (k + 2) order determinant (which equals A*+ 2 (t)Jffc+ 2 (f) 
fk. 2 ) IS (1 — V)r,n',(l — V)-r -/9 instead of (l + *fp) 
X 2’pn',(l — — ft- Hence our basic equation is 

2W'W(*) — 2 ,A*,i}(l)— {Xi, ,A**x,4}(l)]. 

((*) M 

We read from this equation the fact that all {Xi, , Xjt+ 2 }' vanish save 
those for which X *+2 = 4 and {Xj,- ,X*ti, 4}'= — (Xi, ,X*+i}'. 
On setting Xt*! = 2 we find {Xi, ,X*, 3*}' = — {Xi, jX^}', 

on setting X*+i — 1 we find {Xi, • , Xjt.j, 2*} = — {Xi, , X»-i} ; 

and on setting X*ti = 0 we find {Xi, , X*, 3, 1)' = {Xi, jX*)' 
This last yields (when X* < 3) the results {Xi, ,X*-i, 2*, 1}' 

(Xi, ,X*.i,l}', {X„ ,X^i,2,in' {X., ,X»-i}'and 

this last yields, when Xjt-i < 2 (Xi, ,X*- 2 , 1*}' == {Xi, ,X*- 2 }'. 

All the other (Xi, , X*,.}' vanish E g, )i = 4, €=1, (4, 2, P}' 

{4}'; {2}'; {3,2®,!}'=- — {3,1}' (see the some- 
what tedious derivation of these results on p. 281). 

When € = — 1, n = 2k, we have to start with hf‘=fp — (1 — <p') 

rather than fp. Since hp = + Tp*~^ we write hpTp^ 

“=■ cjfe_ifp*“'rp® -1- -f ITp*** and the element in the p-th row and last 
column of the {k -f- 2) order determinant (which equals At+ 2 (t)l'f»*j(*) 

— h IS r,®n',(l — <,=) — U Smce Tp‘ = l + 2t,® + tp* our 

basic equation is 

2{/*}'{/*}(*) =2{X}'[{X„ ,x*,,}(*) +2{X„ ,x*«,2}(t) 

-f{Xi, ,x*,„4}(t)] 

Since, when < = — 1, all (Xi, , Xsti}', > 0, vanish save (Xi, , 
Xfc-i, 1®}' which = — {Xi, , X*-i}' we see that all (Xi, , Xjh-p}' 
vanish save (X,, ,X*-i, 2’}' = — {X,, .X*-,}', (X,, ,X*-i, 2, 1®}' 

— (Xi, ,Xit.,}'; (Xi, ,X*.2,1*}' {Xi, ,X*. 2 }^ On com- 

bining the results for < = ± 1 we obtain the modification rules for 

n — 2k, } = k 2' 

(Xi, ,Xi[, 3®}' = — {X,, >X*}', 

(Xi, , X*-i, 2®}' = — {Xi, , X*.i}' ; 

{Xi, ,Xt, 3, 1} =■ (Xi, , X*} J 

{Xi, ,X*-i, 2®, 1} {Xi, ,Xa-i, !} , 

(Xi, ,X*-i, 2, !*}“ — «{Xi, , X*-i}'; 

{Xi, • • , !*} “ *{^i> » Xj^-p} • 
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These modification rules furnish complete information when 1; — 2, i. e, 
n -= 6 or 4. When n ■= 7 or 6 we have to derive similarly the modifica- 
tion rules for ; — ifc -j- 3. We now have to deal with a determinant of 
order k + 3 whose last column carries an additional factor Tj, — 1 -t- V 
m the p-th row; and so on. 

8. The analysis of the representations of R' which are furnished, by 
the principle of selection, by the irreducible representations of 
the full linear group. 

This analysis follows at once from the relation 

{A.1, — ^p*) n (1 — {^1, "jAj} 

p=i p<« 

1 

which implies 

(9.71) {k^, ,X/} = {ri(l-£p»)-‘ri(l-|,4B)-^}{\:, ,M'. 

p=l p < 

1 

If ; 1 the result js trivially simple 

{X4 = (1 - l.»)-Mx,r = {Ai}' + {X. -2Y+ . 

Eg, {3} = {3}'-H{ir; {4} = {4}'-f {2}'+{0)'. 

When ; = 2 we first operate with (1 — then with (1 — 
and finally M'lth (1 — Thus 

{4, 2} = (1 _4.=)->(l _ f,*)-i{4, 2}' 

= (1_^,»)-i(1_^,^3)-‘[{4,2)'+ {4}'] 

= (1 - fx“)-^[{4, 2}' {4}' -t- {3, 1}' -f {2}'] 

= {4, 2}' -f- {4}' -I- {3, 1}' -t- [2r + 2{2}' -}- {0}'. 

Here in operating with (1 — upon {4, 2}', for instance, we obtain 

{4, 2}' -t- {2*}' -h {0, 2}' = {4, 2}' + {2“}' — {!»}' 

and in operating on {3, 1}' with (1 — we obtain 

{3, 1}' -h {P}' -f {— 1, 1}' = {3, 1}' -t- {!“}' - {0}'. 

When fc = 1, ra = 2 or 3, the parentheses containing two elements must 
be modified as explained in the previous section. Thus when » = 2, 
(4, 2}' must be replaced by — {4}' etc. and we find 

{4,2}'- {2}' -f {or, n-2 

the check by dimensions being 

3 _ 2 -r 1 (see (4 41) ) 
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If, on the other hand » -= 3, we find 

{4, 2Y = {4}' + *{3}' + 2{2}' + {0}', 

the check by dimensions being 

27 = 9 + 7 + 10 + 1 

The simplest irreducible representations of the full linear group to deal 
with in this way are those f 01 which each A = 1 {A} = {1^}, 7 = 1, ,u- 

Since {11} (4 27) it lollovvs (from (9-54)) that the repie- 

sentation of R' obtained by the principle of selection from {1'‘'0 is the 
associate of the representation of Rf obtained from {l^} so that we may 
limit ourselies to the cases j ^ k It is at once clear that the repre- 
sentations of K' obtained, by the principle of selection, Irom {10> 
; = 1, , /, , are all irreducible. Thus when ; = 2 the application of 

(1 — | 2 =)-ito {!“}' yields {I"'}', the sequential application oi (1 — £ 1 ^ 2 )"^ 
yields {!=“}' +{0}' and the final application of (1 — ^r)-’ yields 
{ 12 }'^ { — 1}'+ (0}'= {]■*}'. The proof in the general case js 
immediate in evaluating the effect of the operators (3 — fA)"'. P < ?• 
upon {It}' we get simply (!'}' il q < } and from (1 — we again 
get simply {It}' il p<j — 1 The operatois (1 — (nij)'' also >ield 
simply {It}' save when j> = j — 1 and (1 — fi*)'' also yields {!'}'. 
There remain only (1 — ^0 

n (i-4p^,)-‘{i'}'"= (1— £Vi)-'(i-€i-ifi)'’{io' 

= (1— €+,)-’L{i’}'+{i’'"n 

= {It}'— {It-^}' + {It-"}' = {!'}' 

1 e {It} = {!■'}' proving the irreducibihty of the representation of R' 
obtained from the irreducible repiesentation {!"} of tlie full linear group 
bv the principle of selection When n is odd or when n = 2k is even and 
; < fc the rejiiesentation ot the rotation gioup R obtained from {l^} by 
the principle ol selection is again iiieduoible but when n — 2l is even 
the representation of R obtained from {!'} by the principle of selection 
IS reducible being the sum of two adjoint representations of R 

9. The analysis of the representation of R'n-i which is induced, i. e. 
furni^ed, by the principle of selection, by the irreducible 
representation r(\, of R\ 

The elements of are in one-to-one correspondence with those 
elements of whose lost row and column consist entirely of zeros save 
for their common diagonal element which is unity. On indicating by a 
superposed bar quantities having reference to i?'n-i it follows that 
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/^n(i— *«<) = (! -o7 

1 

and, hence, that 

— ; = 0,1,2, 

or, equivalently, 

P) = (1 — il)~^Pl = Pj + P)-l + 

The desired analysis is obtained by combining this relation with 

{Ar= {fi (1 = {fr (1 pi.. 

p<</ p<q 

] 1 

Let ub first consider the case when n = 2h 1 is odd so that the h for 
n — 1 IS the same as for n Then 

(9 72) {Ar={n(l-^v)-‘}{A)' 

ll=l 

furnishes the* desired analysis The oiie-eleinent representations are 
trivially simple to analyse 

{Ai}' = {Ai}' 4* {Ai — 1}^+ + {0}'. 

K-S, 

{2}' = {2}' + {!}' + {0}' For n — 3 we have the check by dimen- 
sions 5 = 2-1-34-1. For two element partitions we have 

{A„A=r= 

= {1 4"Pi(^i.fj) 4'P=(ii)S2) 4" KAi.a-}'. 

F. g, _ _ 

{3, 2}' = {3, 2}' + {3, 1}' 4- {3}' 4- {3“}' 4- {3. 1)' 

For 71 = 5 the check by dimensions is 

105 = 24 -f- 30 4- 16 4- 10 4- 16 4- 9. 

The general result is 

(9. 73) {A„ , KiY ={14- Pd(i, ,(i) 

4-P3(^ij jlj) 4" }{Ai, >Ai}' ; = 1, 2, ,k 

When n is even the same formula holds, when ; < fc, but when y = fc 
the parentheses on the right containing k elements, must be modified 
according to the rules already giv en. All (Ai, jA*}' for which 
A* > 1 must be dropped whilst all (Ai, , A*.i, 1}' must be replaced 
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by e{Ai, • Thus when n — 4 we find, from the expression 

giyen above for {3, 2}', the formula 

{3, 2}' - e{3}' + {3}' + £{2}' + {2}' 

or, equivalently, 

r(a.a) “ fs -j- r*3 + fa + f*2, 

the check by dimensions being 24 = 7 + 7 + 5 + 6. 

The results of the present paragraph are known as the branching ndea 
for the full real n-dimensional orthogonal group if'n. When ro = 2fc + 1 
18 odd they furnish the branching rules for £n, the rotation n-dimensional 
group, and when n, is even they furnish the branching rules for those 
irreducible representations r,X) of -B» for which A* = 0, when A* > 0 
they furnish the branching rules for the sum of a pair of adjoint 
representations of Rn. 

10. The characters of those irreducible representations of Rat which 
appear m the analysis of the representation of Rot which is 
induced by the irreducible representation r(X),Ak > 0, of R' 211 . 

We have seen that the irreducible representation TiX) of R', ft=2k, 
A* > 0, induces a representation of R which is the sum of two adjoint 
irreducible representations of R The sum of the characters of this pair 
of adjoint representations of R is {A}' and our present task is the evalua- 
tion of the individual characters of each member of the pair of adjoint 
representations. Preliminary to this we shall find it convenient to trans- 
form the expression {A}' which furnishes the characters of the irreducible 
representation TiX) of R'. We have seen, pp. 243-4, that when n = 2fr 
18 even 

2*(ifc-i)/2A(i)A(co8 e) n (1 — W —Uh U 

j><« 

1 

18 equivalent to the fc-th order determinant of which the element in the 
p-th row and j-th column is (1 — 2 cos + <,*)-‘. On multiplymg 
» 

through by n (1 — V) see that 

2 *<»-^)/M(t)A(c 08 (?) n (1 — tpf„) —h fh 

jcs® 

1 

is equivalent to the k-th order determinant of which the element in the 
p-th row and ;-th column is 


1— V 

1 — 2 cos 9jtp + if 


1 + 2 2 cos qiBjifti 

Q,=l 
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(p. 245). We denote the coefficients of this infinite senes by so 

that Co(8j) = 1, Cfl(tfj) = 2 cos g8f, g = 1, 2, , then our determinant 

18 the sum over all sets of numbers li>U> > Ik ^ 0 of the products 

c(l)A(h, ,h) 

where c(i) is the determinant of order /r of which the element in the 
p-th row and ;-th column is Cij(Bp) 

(9 74) c(l) - 

On dividing our equation through by A(t) we have 

2 *(t-i)/2A(cos 6) n (1 — Mv) —f.f. A = 2 c(l) {A} (0 

(\) 

1 

and a comparison of this with (9.40) yields, owing to the homogeneous 
nature of tlie functions (A) (t) and the linear independence of the simple 
characteristics of the symmetric group on m letters, 

.9 751 r.y ^0) - ^(0 

taj lAi — 3*(k-u/.iA(cos<?) A(c,) — — ,1,0) 

(for Cl (8j) ~ 2 cos 8, — e*^i + so that the Vandermonde determi- 
nant of which the element in the p-th row and j-th column is c,’’(8/), 
p= 0, 1. , i — 1, is the same as the determinant of which the ele- 

ment 111 the p-th row and ;-th column is Cp(8j) = Z cos p8,) Hence 
{A}' IS Iho quotient of a determinant of which the element in the p-th 
row and ;-th column is ci,,(8j) — 2 cos lp8, by the determinant of which 
the clement in tlie p-th row and ;-th column is Cp(8,) = 2 cos pdj (it 
being understood that when Ip or p is zero the factor 2 is missing). 
We now piocccd to evaluate the quotient s(l) — c{lc — 1, ,1,0) 

where li>h> >h> 0, Si,(8p) = 2i sin lf8p and .s(l) is the de- 
terminant of order I which the clement in the p-th row and ;-th column 

IS si,{8p) 

(9.76) 8(2) = 

8li(0k) 

It IS clear that s(2) is divisible by c(fc — 1, .1, 0) the quotient 

being a symmetric polynomial in the variables for 
19 
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c{k — 1, . 1, 0) — n (e**» + e'‘*» — «-<*• — «-*»«) 

p<fl 

1 

_ n (««» — ««•) {1 — 

p<« 

1 

and $(2) is a polynomial in e^**> which Tanishes when — ± Bq. If we 
denote the quotient s (1) — c{h — 1, , 1, 0) by {X}", where A* ■— Z» > 0, 

the combinations ± {A}"] are linear combinations with integral 

coefBcients of simple characters of i2, for they are linear combinations 
with integral coefficients of expressions aim) — Se*<"*i*»* the 

summation being over all those permutations and even numbers of changes 
of sign of (fli, , fl*) which actually change the term e*‘”*>*>* ♦«•»»»)_ 

(Note the diffierence between the argument here and the corresponding 
argument on p. 266, there \{X) was an even function of the angles 
(tfi, • ■ j & ) whilst here it is affected when an odd number of these 

angles are changed in sign, {A}'" being an odd function of (6i, , fc) ). 

In arranging our dictionary order of the sets ( mi, , we have 

to allow for the fact that the last number rtijc may be negative but we set 
mi^ffij^ >> ffifc .1 > I m* |, The leading member of (A)' is 
giiXtti* by (9. 76), and when At > 0, {A}' splits into two simple 

characters; since {A}' contains being an even func- 

tion of all the 6’b, we see that one of the simple characters has 
gKXiSi-^ tXii*!) (jg its leading term and that the other has 
♦x».,«^^-x»#») Qg jtg leading term. Thus to each set of k numbers 
nil ^ mj ^ ^ mic-i ^ | mit | belongs a unique simple character with 

the leader a,™, = Se* and this implies, by a recursive method, 

that each cr(m) is a linear combination of simple characteristics 

It IS clear that the quantities i[{A}' i {A}"] are actually simple 
characters since they are, respectively, the sums and 

j ei(XA+ -x,«»)_ j^; indeed, easy to verify their simplicity by the 

methods already given We have seen, p 245, that 

(1 — 2 cos Blip -t- — 1 + ® 2 (cos qBi -|- cos {q 2)Bi 

1 

and the coefficient of tp« is readily shown, on multiplying it by sin Bf, 
to be sm (5 + 1)^/ — sin6j — — s,(9j) In other words the 

coefficient of m the development of 

1 — 2 cos Bftf + <,• 
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IS Sq{6]) and it follows by the argument of pp. 288-9 that 

p<« 

1 

18 the sum over all 2i > Z2 > > lib for which !» > 0 of the products 

s(l)A{li, ,lk). On dividing out by A(t) we obtain 

(9.77) 2»<*-»/»A(co8d)si(tf2) fen(l — Me) 

— h /ib = S's(Z){A}(f) 

the prime attached to the sign of summation mdicating A* > 0. 

But we may proceed as on p. 255. Thus 

no 

/»■* — 2 Pi, V* , p — 1. . fc 

0 

so that 

(A A)'* — Spix P/A* A*. 

(/)=» 

On multiplication by &tc{t)Lk{t)ti h we obtain on the right a sum 
of products of determinants A{li, , I*), 1% > 0, by determinants {A}"' 

PXi-l> PX, •+• PXi-2, , pXi4*-s -f- px,-fc 

(9.78) {A}'" — 

Px,-fcj j PX,-2 “1“ px»-2fc+l 

On division through by A«(() we find 

A An(l — Me) 

(9-79) 2'{A}'"{A}(*) 

f\ ft 

and comparison of this with (9. 77) yields 

<»•“’> , 1 . 0 ) -»■<»■> 

= (3t)* sin 6i sm fti{A}'" . 

It 18 clear from (9.78) that {1*}'"— 1, since all the elements below 
the mam diagonal vanish and all the diagonal elements are unity Hence 
{!*}"= (2t)*sinfii sintffc and we shall denote this quantity by t*® 

(9.81) {1*}"— •Si(9i) • Si(#fc) — (8t)’'8in sinSt — 1*8 

8 = 2* sm sm 9*. 
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On multiplication by S (9. 79) takes the form 


(1 — f 

p<« /» 

1 


(-t)*s'{A}"{A}(0; 


on replacing (ti, , tk) by a second set of variables («i, ■ 
multiplication and integration over R we obtain 


■,Vk), 


(9. 82) <1 tkUk 


11* n (1 — Mb) n (1 — UpMa) 

p<q p<Q 


^vSnf, 


S^dr 






where the bar over {/i}" denotes, as always, the conjugate complex. 

The integral ^ C ^ , has already, to all intents and purposes, 

I' Jr file 

been calculated. Thus from (9 32) we obtain, on replacing h — 1 by k 
and observing that there fp= (1 — M) Ap 

1 

On using the expression (9 21) for F we find 




S^dr 


1* P<B 

1 

From this we proceed as before to T 3 -—^, j = fc + 1, 

y Jr Ti h 

k + 2, ,2fc. Thus on multiplying (9 28), with g, replaced by fp> 

by S‘— V(fi fkti) and integrating the resulting equation over R we 
get on the right a senes of terms of which the first is 

(— 1)*<2 • Mi^‘(*) X2(— 1)* 

and so, as on p 250, we obtain 


1 r 8»dT 
FjnA fk. 


*4-1 

’ 2{II (1 Mb) 

p<fl 


Proceeding in this way we obtam finally 


(9. 83) 




8 »dT 


f — Mb)}-*. 
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The difference between (9.83) and the corresponding formula (9.30) 

tk 

should be noted; the factor II (1 — V) is missing from the denominator 

p=i 

on the right of (9. 83)j simply because the of p 262 — (1 — V)^?* 
Further the factor (1 + ti U) of (9. 30) is missing from (9. 83) 
simply because the factors (1 — //) of p. 251 are here missing. 

On substituting (9. 83) in (9. 82) we obtain 

The left hand Side = 2S''{X}(l){A)(w) (p 264) and so 


y/^[l{An?dr = 2, A*>0 
^ (a)^(m) 

Furthermore the integral ^ ® since {A}" is an odd 

periodic function of (di, ,ft.), with period 27r, and {A}' is an even 
periodic function of (8i, , 8k), with period 27r (the periodicity allow- 

ing us to replace the intervals (0, 2ir) of integration by the intervals 

( — V, ir) ) . Hence, since ^ \ [{A}']*(iT -= 2 

» a' H 

^J^[i(|{A)'±{A}"|)]“* = l, 

showing that ^[{A}' ± {A}"] are simple characters (the oddness of {A}" 
showing that they have the value of 1(A)' at the unit element). Their 
sum IS (A)' so that they are the characters of the two irreducible repre- 
sentations of R which are contained in the reducible representation of B 
which IS induced by the irreducible representation Tjx, of B', Aj, > 0. 

The quantity 8 = 2* sin 8, sin 0* which appears (9 80) as a factor 
of {A}" may he conveniently expressed as follows. We have 


so that 


/(<) = n (1 — *p<) — li (1 — 2 cos 8,t -I- <*) 

|>=1 prl 

/(I) =112(1 — cos 9), /(—I) =112(1 4- cos 9). 

0=1 


Hence /(!)/(— 1) =11 (2 sin 9*)» — 8*. Since f{l)—Aet(En—X), 

/(- 1) = det {E„ + X) = det -h Z') 
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(9. 84) «» — det (jsr, — Z) (Z« + X') 

— det (Z' — Z), since ZZ' — Zn. 

The skew symmetric matrix Z' — Z, of even degree, is a perfect square 
of a polynomial in the elements of Z (known as a PfafSan) and 8 is 
this polynomial. 

11. Alternative form for the simple characters {X}' of the real ortho- 
gonal group of odd dimension n — 2fc -|- 1. 

It IS easy to obtain, when n is odd, an expression for {X}' analogous 
to (9. 75) (which is valid when n — 2fc is even). Exactly as on p. 288 
we see that 

2*i(it-i)/SA(t) A(cos d) n (1 — Me) — gi 9k 

i<Se 

1 

IS equivalent to the k-th order determinant of which the element in the 
p-th row and ;-th column is (1 — M)/(l — 2cosdjfp + M)' Since 
p, — /p — (1 — tp) (P" 243) the statement just made is equivalent to 
the following- 

2MW)/«A(t) A(cos d) n (1 — Me) — h fk 

rSe 

1 

is equivalent to the k-th order determinant of which the element in the 
p-th row and /-th column is (1 + fj>) — (1 — 2 cos djtp + fp*). Since 
(p. 245) 

(1 — 2 cos d<p 4- M)‘‘ —1 + 22 cVe® 

1 

where o', = cos gd + cos {q — 2)d+ (the summation ending in •J 
if q IS even) the element in the p-th row and ;-th column of our de- 
terminant IS a power aeries in tp of which the coefficient of <p< is 

2{c'«(dj) +c'«-i(dj)} — 2{cosgdy + cos(g — l)d/+ } 

— sin {q i) 9 1 — sin -Jdj 

Hence, by the same argument as on pp. 290-1, {X}' is obtained from the 
formula (9 80) for (X)" by increasing each of the numbers (I,, • , h) 

by J and dividing by ( 21 )“ sin di/2 sin 0jc/2. Since 2 sin d/2 cos pd 
— Bin (p -V %)d — sin (p — i)9 the product 
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2* Bin 6i/2 Bin #*/2 


cos (i — l)9i cos (fc — l)fc 


and 60 


Bin (i — Bin (i — \)6i. 


sin di/2 


Bin 6ifc/2 


Hence 
(9. 86) 


(2t)*'6in 9i/2 8indif/9c(i; — 1, fc — 2, 
f). w »(^i + > ^ + i) 


, 1 , 0 ) 


Since 2*<*^*>^®A(eoa 6) = c(Jc — 1, ,1, 0) (see (9. 75) ) the nor- 

malised element of volume (9.23) of the n^%le dimensional rotation 
group may be written in the form 

(9.86) ir-[{c(fc — 1, ,1,0)}* — (2w)»it2»^>]d(6„ ,fl»). 


Similarly the normahsed element of volume (9. 26) of the n = 2i: -1- 1 
dimensional rotation group may be written in the form 


(9.87) dr = [2* sin* I sin»| {c(J:-l, ,1,0)}*- (2^)*l;i]d(e„ ,fc) 

= [|s(fc-i ,%,i)l’-(M**^'2‘]d(ei, ,e*) 



CHAPTER TEN 


SPIN REPKESENTATIONS OF THE 
ROTATION GROUP 


In this chapter we shall show that there exist two-valued (= spin) 
representations of the »?-dimensional rotation group and shall determine 
the characters of the irreducible representations of the two-sheeted 
" covering group ” of the rotation group. 

1. The two-valued representations of the three-dimensional rotation 
group. 

The general 2 X S Hermitian matrix whose trace is zero is of the form 



— 


) 


where are arbitrary real numbers On setting 


( 10 . 1 ) 

we have 





P{x) + 


If P(®) IS subjected to an arbitrary unitary transformation P(5f) '-*Q 
■= UPU*, Q IS also Hermitian with tiace zero so that 


g = P(y) = yip, + y^p, + yip. 

Since det § = det P(a:) the real linear transformation x—*y induced 
by P{x)-*Q=>=P{y) IS such that (a:')" -f (x*)‘‘ -f (a:^)* — (t/‘)“ 
"t" {y^)^ + iy')^ ) lu other words y — Ox where 0 is a real orthogonal 
3X3 matrix If V is any second unitary 2X2 matrix and if g — > iJ 
= VQV* mduces the orthogonal transformation y—^z = 0{V)y 
= 0(V)0(V)x we see that P-^B = VQV*= (VU)P{VU)* induces 
the orthogonal transformation 0(7)0(17), in other words 0(70) 
— 0(7)0(17). Since 0 (^ 2 ) — P 3 it follows that the collection of 
3X3 real orthogonal matrices 0(Z7), obtained by letting U wander 
over the 2 X 2 unitary group, constitutes a representation of this group. 
It IB clear that the representation is not faithful . the same orthogonal 
matrix 0 will correspond to many elements (7 of the 2X2 unitary 
group. In fact if 7 == mU where m is a complex number (necessarily 
of unit modulus since 7*7 — Pj forces mm — 1)7P7* = HPP* so 
that 0(7) —0(17) We may, accordingly, restrict ourselves to uni- 
modular unitary 2X2 matrices 17, 1 . e. to matrices V for which 
296 
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det Z7 = 1 but even with this restriction the representation of the 2 X 2 
unimodular unitary group {V} furnished by the collection of real 3X3 
orthogonal matrices {0(17)} is not faithful. In fact the necessary and 
sufficient condition that 0{V) —0(V) is that VPV* -=UPU*, every 
P, 1. e that WP = PW, every P, where IF = U*V. On setting P P» 
we see that W must be diagonal ; and, on setting P = Pi, that it must 
be scalar. Since W is unimodular it must be ± Ei so that V = ±U , 
and this necessary condition is evidently sufficient. Hence {0(Z7)} is a 
representation of the 2X2 unimodular unitary group having the 
property that 0(0) =0(1^) is equivalent to (i. e implies and is 
implied by) V = ±V. 

It IS easy to see that the collection of matrices (0(0)} is the entire 
3-dimenbional rotation group. To prove this let us denote by Rp,q{6), 
p < q, the “ plane rotation ” a:—»a7- 

a7p = cos fl re, + sm 9 Xq 

x'a = — sm 6 Xf\- cos 0 Xq 

x', = x, r=f^p,r^q, 

so that Rf,g { — 6) = {72,.,(6)}”* If .4 — (a,«) is any clement of the 
3-dimonsional rotation group we can determine a so tliat the element 
J3 = 47Jj,,(a) of the S-dimensional rotation group has 6,' = 0 , in fact 
wo have merely to set flj* sin a + as* cos « = 0 Similarly we can deter- 
mine so that C =• BTi, 2 {p) ^ AB 2 , 3 {a)Ti,t{p) has Cj* = 0. Since 
C3* = 63’ = 0 it follows, since C is an element of the 3-dimensional 
rotation group, that (cj*)* = 1, 1. e. Ci* = ± 1 If c,’ = — 1 we can 
make it -f- 1 h\ changing into yS tt and it follows that C = Tn_ 3 (ij/) 
IS a plane rotation. Hence A =‘T 2 ,z(i>)Ti, 2 { — )3)i?2,3 ( — «) , on writing 
« = — <l>, fi = — dwe have 

(10.2) 4 => rs,3(^)ri,2(9)r2,s(<^) 

which ih the classical factorisation (due to Eulci ) ol aiir thu'e- 
dimcnsional rotation into a product of three-plane rotations. Now when 
U IS diagonal. 



an easy calculation yields 

UPiU* = = cos Pi — sin 2B P* 

( 0 ie-*W\ 

— 0 ) “■ 


UPaU* 



P.. 
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Hence 

« cos s' + sm 29 s* 
y“ — — sm 29 s' + COB 29 s* 

y*— -c' 

so that 0{U) =• Ti s(29) Similarly il 

y / COS® — <sm9\ 

\ — 1 am 9 COB 9/ 

we find 0(V) ==7's,,(29). Hence the general matrix 

A = T^A'l>)TtA»)T2A<f>) 

of the 3-dimensional rotation group appears m the collection 0(U)', 
in fact A ~-0(W) where 

10.3) B-_7(|)!;(|)v(|) 

“S — 0 N 

li \0 e**''*/ 

sing- coB-J 

The matrix A is, conversely, a proper real orthogonal matrix , the easiest 
way to see this being the followmg The 2X2 Hermitian matrix 

H-P{x) +s‘i^,-s*/>, + s'P, + s*P. + s*^,-(J+^, 

(s* real) induces, when subjected to the transformation 
H^K^UEU* 




a linear transformation s— >y imder which the determmant and trace 
of H remain unaltered This transformation is accordingly a real 
4-dimen8ional orthogonal transformation for which y* = s*. Its deter- 
mmant IS, therefore, the same as that of 0(17). But the determinant 
of the linear transformation s— »y is the same as that of the similar 
transformation A— >& where A'— 'fti'. A*— ftj', A*— ftj*, ^*=^ 2 ® and this 
Imear transformation has 17 X 17 as ifa matrix so that its determmant 
IS 1 (it bemg evident from the relation 17 X 17 — (17 X Pit) (.®s X ^) 
that det {U y, U) =- (det U det O)®). 

We have, accordingly, proved that the three-dimensional rotation group 
furnishes a representation U-*0{U) of the 2 X 2 unimodular imitary 
group with the property 0(17) —0(17) when, and only when F — i 17. 
Conversely we may regard the 2X2 unimodular unitary group as a 


lol-e- sBi-o- 
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representation 0 (U) ± V of the S-dunensional rotation group; but 

then the representation is two-valued, to a given element 0{U) of the 
three-dimensional rotation group corresponds either U or — U If we 
consider the closed continuum of three dimensional rotations found by 
holding ^ fixed in (10. 2) and allowing 9 to vary from 0 to 2ir the 
corresponding continuum of matrices MV, given by (10. 3), is not closed 
since U{6/%) begins at and ends at — In order therefore that 
we may properly speak of the 2X2 unimodular unitary group as fur- 
nishing a representation of the rotation group we must introduce a 
refinement of definition in accordance with which the element 
A — 7'2,s(^)Z'i,2(9)^2,a(^) 18 distinguishable from the element obtamed 
from this bv holding <(> and f fixed and allowing 6 to vary through 2jr 
whilst it IS indistinguishable from the element obtained by holdmg ^ 
and ^ fixed and allowing 6 to vary through 4*- The elements of the 
group of which the 2X2 unimodular group is a representation are not, 
then, merely the matrices of the three-dimensional rotation group but 
these matrices together with the manner by which they are reached, 
starting from some convenient element (say the unit element) of the 
rotation group We term this new group the “ covering group ” of the 
rotation group but we postpone its precise definition till we have con- 
sidered the two-valued representations of the n-dimensional rotation 
group (== group of all real orthogonal n X « matrices of determinant 
unity) The two- valued representations are known as spin representa- 
tions; and vectors in the earner space of a two-valued representation are 
known as spinors. In particular the vectors in the carrier space of the 
representation furnished by the unimodular two-dimensional unitary 
group {Z7} are known as two-component spinors. 

2. Two-valued representations of the n-dimensional rotation group. 

The two cases n even ( — 2ifc) and n odd (■= 21: 1) must be treated 

differently. 

Case 1 n = 2k 

We consider the four 2X2 matrices 


ao.4)P.-(J 

of the previous section. It is at once clear that 



Pi = Ei 


= P2* = P 4 » — E2 ; 

P2P» = — PaPtl Fs-Pi — PiPsi PiPt = — P2P1', iPiPsPs 


Any 2X2 matrix 




may be written as a Imear combination 
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e^Pi + c*Ps + c'Ps + c‘P4 of the matrices Pi, Ps, Ps, P* (it being merely 

necessary to set c*“=^(ai* + ffls^) » — <ii)> c' =■ i («i^ + a>*) J 

c*-= J(ai‘ — ffla*)) and we express this fact by the statement that the 
four matrices (P,, Pi, Pa, Pt) constitute a basis for the full matrix 
algebra of dimension 2 and order 4 . We now introduce n = 21 : matrices 
of dimension 2* each of which is the Kronecker product of fc 2 X 2 
matrices selected from the set (Pi, Pt, P», Pi) . 

Jlfi = PiXPiX XPiXP. XP* 
llf2 = P, XP1XP4X XPiXP* 
llfi = P.XPsXPiXPi X XP* 

Mii — PaXPaX XPiXPi 

( 10 . 6 ) 

-M**i“PiXP 4 X XP4 

Jlfftii = Pa X Pi X P4 X X P4 

JI/2J1 “PiXPaX XPaXPa- 

Since each Pj® = Pa and since 

(ill X Aa X X At) (Pi X Pa X X Bfc) 

= AiPiXA,PiX XAtP* 

it follows that ilf/ = Pa X X Pa = Pa*, 1 = 1 , 2 , , 2 fc. Further- 
more — MqMp, p <, q — 1,2, ,21c Eg 

JlfiMj = PiP, X Pa X Pi X Pa X X Pa (sillCO P4 = Pa) 

JfaMi = PaPi X Pa X Pi X P. X X P.- 

The collection of matrices where each of the expon- 

ents Oi, (ti, • , «2t takes one of the two values 0, 1 consists of 2 ®* 
matrices and these constitute a basis for the full matrix algebra ol 
dimension 2 *. To prove this we first observe that since iPiPt = P» the 
product 

Nj^iMtMic^l^EtXEiX XPaXPaX X Pa, 

J 1 , 2 , * ,h 

(the factor Pa occurring in the y-th place). Hence, smee 

Pji = Jgj X ^ 

jPi‘^ 4 (Pa‘ + Pl) =PaXPaX X < 3 ,‘ X Pa X X Pa 

jP,»si(Pa* — P,) =PaXPaX X Qa” X Pa X X Pa 
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where Qff denotes the 2X2 matrix all of whose elements are zero save 
the element m the p-th row and g-th column which element is unity; 
nothing more being involved in these statements than the obvious relations 

^ X (B + <7) = (4 X B) + (^ X C) , 
{A+B)XC={AXO) + {BXC) 

which imply 

AX{B + C)XB = AXBXD + AXCXD. 

Again it IS clear from the definition oiNf that 

N,N, N,=P^XP»X XP»XB,X XE„ 

there being ] factors Pa and this implies the two relations 

Lj ^E^XB^X XPrXE.X XE^ 

IVy- = Pa X Pa X X Pa X Pa X X Pa, 

the factors Pi, Pj occurring in the j-th place (; = 1, 2, , fc) Hence, 

as before 

iPa' — i(Bj -{■ = Pa X Pa X X X X X Pa 

— — PaXPaX X X Pa X X Pa, 

the factors C^j'. Qi^ again occurring in the ;-th place. It is convenient 
to use a binary scale notation to indicate the rows and columns of our 
2* dimensional matrices, thus f* denotes the element in the 

(^1, , 'V ) row and the («i, ,Sk) column where each of the labels 

r, s takes one or other of the two values 1, 2. The matrix IT ,Pr,*' = Cr,** 

X Qr,’‘ X X Qrt’^ and all elements of this are zero save the one in 
the {r^,r., ,ra) column and the (Si, Sa, ,«*) row which one is 
unity Owing to the basic relations M,* = E^’-, MpMq = — MqMp each 
Lj,Lu] and hence each jRr,'> is a Imear combination of the matrices 
and hence IliPr,*' is such a linear combination of 

i 

matrices of the type Afi“» matrices Hf,, ,M 2 k 

generate a group whose typical element is ± Jlff“ and we may 

express our result as follows . 

The group generated hy the matrices (Mi, , M^s) has the complete 
2*' dimensional matrix algebra as its enveloping algebra, the phrase 
enveloping algebra of a group of matrices meaning simply the collection 
of matrices obtained by forming all Imear combinations of matrices of 
the group. If we have any representation of a group of matrices the 
envelopmg algebra of the representation is termed a representation of 
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the envelopiiig algebra of the group ; it being understood that if 
r— {D{A)} 18 the representation of the given matrix group {d.} then 

J)(Ail) — XZ)(A) ; A any complex number; 

D{A+B)-.D{A)-^D{B). 

If {A} 18 a given matrix algebra of which M is any given fixed non- 
singular element the correspondence A-* D{A) = M~^AM defines a 
particularly simple representation of {^1} which is known as an inner 
automorphism (the word inner implying that the transforming matrix M 
itself belongs to {vl}). There is a basic theorem which is essential for 
our immediate purpose and which runs as follows* 

Every automorphism of the complete matrix algebra of a given dimen- 
sion is an inner automorphism. 

Thus if we can construct a second set of matrices of 

dimension 2’‘ satisfying the basic relations 

MjMt Mjif 

the correspondence Mj-*Mj furnishes an automorphism of the complete 
matrix 2*^-dimensional algebra Hence this automorphism must be an 
inner automorphism; in other words there must exist a non-singular 
2*-dimen8ional matrix T which transforms Mj into Mj, every ; . 

— 1 , 8 , 

To prove that every automorphism of the complete matrix algebra of 
a given dimension, m say, is an inner automorphism we proceed as 
follows. Let A be any m X m. matrix, then the columns of any mXm 
matrix X which satisfies AX — AZ must be characteristic vectors of A 
associated with the characteristic number A If the given automorphism 
of our complete m-dimensional matrix algebra is indicated hj A -* A 
we have AX = \X so that A is a characteristic constant of A. If, then, 
i? IS a diagonal m X matrix with m distinct characteristic constants 
(Ai, ,Am), D has (Ai, ,Km) as characteristic constants and so 
D is similar to D. T~^DT. Hence the given automorphism A-*A 
followed by the inner automorphism A — » TaT'^ is an automorphism 
of the complete m-dimensional matrix algebra which leaves D invariant 
We shall denote this automorphism by A— Denoting by Ei^ the 
mXm matrix all of whose elements are zero save the element in the t-th 
row and ;-th column, which is unity, we have 


DEit \iEt ^ ; Ei^D ~ XiEJ 
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and these imply, since 

The first of these two equations says that all elements of {Ei^)* save 
those in the t-th row, vanish whilst the second of the two equations 
says that all elements of (EJ)*, save those in the ;-th column, vanish. 
Hence (^/)# —= Cj^EiK Since (Ei*y = Et* we have (J?,*#)* =• Et** so 
that = Ct* cannot be zero since Ei*, and hence has 

one characteristic number unity, hence (Ei*)lf is not the zero matrix 
BO that Ct* ^ 0. This forces ct* — 1, t — 1, 2, , m and then the 

obvious relation Ej* — Ej*Ei* forces ct> — This being valid when 

; = t we have Ci*C 4 ^ = 1 so that = Cx* -r- c,*. If then C is the diagonal 
matrix whose t-th diagonal element is Cx* (Ex*)* = C~*EiiC, every t, 
Since any matrix of the complete m-dimensional matrix algebra is a 
linear combination of the Et^ it follows that the automorphism A-* 

IS an inner automorphism and this implies that the original automorphism 
A-* A IB also an inner automorphism (since the product, or sequential 
performance, of two inner automorphisms is an inner automorphism) 
Having proved our main theorem we have merely to observe that if 
0 18 any 2k X 2A. orthogonal i. atrix, proper or not, the matrices 

satisfy the basic relations -= JS**, MqMf = — Hence, 

corresponding to each orthogonal matrix 0 of dimension 2k, is a non- 
singular matrix T{0) of dimension 2* such that Mj = T~*{0)MjT{0). 
Regarding the 2k matrices (M,, as a one row, 2k column 

matrix (whose elements are 2* X 2* matrices) M we see that M—*M 
— MOx implies Mj = T~' {0,)M,T{0i), j = l, ,2k If 0, is fol- 

lowed by a second orthogonal matrix O 2 M— — ItfOz = MO 1 O 2 
we have 

MUj - T-*(02)M,T(02)-T-*(02)T-*i0x)MjT(0x)T(02) 

so that TiOxOi) = T( 0 ,)T( 02 ) 

In other words the matrices T{0), of dimension 2*, constitute a repre- 
sentation of the 2k dimensional orthogonal group The same inner auto- 
morphism of the 2* dimensional complete matrix group that is furnished 
by T{0) IS furnished by \T(0) where A is any complex number (^ 0). 
It is clear that this is the only ambiguity, for if two matrices T(0), 
T*(0) exist such 

M, — T-*{0)M,T(0) — {Tt{0) )-*MjT»{0) 
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the matrix T^{0)T'^(0) is commutative with all Mj and hence with the 
complete matrix algebra of dimension 3*, hence, by Schnr’s lemma 
{r#(0)}r-»(0) IS a scalar matrix. r#(0) =KT{0). 

The indeterminate multiplier A can be normalised by the following 
considerations Since Pi and Pa are symmetric the fc matrices Mi, , Mh 
are symmetric 

M'j 

(this being an immediate consequence of tbe evident relation 

{AXBXOX y^A'XB'XC'X ) 

Since Pa IS skew symmetric so also are the Mk+i 

M ki-j Mji+, , ) ^ 1, ,1c 

Hence the %lc matrices M'„ ] = 1, , 21-, satisfy the basic relations 

and so thcic exists a non-singular matrix C such that 

M'l = C-m,G, ; = 1, , 2k. 

It IS easy to see that we may take C — Mi Mk if h is odd and 
C ■= Af*»i Mu, if k 18 even for Af, commutes (and Mi,i anticommutes) 
with Ml Ml! if k IS odd whilst commutes (and Mi,,) anticommutes) 
with Micti Male IS k IS even. From M, —* M j == T~^ (0)M jT (0) we 
read M', = T’{0)M',{T-^{0) )' However Mj = so that 

M'j = il/'aO,“ = C-^MaCOj’^ = C-Ul,C 

= C-^T-^(0)M,T(0)C = C-^T-^ (0) CM' 

so that { T~^ (0)}''=-pC''*r(0)(7 where p is any complex number. When 
T{0) IS replaced by \T{0), {r’*(0)}' is replaced by (1/A){r‘^(0)}' 
and we normalise A by choosing it so that p = 1 , in other words r(0) 
IS transformed into by 0 = ilfi Jlfjt (if k is odd) or 

0 — = Ma. (if k IS even) T(0) is now uniquely determined 

save for sign (A being determined by the equation pA* == 1) the repre- 
sentation is two valued : 

0~>±r(0). 

The simplest case is that for which n = 2, k = l Here 

Ma-=’ Pa, li 0 IS proper it is of the form 0=( ® and so 

\ — smtf cosS/ 
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Mt — Pi COB — Pa Sin 6 — ^ 

Ml — Pi Bin + Pa cos S — ^ ^ . 

On setting T(0) = equating MiT(O) to T(0)Mi and 

MiT(O) to T{0)Mi we find that T{0) is a scalar multiple of 

xy 

r(0) -«<»)-(“;"■ J,.,). 

Since le — l is odd C = Mt = a i) and on equating T{0) to 
(7{r“‘(0)}' we find A — ± 1. Hence 

( gW/J 0 \ 

0 «-«/»)• 

When 0 is improper it is in the same class as P = (J -?) . Then 
Mi^Mi, M 3 = — Mi and we find as above that T{0) is a scalar 
multiple of C J) the scalar multiple being again ± 1 Hence 

(10.7) J). 

Case 2. » odd = 2fc + 1. 

We have merely to add to the 2fc matrices Mi, , Ma», the matrix 

(10 8) Msi+i = Pj X Pa X X Ps factors) 

It 18 immediately evident that (M**,)* == Pj*, MiM^i= — Mjt+iM,, 
; = 1, ,21 Instead of considering the 2“*‘ matrices Mi“* 

where = 0 or 1, ; = 1, , 2A + 1 we confine our attention to the 

2’“*' matrices obtained by choosing «i + *2 + + Oas+i even Since 

Nj = ^EiXEiX X Ps X El X X E. 

we have NiNi iVuM**! •=■ Ei* or, equivalently, 

tT=(_l)»(«=-l)/.JlflM2 M2fcM2»« = P2‘ 

Hence the collection of matrices Mi“> which «i + + ® 2 »+i 

IB even is enveloped by the same algebra as the collection Mi»> 
ai -|- + even or odd, i. e. by the complete matrix algebra of dimen- 

20 
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Sion 2*. E. g , when » •= 3, JIfi — Pi, Mi •= Pi, M,—>Pa; MiM, — tPg, 
MiMi — — tPi so that the complete matrix algebra of dimension 2 is 
spanned indifferently by {Ei, P,, Pi, PiPi) or {Ei,MiMi,MiM!,,MiMt). 
The relation which connects the (2/fc-l- 1) matrices M,, may 

be written in the form ( — ,Mj)m=^Ej‘, it follows that 
each matrix of the complete matrix algebra of dimension 2*- appears 
twice in the enveloping algebra of the set 

element of the even sub-algebra and once as an element of the comple- 
mentary set (namely the product of the element of the even sub-algebra 
by the odd element ( — M, J/as*!) The correspondence 
Mj~* Mj — Mj, ; = 1, 2, , 2il: -J- 1, sets up a two-valued repre- 

sentation of the complete 2* -dimensional matrix algebra, tlie unit matrix 
being represented by ± Ej*. In order to have a one-valued representa- 
tion of the complete matrix algebra we must be sure that ( — 1 )W* 
X Ml Much is represented by the unit matrix. On setting 

we obtain M, Jl/j/,! = (det 0)(lHi Mi),,) (owing to the rela- 
tions MfMq = — My^If) Hence in order to obtain a spin representation 

M, = T-^{())M)T{0) 

we must confine our attention to the proper orthogonal matrices (for 
which det 0 = 1). From this two-valued representation of the rotation 
group we may obtain a two-valued representation of the full real ortho- 
gonal n-dimensional group by assigning to — Ei'm the matrix ± Ei*. 

3. The character of the spin representation of the n-dimensional real 
orthogonal group. 

We first treat the somewhat trivial but physically important case 
n = 3. Since every element of the three-dimensional rotation group is 
transformable, by an element of this group, into a plane rotation 

Ti,i{9) we have merely to calculate the trace of A (6) = 

(cf. (10 6) ). Denoting the spin representation by A we have the result 

(10. 9) x(^) = 3 cos e/2 = eW» -1- e-W* 

It follows at once that A is irreducible , in fact the element of volume 
of the 3-dimensional rotation group is (9.16) dr = sin* e/2 de and the 
range of integration is from 0 to 47r (since we are dealing with a two- 
valued representation so that the rotation group is doubly covered). 
Hence 
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r 


sin* 6 dd 


X ar 

Bin* <l>d<f)’^l 


Tile irreducible one-valued representations of the 3-diniensional rota- 
tion gioup are all of the type Px, A = 0, 1, 3, where 

x(rx) “Sin (A-l-i)e — Bin iS 


(see (9. 53) or (9. 85) ) It follows that the Kronecker product A X rx 
la reducible, being the sum of two irreducible representations of the 
doulily covered rotation group In fact 

x(A X Px) = 2 cos 6/2 sin (A -|- i)6 — sin 6/2 

so that 


y f x^dr = ~ {2 cos 6/2 sin (A + DBy-dB 

= 2, (A^O) 

The chaiaetei of A X is the quotient by 2t sin 6/2 of 
e-i»/2) (pccx^iis ^ 


but we know (p 265) that the chaiaeters ot any repieseiitation are 

linear combination of exjiressions o-*, = 2 cos mB and so the product 

of anv character by 2i sin 6/2 is a linear combination of expressions 

sin {m -{- \ ) 6. Hence the chaincters of the two irreducible representa- 

j. j. 1 A K ^ sin (A 1 ) S , sm AO . . 

tions contained in A X Tx are „ - — and Thus the 

sm 6/2 sill 0/2 

characters of the irreducible two-valued representations of the 3- 
dimeiisioiial rotation group aie given by 


the characters of the irreducible one-valued representations being given by 


sin (A-hi)O 
sin 0/2 ’ 


A = 0,1, 2, • 


It will appear later that there are no other continuous irreducible repre- 
sentations of the 3-dimensioiial rotation group 
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The Kroneckei square d X ^ is one-valued and readily analysable; for 
x(A X A) = 4 cos’ 6/2 — 2(1 -|- cos fl) 


so that 

( 10 . 11 ) 


^ 1 ■(“ 2 (cos 3 i) 

AX A — ro-t-Ti. 


■1 + 


sm 36/2 
sm 6/2 


Passing now to the case where n is general (—2k or 2fc -|- 1) we 
observe that any proper real n-dimensional orthogonal matrix may be 
transformed, by means of a proper real n-dimensional orthogonal matrix, 
into the product 

Ti,A,+i(3i)r2,fcf2(3i) Ttt,3k(6h) 


of plane rotations (cf p 229). 

From the equations of definition 

(10. 6) we see that 


/ 0 e-**\ 

Ml =- cos 6 Ml — sm 3 — 

(,.« ojx^’X xa 

Micti — sin 3 Jfi 4- cos 3 Mic*i = 

T”)xax xb. 

Hence 

^ y / 

0 \ 

A(Z’i.*n(3.))“r 0 

e-i^BjXE.X- XE, 


the argument being precisely the same as in the case n — 2 Similarly 

) = ^2 X X{ 0 XE.X XB, 

0 \ 

0 ™ place). Hence for any 

rotation with angles (fl,, , 3*) 


(10. 12) A 


0 \ /e**«*/’ 0 \ 


X 


0 \ 

0 e-*’’-/-) 


it being clear from this explicit formula that A is actually a two-valued 
representation. Its character is given by 


(10.13) x(^) “ 2*cos 3i/2 co8 9«/2. 


The Kronecker square A X ^ is a one-valued representation whose 
analysis can be written down at once In fact 

x(A X A) =2'‘(1 4- cos 8i) (l-fcos3t) 

— (!-)- e«*i) (1 -I- e-*»>) (1 4- e<*‘) (1 + «-*»i) 

— ao 4- tri -)- • 4' V* 
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where a/ denotes the ;-th elementary symmetnc function of the 2ii; 
characteristic numbers ■ ,«**•*. Hence (see (9.54) and p 286) 


(10. 14) 


AXA— ' 

1 

1 ^0 

1 -l-r*o 

+ 

+ 

+ r* ) 
+ r*W 

■ ; n <— 24 -|- 1 

AX A--| 

f r. 

1 -l-r*« 

+ 

1 + 

+ rVi 

[ + r*(=r'* 4 -r"t); 


The two valued representation A of the n-dimensional rotation group 
IS 11 reducible when n — « 2fc + 1 is odd and is the sum of two irreducible 
I eprescntations A' and A", each of dimension 2*^'*, when n = 2& is even. 

To prove this we show that the integral taken over the 

doubly coiered rotation group, is unity when n is odd and two when 
n IB even 


Case 1 n = 2J; + 1. 

Since the range of integration for each of the angles 9i, , d* is 0 

to 45r (and not 0 to 2jr as for the simply covered group) the normalised 
element of volume (9 81) must be divided by 2‘ in order that the total 
volume of the doubly covered group may be unity 

(10 r.) dT = {ls(fc- j, (2w)‘fci2“}d(e„ ,e,). 


On multiplying this by {x('^)}*> as given m (10.11), and integrating 
we find, since 2 cos d/2 sin (p + ^)d — sm (p + l)d + sin pO, 

,2,l)|»-(2w)‘fc'2»]i(d„ ,d.). 

The determinant s(k, ,1) contains when expanded I ' terms and its 
squared modulus contains, accordingly, fc! square terms and a number 
of product terms The pioduet terms integrate to zero and each of the 
square terms integrates to 2**(27r)* (the range of integration for each 

angle being from 0 to 4ir). Hence {x(A)}“(iT— 1 so that the 

representation A is irreducible. The representation of the full orthogonal 
group obtained by setting A( — -Bstn) — ± 1 is, 4 fortiori, incducible. 

Case 2. n — 2Je. 

Here the normalised element of volume for the doubly covered rota- 
tion group IS obtained from (9. 86) by division by 2*: 


(10.16) dr— [{c(fc — 1, 




0)}*-s-(2»-)*tl2«-‘]d(d„ 
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Hence 

• ,e,) 

(since 2 cos 9/2 cos p6 ~= cos (p + 4)^ + cos (p — i)0). On writing 
6) =-2if>j we obtain 

j'l(c(2k-l,2k-3, ,l)p 

— (2w)^kl2^-^'ldi<t,„ ,4,^) 

where the range of integration for each angle 4> is from 0 to 2ir. By the 
some reasoning as before the value of the integral is two so that A is the 
sum of two irreducible lepresentations A' and A". The loading term of 
x(A) IS, by (10. 13) and so x(^) niust contain, in addition 

to this term, all the terms obtained from it by changing the signs of an 
even number of the angles 6i, ,6*; after separating out from x(^) 

the 2*'^ terms thus seen to belong to one of the irreducible representa- 
tions contained in A there remain 2*'* terms, namely *h-irfk)/i 

and the terms derived fiom this by changing the signs of an even number 
of the angles fl,, ,0k. Since A contains two irreducible representa- 
tions each of the two sets of terms must furnish the characters of one of 
these irreducible representations. From the very definition of each of 
the sets of terms it is clear that the first set is 2‘"'(cos 0i/2 cos 6k/2 

-1- sin 0i/2 sin 6*/2) whilst the second is 2^"’ (cos 0i/2 cos St/2 

— sm 6,/2 sin tf*/2 ) 

fin 171 i “ S^'Hcos 61/2 cos 0k/2 -f- 1 * sin e,/2 sin ek/2) 

' ' ' j x(^^'’) “ ^ 1 /^ cosftfc/2 — t*8mfl,/2 sintf*/2). 

On multiplication by 2c(fc — 1, ,1,0) it is clear that these may be 

put III the alternative form 

fin i«i ,1.0)x(A')=c(fc-i, .i)+s{k-i, ,i) 

2c(k — l, ,l,0)x(A")=c(«-i. ,i)-s-(fc_i, ,i). 

Similarly the character of the irreducible two-valued representation A 
of the n = 2fc 1 dimensional rotation group may be put in the form 

(10. 19) x(^)“2*^cos6t/2 cose»/2 = a(fc, ,1) — s{k — J, ,i). 

The representation A of the full 2n-dimenaional real orthogonal group 
IS irreducible; this is an immediate consequence of the fact that the value 
of x(A) for ony 2n X 2n real orthogonal matrix of determmant — 1 is 
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zero In fact if this is admitted it la clear that the integral {x(^) 

taken over the fuU orthogonal group, must be 1 , for its has the value 2 
when taken over the rotation subgroup and the volume of the full group 
is twice that of the rotation subgroup To show that x(^) is zero for 
any improper 2n X 2n real orthogonal matrix of determinant — 1 we 
turn to the canonical representative @ (p. 229) of a class of the full 
orthogonal group which contains an improper element 

® = Ci -j- -}■ ^<.-1 "I" P 


where F = . Since A(F) = ^ j (10 7), it follows 


at once that 


X)x xcr ,„»,„) x(; ;) 

and since the trace of c;) IS zero the trace of A(@) is zero (the trace 

of a Kronecker product being the product of the traces of the various 
factors) 


4. The two-valued representations of the n-dimensional rotation 
group R„, 

The representation A has the property that when the matrix X of the 
group IS varied continuously in such a way tliat the angles (9,, , 

are each increased by 2jr (so that X returns to its original value) A(X) 
does not return to its original value but attains the value — A(X). 
We shall see in the next section that all continuous representations of 
the orthogonal group are cither one-valued or two-valued (in the above 
sense) , in the present section we consider the characters of any con- 
tinuous two-valued representation. By a verbatim repetition of the 
argument on pp. 265-(5 it follows that the character x(-^') 
continuous two-valued representation of R„ is a linear combination of 
expressions 


where (A) = (Ai, , An) is any set of k integers (the notation bemg 
such that Ai ^ A 2 ^ ^ A* ^ 0 if n = 2fc -j- 1 is odd and such that 

Ai > A 2 ^ Aiui ^ I At I ^ 0 if » =— 2i IS even) . The summation 

involved in the definition of o-fx+j, is, when n is odd, over all those 
permutations and changes of sign of (di, , dt) which actually change 
the term e**^!'^)*!* +(Xt+j)«t^ whilst when n is even only even numbers 
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of changes of sign of the angles (Ot, • - , are allowed. Whether or 

not n is even there is associated with each set (A) a one-valued repre- 
sentation r(X) whose character {A}' has as its leading term (cf. 
p. 266 and the formulae (9.75), (9.85)). It follows that the char- 
acter of A X fcX) has <r(X+)) as its leading term; and, on analysing 
^ X r(X> into its irreducible components, that there exists a simple 
character X(X+j) whose leading term is it(X+ 1 ). Hence (by the argu- 
ment on p 267) each <r(X+i) may be expressed, by a recurrence method, 
as a linear combination, with integral coefBcients, of the simple char- 
acters X(X+i) the first term in this linear combination being X(X+j) 
with the numerical coefficient unity. There is no ambiguity as to the 
simple characters xcX+Dj for any simple two-valued character must 
have a constant multiple of some <r(XH> leading term and so a 

linear combination of this simple character and xix*j) must be equiva- 
lent to a linear combination of simple characters with lower leading terms. 
The simple characters being linearly independent (owing to the ortho- 
gonality relatione) it follows that the simple character whose leading 
term is a multiple of <r(Xt}) must be X(X»i), the multiple being unity 

Any linear combination, with integral coefficients, of the quantities 
or(X+i) 18 a linear combination, with mtegral coefficients, of the simple 
characters xix*}) We now proceed to determine these simple characters 
themselves treating separately the cases « odd, and n even. 

Case 1. n = 21; -|- 1. 

The determinant s(li -t- 1, .fe + l) is divisible bye (fc — 1, ,1,0) 

(pp. 289-90) and it is also divisible by (2t)’' sin 0,/2 sin 6*/2 (since 
smpfl IS divisible by smtf and hence by sm^/2). Hence the quotient 
s(?i -t- 1, ,Zfc -|- 1) — (2t)*8in6i/2 sinfti/2c(fe — 1, ,1,0) 

or, equivalently, s(Zi + 1, , I* -1- 1) — s(fe — i, ,-J) is b poly- 

nomial with integral coefficients m the quantities e***i/* which is a sym- 
metric and even function of the angles (#,, , S*). It is, accordingly, 

a linear combination, with integral coefficients, of the quantities a(X+j) 
and, hence, a linear combination with integral coefficients of the simple 
two-valued characters x<X-,i). We wish to show that it is actually a 
simple character itself and to do this calculate the integral of its squared 
modulus over the group. Using the form (10 15) for the normalised 
element of volume of the doubly covered group our integral appears as 

J*[ls(Zx + l, ,fc-|-l)|*— (2»)*feI2«]<i(6x, -,«») 

and this is unity by the argument on p. 309 (which was used to prove 
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the ureducibility of the representation A). Hence the characters of the 
irreducible two-valued representations of the -[- 1 dimensional rotation 
group are given by the formula ; 

(10.20) xM>~s{h + l, ,l, + l)_*(fe_}, 

where, as usual, 

li Ai (i; — 1 ) , I 2 fc — 2, • flk ^ A*. 

There are no other two-valued irreducible representations It fol- 
lows at once from (10 13) and (9.85) that the Kronecker product 
A X r()i, IS reducible with the following components (the result being 
an immediate consequence of the relation 2 cos 9/2 sin (Z, -{- ^)3 
■= sin (If 1)6 am lp6) 

(10 21) Axra, = sr<^i, 

the summation on the right being over the 2* sets (p) which are obtam- 
able from the set (A) by either replacing any Ay by Ay — 1 or by leaving 
it unaltered (it being understood that any set p for which the normal 
non-inercasmg order is not preserved or which contains a negative 
number is dropped). 

The rule for analysing the product of Ttx, by A may be stated in the 
following convenient form the first term in the analysis of A X TiX) 
is obtained by adding J to each Ay, the other terms are obtained by 
subtracting 1 from one or more of the subscripts in this first term. E. g. 

A X Ti = r8/2.(j/s)*-i -|- Fd/j,*; 

A X Fi* = r(3/2j»(i/2)‘‘* -f- Fa/j.,, -j- r(]/2)‘. 

It follows from (10.20), (10.13) and (9 85) that the same rule is 
applicable to the product A X Fa*j) (which product is a one-valued 
representation). The formula (10. 14) for A X ^ is a particular case 
of this rule, A being Foy^j* (cf. (10 19)). 

The dimension of the two-valued representation follows readily 

from (10.20) by evaluation of x<x*j) at the unit element (for which 
6i = 6e^ =9* = 0). The reasoning will be sufficiently evident on 

considermg the case Ic — 3 (n — 7). 

sinpiOi smp,92 sinpiOj 

Here s(pj,Pi,Ps) = (2»)’ smpjSi sinpjPy sinpa^j 

Binpi^i sinpi^: sinpatf, 

1 — p,‘eiV3 1 + 1 — Pi*9=73 1 + 1 — Pi*9.V8 1 -f • • • 

— (2t)»pip2p.MA i—p 2%V31+ i—p,‘6^y3\+ 1— p2*e.V3i -!-••• 

1 — p,%V3 1 + 1 — p.*e2 73 \+ • • 1 — p,>fl.V3 !-!-••• 
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The lowest order terms in the expansion of the three row determinant 
just written are 

1 1 V* 

~3nT ^ (02^6/— 0,^62* + — + 6^62^ — 62^0,*) 

1 P8® P2* 

whereA(p*) = (p,*_p/) — p^‘) (p^2 — p^i) ^ 

A(fl®) = (tfi“ — Os^) (fli° — fla**) (fla* — 62-) Hence the term independent 
of 0 m the power series expansion of s{p) — s(q) near fli = 0, , fl* 

-= 0 18 Pi ptAip^) — q, giA(g-) Prom this result and (10. 30) 
we see that the dimension da+ji of r,x+ji is Kiveii bv the formula 

(10 28) da.i) = fl(li, + l) A{(i,+ l)=}-ri(p-i)A{(p-i)*}. 

J 1 

For w = 3, 1 = 1 we have the result 

d(X**) = (A+l) — J==3(X + J) 

so that as A takes the values 0,1,8, the two-valued representations 
have the even dimensions 2.4, 6, 8, (the one-valued repi eseiitations 
having the odd dimensions 1, 3, .5. ) 

For n = 5, fe = 2 we have 

d(Vl.Xa.i, = % (1. + 1) ih + 1) (h — I 2 ) (h + h + 'i) 

— %('Ai -j- 2) (A- + 1) (Ai — Ai -f- 1) (Ai + Aj -j- 3) 

E. g, d(3/2)==20, d(V2i/3) = 16, <i(i/ 2 )* = 4 Since ri= has the di- 
mension 10 (b}' (9 47)) we have the check bv dimensions 

4 X 10 ■= 80 -t- 16 + 4 

on the formula 

A X ru“) = rn/2)'‘(i/i)‘ ° + r(n/2)(i/2)‘"’ + I'd/j)'' 

If we repeat the argument of pp. 288-91 for n = 2fc -f 1 instead of, as 
there, for n = 2k the only difference is that we must use p, = /p — ( 1 — i^) 
instead of This means tliat the pi occurring in the expression (9. 78) 
for {A}"' must be replaced by p'y = Pj — Pj-i, we denote the resulting 
determinant of the fc-th order by {A}". Thus, from (9. 80), 

s{l + l) — c(fc — 1 , , 1 , 0 ) = ( 81 )*" sin 9i sin ftt{A -|- 1 }’'' 

It follows, fiom (10 30), that xm+li may be put in the form 

X(M) — cos cos V2 {A + l}w. 
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Since /(<) •=• (1 — on (1 — 2co8 6pt-\- <*) we have 


1 ) _. {2*- cos ex/2 cos h/2y 

so that 2* cos e,/2 cos ftt/2 = Vi/( — 1) = Vi det (En + X) Hence 

(10. 23) XM> = 2* cos ex/2 cos 6t/2 {A + !}■'' 

= V}det(^/„ + A:) {A+1}*'^ 

where 


P\, Px,-l, px,tl — Px,-2, PXi+J;-l — p\i-» 


(10 24) {A +!}■''== 


p\,-lc-n PXt-h 


P\t — PX,-2fctl 


Caxe 2 n=2l' 

lleic wc considci first the two valued representations of the full ortho- 
gonal group 

Since x(/|, , k) is dnisible bv c{k — 1. . 1, 0) (pp. 289-90) it 

follows that c(li -j- i, >k-\- i) is divisible hy c{k — 1, , 0) , we 

have meiely to multiplv c(Zx -|- J, , -j- J) by (2i)"' sin 6i/2 sin efc/2 

when we obtain an aggregate of terms of the type s(pi, ,pk) , since 
e(/i: — 1, 1, 0) does not have a factor in common with sin ei/2 

sin e*/2 the result follows The quotient c(lx + i> > + i) 

— c(i- — 1, ,1,0) IS a linear combination with integral coefficients 

of the quantities <7<p*j, the leading term being It follows, on 

using the normalised element of volume (10 16), and by repeating the 
argument on pages 309-10 that the quantities 


(10 25) X.X.J, = c(lx-f-i, ,h+l)—c{h — l, ,1,0) 

are simple characters of the full orthogonal group ; whilst they are com- 
pound characters of the lotation subgioup being the sum of exactly two 
simple characters x^iX+ii and x^^(X+j) of this rotation subgroup These 
simple characters are given by 

X^x+j) = {c(li -t- i, , + i) + »(^i + i- ,^* + 4)} 

(10 26) — 2c(fe — 1, ,1,0) 

x^^x+i) = {c(^i + i> >^x + 4) — *(^ + i, ,^* + i)} 

— 2c(& — 1, ,1,0) 

In fact s{li -[-4, ,h-\- i) is at once seen (on multiplying it by 

2*cos0x/2 cosP*/2) to be divisible by c(k — 1, • ,1,0) and so 

XM'i X^^Xtj) see linear combinations of simple characters. On 



316 SPIN BIIPBBSBNTATIOirS OF THE BOTATIOX GBOUP 

forming the squared modulus and integrating over the rotation group 
the squared terms each yield 2 whilst the product term (which is present 
if h IS even) yields zero. Hence 

1 — ij" lx"tXt»)l*dT— 1. 

At the unit element x^(X+§) and x^^x+d have the same value which 
must, therefore, be positive (since it is one-half the value of xix+d at 
the unit element i. e. one-half the dimension of the irreducible repre- 
sentation r(X+j) of the full orthogonal group) Hence x^x+ji, x^^cx+ji 
are actually simple characters, their sum being xix+d we see that Fix+ii 
IS analysable into the sum of two irreducible representations, r',x+j) and 
F"(X+i) of the same dimension. 

The dimension of the irreducible representation r(X+i) of the full 
orthogonal group, whose characters are furnished by (10. 85), follows on 
evaluating XiXtji at the unit element. By the same reasoning ns that 
used to derive (10. 23) we find 

(10. 27) d<x*i, ~ 2A{ (1, -f i)*} - (p ~ 1)*) 

(the presence of the factor 2 being due to the fact that c, = 2 cos p6, 
p > 0 whilst Co “= 1, not 2) The common dimension of the irreducible 
representations r'cx+D) r''<x»j) of the rotation subgroup is 

(10 28) d'<x.j,-d"(X,i,-id,x.„=-A{(l, + 4)»}_A{(p-l)*}. 

Prom (10 25) we see that A X Fix+ji i® a reducible one-valued repre- 
sentation of the full orthogonal group whose analysis is furnished by the 
rule given on p 313 for the case n = 2fc 1 , similarly A X r,x, is a 
reducible two-valued representation whose analysis is given by the same 
rule. 

By repeating the argument given when « = 2fc -f- 1 we see that there 
are no other continuous two-valued representations of the full orthogonal 
dimensional group than the representations . the set of irre- 
ducible two-valued representations r(Xt}) of the full orthogonal group 
IB complete. Furthermore the set of irreducible two-valued representa- 
tions r'(X+i), r"(X+}) of the rotation subgroup is complete (cf. pp. 
311-13). 

We have seen (p. 245) that 

(1 — 2coBfljf,-|- V)*^ — 1 -l-22{coBg9j -(-cos (g — 2)0j • •}<,*, 
and this implies that 
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(1-<,)(1 — 2coBflji, + V)-‘ 

00 

— l+22{cOB5tfi — COB (g — l)Oj + ' • 

1 

The coefficient of tp* is readily shown, on multiplying it by coe^i/S 
to be cos (q + — cos9//2 and so 

1 — 3 COfl Ojtp “T“ s* 0 

Prom this it follows by the reasoning given on p 289 that 

(10.28) 2»<*-'> A(costf)2*costfi/2 • co8fl»/2ri (1 — <,) R (1— Mi) 

pel p<q 

-u A-Sc(H-i){x)(t) 

But ( 1 — tt)/fp =“ 2 where p"i =■ pi — pi-i so that 

0 

n (1 - ” 1 p"j. p'W^ v»- 

1 (/)=o 

On multiplication by we obtain on the right a sum of 

products of determinants A(l„ ,1k) by determinants (A)'' 

^ P'\ P"^i*i + 


[\r 

or, equivalently, 
(10.30) {A}” — 


P 


+ P 


PXi — PXi-t Px.« — Px,-= 


— p\,-» 


I — PX»-» px» — p\t-atn 

SO tliat (A}’"= {A+ 1}". On division through by At(E) we obtain 

n (1 - <p) fl (1 — Mi) -t-/i • f» - S {A}MA} (I) 

p~\ v<n 

1 


and a comparison of this with (10 29) yields 

c(l + J) — c(fe — 1, ,1,0) — 2»cose,/2 co8flfcA{A)». 

It follows from (10. 26) that the characters of the irreducible two-valued 
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representations Fcx+j) of the full 2ifc dimensional orthogonal group may 
be expressed in the form 

(10 31) X(X^J) “ 2*cosfli/2 cos 4/2 {A}^ = Vdet (7?. + X) {A}'' 

h 

where {A}'' is given by (10. 30) , (since /(<) -=11 (1 — 2 cos 6ft + /*), 
1 

2* cos fli/2 cos = V/(— 1) == Vdet (/^,. + X ) ) 

A repetition of the argument just given, with the single difference 
that we deal with (1 + <,) — rather than (1 — if) — fp, enables us 
to show that 


+ — 1) , 1, 0) = (2t)* am fli/2 sin fli/2 {A}” 


where 


(10 32) {A}''‘ = 


PX, + PXi-l PXi+l + P\,tZ 


p\,»l-l + p\,-k 


PXj-*tl + PX,-A 


px» + pXt-iku 


It follows from (10. 2G) that the characters of the irreducible two-valued 
representations and of the 21* dimensional lotatioii group 

may bo wiitton m the form 


x'.x^i, = 2‘-‘[coa e,/Z cos 9^/2 {A}’' 

(10 33) -t-t*BmGj/2 sm e*/2 {A}'*'*] 

= JLVdet (jE„-1-A){A}'' + i'‘ Vdc>t(A’„— X){A}«] 

= 2'-’ [cos (9,/2 fos e*/2 {A}'’ 

(10. 34) — 1 ‘ sin e,/2 sin 9^/2 {A}''-] 

= i[Vdet (£„-[-X){A)'' — Vdet (A\ — .V) (Ar]. 


5. The topology of the real n-dimensional rotation group. 

Each element X = e® of the real n-dimensional rotation group Rn may 
be lepresented by a point p in a representative Cartesian real space of 
dimensions (p 52) Since X'X = all points p lie at the same 
distance y/n from the origin o of the repiesentative space and so the 
points p which correspond to elements X of Rn may be said to lie on 

a spherical spread, of dimension , m the dimensional repre- 

sentative space. The contmuous curve p(<), where X{t) = e*®, con- 
nects, as t varies from 0 to 1 the unit element En with X; (we shall 
agree that the abbreviation* X is connected with E' stands for the 
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longer statement: the representative point of X is connected with the 
representative point of X). However the points X of B,, do not, as we 
shall see, constitute a simply connected spread . there exist closed curves 
on this spread which cannot be contracted continuously to a point, it 
being understood that the closed curve remains on the rotation spread 
during the contraction. It is the purpose of the present section to show 
that the rotation spread (i. e. the locus of the representative points of 
elements X ol Rn) is doubly connected every closed curve on this spread 
belongs to one or the other of two types — it may either be continuously 
contracted to a point or it belongs to a type of curves no one ot which 
may be continuously contracted to a point but such that any one curve 
of the type may be continuously deformed into any other Before pro- 
ceeding to the proof of this fundamental result we observe that we may, 
without loss of generality, assume that all our closed curves begin and 
end at the unit point (= the representative point of En). In fact if C 
is the closed curve {X(<)} beginning and ending at A'(0) = c® the 
curve r= {Z~^(0)X(<)} may be obtained fiom G by continuous defor- 
mation, we have merely to set r(T) =e~^^X{i) and let t vary con- 
tinuously from 0 to 1, and r = r(l) begins and ends at the unit 
point. 

The essential part of the proof of our theorem that the representative 
spread of Rn is doubly connected is the factorisation (already given by 
Euler in the case n = 3) of X into a product of plane rotalions (a plane 
rotation being an a-dimensional rotation in which all the Viinables but 
two are unaffected). We shall denote by Tp,q{9), p < q, the plane 
rotation x—*y\\ licre r', = t os -f- sin 9 r,,. r', = — sin 0 j -t- cos 6 Xq , 
afr — Xr, T^p, r=^q Denoting by (x,’’) the element in the r-th 
row and s-th column of X the element in the first row and second 
column of XTi<(d) is x,* sin 6 -j- r/ cos 6 and on scttii g 6 = 6i 
= arc tan ( — XjVarA) we see that the element in the first row and 
second column of XTi, 2 (Bq) is zero. On multiplying by Ti.jCfla) we 
arrange, similarly, that the element m the first row and third column of 
Xiri, 2 (tf 2 ) 2 ’i, 8 (<'s) IS zero, the element in the first row and second column 
bemg still zero since it is the same as the element in the first row and 
second column of XT-i._q{B 2 ) Proceeding in this way we see that the 
elements in the first row of XTi,2(02)Ti,2{9q) Ti,n(6n), after the 

first, may be made zero, by proper choice of (O-, , Bn) The element 

m the first row and first column of XTi.qiBa) Ti,n(B„) is then ± 1 
since this matrix is an element of Bn (so that the sum of the squares of 
the elements in the first row is unity) . If it is — 1 we make it 4- 1 by 
replacmg ft, by ft, + w. Since T,,q( — B) — {Tp,q(6) we see that 
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(10.36) z— • 2 ’i.2(<^s); 

where Z is of the form Z — Z^ )’ element of the n — 1 

dimensional rotation group Rn-i- On proceeding with Z»-i as we did 
for Zm (or, equivalently, by induction from n — 1 to n) we see that Z 
may be factored into a product of plane rotations the number of factors 

bemg (« — 1) + (n — 2) + + 1 — ^ . "When n = 3 

there are three factors 

Z “ Ti , 

The factorisation furnished by Euler, in the ease n = 3, was similar 
but slightly different. By the same argument as that given above we 
may write Z in the form 

z = .zri_i(^2)r2 3 (^ 0 ) 

where Z has the same form as Z. When n -= 3 we find 


Z — Ti^i{6)T\ z{<f>2)T2 »{i) 

which is Euler’s factorisation (cf (10. 2) ) . The variant (due to Brauer) 
described by (10 35) is, however, more convenient for our present 
purpose. 

The factorisation (10.35) is by no means unique, It will suffice to 
determine the degree of ambiguity when Z = En. In this case the ele- 
ment in the fiist row and last column of Z7'i,n(<^), being the same as 
the element in the first row and last column of Z — En must be zero , 
and the elements in the first row and remaining columns of ZTi,n{^), 
with the exception of the first, are all zero also since they are the same as 
the corresponding elements of Z. Hence the element in the first row and 
column of ZTi,n{,4>n) is ± 1 (since ZT,,n{iftn) is an element of Bn, so 
that the sum of the squares of the elements in the first row Is unity). 
From the definition of Z it follows that the element in the first row and 
column of ri,«(^) = ± 1 so that ^.^0 or w (mod25r). We next 
con8iderZr,,n(^fi)ri,n-i(<#>ii-i) , the elements in the first rowandw — 1-st 
and n-th columns are zero, being the same as those of Z = En whilst the 
elements in the first row and remaining columns, save the first, are zero, 
being the same as the corresponding elements of ZTi,n{<t>n) Hence the 
element in the first row and column of ZTi,n(<l>n)Ti,n.i(<l>n-i) — ± 1 
implying that the element in the first row and column of 2’i,n-i(^n-i) 
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— d: 1 SO that ^ 0 or ir (mod 8 t). Proceeding in this way we see 
that all the 8, ,n,^Q or r (mod Zir). Since the element in 

the first row and column of the product 2’i.*(^s) — la 

-f - 1 only an even number of the ^2, ,tftn are s v (mod Zir) . The 
factors for which may be omitted in the factorisation since the 

corresponding Ti,it(if>k) -=^n. 

We now consider an arbitrary closed path beginning and ending at En. 
At the begmmng point we adopt the factorisation Z — En’, — 0 , 
k ^Z, ■ ,n and we have to examine what we can say about the 

factorisation when we are back at the unit point , or when we deform the 
closed path continuously in any way. Such a continuous deformation, 
for instance, would be obtained by adding to the original closed path a 
path open or closed beginning at E and traced ttvtce once in one sense 
and once in the opposite sense Let 1^, be the first pair of angles 
counted m the order n, n — 1, ,2 which are congruent to w and con- 

sider the path traced out by the element 

Y “ Ti, 2(1^2) 

of Bn as 6, Of, Oq vary as follows 

(a) all three start with the value jr and Of vanes from v to Sir/S, 0 and 
Oq being held = it , 

(b) Of mamtaimng the value 37r/2, 0 and Oq vary from it to 2jr always 
remaining equal, 

(c) Op varies from 32 r /2 to Zw, 0 and Oq being held = 27 r. 

Now Tif{3it/2)T,,q{0q) =Tq,f{ — fi,)T’,,p( 3 ir/ 8 ) it being sufficient to 
check this when p = 3 , 5 •= 2 ; the check is furnished by 

C OO — 1\ / cosflj sinfi, 0\ / 0 0 — 1\ 

0 1 0 jl — sinflj cOB^a ^] = ( — sinfla co&Oq o| 

1 0 0/\ 0 0 1/ \ cosOq sintf, 0/ 

( 10 0 WO 0 — 1 \ / 0 0 — 1\ 

0 eoeOq — Bm0aj|O 1 ®)“( — Bin Oq cob Oq Oj 

0 Bin tfg ooB0qJ\l 0 ®/ \ cos sin 0 / 

Hence Y remains fixed as the angles 0, Oq trace the path (b) Again 
3 ’«,p(w)ri,a( 6 p) — Ti,f{ir — Of)Ti,q{ir) ; the check being fumi^ed when 
p— 3 , g — 8 by 

21 
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Hence Y traces in (a) the same path as in (c) but in opposite senses 
Hence any closed path starting and ending at En may be continuously 
deformed into one for which all </>* start and end at 0 (mod 2ir) the 
factor Z then necessarily starting and ending at En The path traced 
out by A' may be continuously deformed into one found by letting 
Ti,n(4nt)j Z trace out their paths independently of each 

other one after the other , all but the factor which is varying being held 
constant whilst that one is being varied. If we denote by a the closed 
curve traced out by 7'],2(<#>) as vanes from 0 to 2^ the various factors 
Ti,n{<l>n), , trace out curves which may be continuously de- 

formed into a tiaced once or oftener m either sense Thus Ti sC®) is the 

'l 0 0 
0 


transform of T, 2 (A) by the element 


0 1 
0—10 


of R BO that as ip. 


I En-.j 

vanes from 0 to 2v, traces out a curve which is obtainable from 

a by continuous deformation , in fact, if A, li arc any fixed elements of R, 
the curve traced out by Y = AA B is obtainable by a continuous deforma- 
tion from the curve traced out by X However we do not know that <^3 
varies fiom 0 to wo only know tliat it vanes from 0 to 0 (mod 2ir) 
1. e. from 0 to 2m37r where m3 is an mteger, positive, negative or zero. 
Hence Ti, 3 (<#>,) traces out a curve which may be obtained from a"’ by 
continuous deformation , a'"> denoting a traced out m3 times in the same 
sense as a if m , > 0 and in the opposite sense if m, < 0 The factor Z 


IS of the type ( 3;? ) ““d we therefore know that the. curve traced 

\U A,i-i / 

out by X may be deformed continuously into a power of a if we assume 
this already known for elements Ai'n-i of The theorem being trivial 

for n-=>2 we know, by an induction argument from n — 1 to n, that 
the path traced out by X is continuously deformable into a power of a. 
But Ti_3{7r)Ti,{ip)Ti,a{ir) — <^) SO that the curve traced by 

Ti, 2(</>) in one sense is continuously deformable into the same curve 
traced in the opposite sense Hence if the power of a is even the curve 
traced by A' may he continuously contracted to a point; whilst if it is 
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odd the curve traced out by X may be deformed continuously into the 
curve <x. Hence the n-dimensional rotation matrices occupy a spread 
which IS either doubly or simply connected, the latter alternative oc- 
curring only if a, i. e. the curve traced out by as <l> varies from 

0 to 2v, can be continuously contracted to a point. As a matter of fact 
a can not be continuously contracted to a point but this, being a negative 
statement, is not easy to prove directly. We obtain an indirect proof by 
noticing that if the rotation spread were simply connected any analytic 
function (without branch points) defined over it would be uniform 
(«= single valued). If, then, we can construct an analytic function, 
without branch points, defined over the rotation spread, which is not 
uniform we shall have proved that the rotation spread is not simply 
connected It is clear that such an analytic function is at most doubly 
valued since any closed curve on the rotation spread, traced twice in the 
same sense, may be continuously contracted to a point, for a* is con- 
tinuously contractible to a point 

In order to construct a two-valued analytic function, without branch 
points, on the rotation spread we first observe that every continuous 
representation r= {I>(X)} of B is an analytic function (not necessarily 
uniform) of the elements of X. In fact this is evident when rt = 2; 
for if we write 

Z^( 2?(Z)=m 

\ — sin 9 cos 0/ ' ' 

the continuous matrix F{9) satisfi-cs the equation F{9)F{<t>) =F[0 <f>) 

so that the elements of F(9) are analytic functions of 9 of the type 
2pi(S)e“'* where the pj{9) are polynomials in 9 and the aj are constants 
(see the coiiespondmg argument for the unimodular group on p. 183). 
The icsult follows, for any n, from the formula (10 35) by the principle 
of induction, for (10 35) forces 

H(Z) -P(Z)H{!r,.n(<^»)) D{T,A<I>2)} 

and the arguments ^n, ,<^2 are analytic functions (not necessarily 

imiform, but without singularities) of the elements of X (forcing by 
(10 36) the elements of Z to be analytic functions of the elements of A'). 
Hence the elements of any continuous representation {D(X)} of B are 
analytic functions (not necessarily uniform) of the elements of X (or, 
equivalently, of the elements of 8 where Z = e®). We know that any 
analytic function defined over B is at most doubly valued and on repeat- 
ing the argument of p 263 (with the omission of the word periodic) 
we see that each element of 2>(A) is a linear combination of expressions 
of the type e*<"»*i* +rnM where the coefiicients mi, , m* are either 
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all integers, positive, negative or zero or all half-integers, i. e. half an odd 
integer, positive, negative or zero; the first alternative occurring when 
the representation is uniform (— single valued) and the second when it 
is doubly valued. 

Smcc every continuous representation of R is either irreducible or 
analysable (being bounded and, hence, equivalent to a unitary repre- 
sentation) we may confine our attention to irreducible representations 
r— {i)(Z)). IfZ, and Xi are any two elements of R in the neigh- 
borhood of Eh we consider the basic representation relation 

D(Z,)D{X^) ==D{X,X,); 

holding X, fized we let X, trace out a closed curve and denote by D{X,) 
the matrix obtained m this way by analytic continuation from D(Xi). 
Thus 

D(X,)D(X,)=D(X,X,) 

Similarly holding Xi fixed and lettmg Xi trace out a closed path which 
may be continuously deformed into the path traced out by X, (so that 
X 1 X 2 traces out in the two cases first when X, varies and Xs is held 
fixed and second when Xz vanes and Xi is held fixed curves which are 
continuously deformable into each other) we obtain 

D(X,)D(X2) ^DiX^Xz). 

On letting X, again trace out the same closed path as before, X. being 
fixed, this last equation yields (since the curve traced out by XzXz, 
twice in the same sense, is continuously contractable to a point, 

D{X,)D{Xz)=D{X,Xz) 

On setting Xz — En we find from the first two relations 

D(Xz)D(Eh) ^D(X,)E(,Eh) =D(Xz), 

and on setting both X, and Xz = En m the third relatioi^ 

{fl(^n)}* '^D{Eh) ’^Ei, d being the dimension of r. 

On setting Xi — Sn m our first relation we have D(Eh)D{Xz) •= ^(Zs) 
and this implies Z)(Z»)2?(Zi) —i){Xi) =D{Xi)D{En) so that i5(iln) 
must be a scalar matrix by Schur’s lemma (since it commutes with the 
matrices of an irreducible collection). Hence D{EH) — ±Ed and 
2)(Zi) — ± fl(Zi). It follows, by analytic continuation, that this 
relation holds identically: 



THB COTXRINO OBOVP OF Bn 


325 


j(Z) — ±2?(Z). 

We have seen m the preceding section that there actually exist two-valued 
representations and this proves that the rotation group is not simply 
connected. 

6. The covering group of the real n-dimensional rotation group. 

When we speak, as we have done m previous sections of this chapter, 
of two-valued representations of the rotation group we realise that the 
term is a misnomer. All representations of any group are, by definition, 
one-valued; what is meant by the phrase “two- valued” is that there 
exists a new group, which we term the covering group of the rotation 
group, such that the so-called two-valued representations of the rotation 
group are actual (hence one-valued) representations of this covermg 
group The rotation group is isomorphic to the covermg group, i. e. to 
each element of the covering group there corresponds a definite element 
of the rotation group in such a way that to the product of any two 
elements of the covering group corresponds the product of the two corre- 
sponding elements of the rotation group. But the isomorphism is not 
simple the same element of the rotation group corresponds to more 
than one element (in fact to precisely two elements) of the covering 
group. In a representation, therefore, of the covering group two distinct 
elements of the representation, corresponding to two distinct elements of 
the covering group, may correspond to one and the same element of the 
rotation group, this will certainly happen when the two distinct elements 
of the covering group are such that they correspond to the same element 
of the rotation group. 

The elements of the covering group are defined as follows: Let 
Z = e® be any element of the n-dimensional rotation group and let x 
be the representative point of Z in the Ti*-dimensional representative 
Euclidean space (so that x lies on a n(n — 1)/2 dimensional spherical 
spread 0 in this space). Then Z may be connected with En by the path 
Z(<) = e®*, 0 ^ ^ 1 We regard as elements of our covering group 
the classes of paths connecting the unit point e (which represents En) 
with the various points x We say classes of paths, rather than simply 
paths, because any two paths which can be deformed continuously into 
one another are regarded as identical. The result of the previous section 
may be expressed as follows, to each element X of the rotation group 
correspond precisely two elements of the covering group. We denote a 
path connecting e with x by ex and the class of all paths which are 
contmuously deformable into this path by so that £ is an element of 
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the coTenng group of the rotation group which corresponds to the 
element X of this rotation group. 

' To show that the aggregate of elements ^ actually constitutes a group, 
to which the rotation group is isomorphic, we must first define a law of 
combmation with respect to which the elements £ constitute a group. 
We do this as follows Let ei be any member of the class £ of paths 
connecting Xn and X and let X(<) be the elements of the rotation group 
defined by the points of 0 ^ t < 1 If T is any element whatsoever 
of the rotation group we denote by y ex the path defined by the matrices 
YX(t), 0 ^ ^ 1. Thus y ^ 18 a path beginning at y and ending at 
yxi (the representative point of FXi = rZ(l)). Further if ay, y* 
are any two paths (of which the end point of the first is the beginning 
point of the second) we denote by X the path as found by first 
tracing xy and following this by These notations having been 
explained the law of combination is as follows let ^ be a member of 
the class ^ and ey a member of the class y then is the class { which 
contains the path ey X y ex {z = yx). It is clear that if ex is 
replaced by any other member (ex)' of £ and if ey is replaced by any 
other member (ey)' of y the new path (ez)' belongs to {. For 
(ex)' '—‘ex (the notation — implymg membership m the same class) 
forces y («2)'^ — y ex, in fact the continuous deformation which sends 
x(t) into x'(t) induces a continuous deformation which sends yx(t) 
into yx'(i) Also the law of path multiplication xy y, ^ is evidently 
such that (xy)' — (xy), (yi)' — (yz) forces (xy)' y (yz)' ' — (^) 
X (p) — the necessary continuous deformation being found by first 
deforming (xy) into (xy)' and following this by a deformation of (yz) 
into (yz)' To show that the aggregate of elements £ with the law of 
combination -rfi constitutes a group we must prove (a) the associative law 
(b) tbe cMstence of a left unit and (c) the existence of a left inverse 

(a) {(yl) IS the class containing the path 

M X *(ey X y ex) =— ez X 2 eyyzyest 

whilst (£ri)£ IS the class containing the path 

(ezyz ey) yzy ei = ^y z eyyzy Sx 

Hence (l(y^) = (£ri)£ proving the associative law. 

(b) The path consisting of the single point e acts as a left unit in 
path multiplication e ex= ex. Denoting the class containing this path 
by c we have f£ = £ 

(c) As the left inverse of £ we may take the class containing the 
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path ar* xe where ei js a path belonging to In fact is then the 
class which contains the path ar‘ fe X ar' ear — ar^ (ie -f* ^ 

The product 17^ is a class of paths whose end points are uniquely de- 
termined (being e and yx). To yx corresponds the uniquely determined 
element YX of the rotation group Hence the rotation group is iso- 
morphic to the covering group. To E„ correspond the two classes con- 
taining the curves «“ = ee and (x‘ of the previous section. These two 
elements constitute a subgroup of the covering group which is known as 
the fundamental group of the covered rotation group the fundamental 
group of the n-dtmenstonal rotation group is the symmetric group on 
two letters 



CHAPTER ELEVEN 


THE CEYSTALLOGEAPHIC GEOUPS 

We shall discuss m this chapter those subgroups of the three-dimensional 
real orthogonal group which are of importance in the theory of crystal- 
lography and of molecular structure and shall show how their irreducible 
representations are determmed. 


1. The finite subgroups of the three-dimensional rotation group. 

We have seen (p. 299) that the ummodulai two-dimensional unitary 
group furnishes a (two-valued) representation of the three-dimensional 
rotation group This fact is so fundamental for our present purpose 
that it seems desirable to treat it m some detail so as to obtam the 
explicit expressions for the elements of the unimodular two-dimensional 
matrix Z7 in terms of the parameters of the three-dimensional rotation 
matrix 0. Let 0 describe a rotation through an angle $ about an axis 
whose direction cosines are (I, m, n) , then we have seen (p 237) that 
0 — e® where 8 is the skew-symmetric matrix 



and Z* -)- to’ -)- n.* — 1 , hence (p 237) 


0 — es 




sm 0 

e 


8 



8 ‘. 


We now write A — Z sm 6/2, fi — msm 0/2, v = n sin 6/2, p = cos 6/2 
(so that A* -|- p’ -j- p’ — 1 ) and then 0 appears in the form 

( p’-|-A® — p* — 2(Ap — vp) 2(Av-[-pp) \ 

2(p^. + vp) p^' + p* — r* — A’ 2(p»> — Ap) j. 
2(vA — pp) 2(vp-|-Ap) p’ + v’ — A’ — p’/ 


It 18 convenient to present 0 in a new basis On writing $ = Tx the 
transformation x—*y = Ox a]>pears m the fonn i — > ^ == TOT^^i and 
we take as the transforming matrix T the following 


( 11 . 2 ) 
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80 that i — a; + tyj 7 “ * j 4 “ — ® + *!/• An easy calculation yields 
R — TOT-'^ 

I (»p + p)® — 2 (to-fp)(a— #4) (lA — /*)* \ 

(11. 3) — I — (ti/ + p)(tA + /t) p’ + v“ — A’' — (tv — p)(iA — /*) j 

\ (tA + p)* 2 (tA + p)(tv— p) (tv— p)“ / 


and it IS at once evident that R is the symmetrized Kronecker square of 
the unimodular two-dimensional unitary matrix 


(11 4) 


V 


/ p-f-tv p — tA\ 
V — (p + tA) p — tv/ 


The geometrical interpretation of this algebraic result is found in the 
stereographic projection of the unit sphere a:® + y* + z* = 1 from the 
North Pole (0, 0, 1) on the equatorial plane z = 0. Denoting points on 
this equatorial plane by complex numbers w it is at once clear that 

w ->= (a: ty)/(l — z) =i/(l — z) and that ww ^ ^ • It follows 

from (11 3), since ^ that 


(11.5) 


(p + «'v)w-|- (p — iA) 

— (p + tA)tp -I- p — tv 


80 that each rotation x~->x’ = Ox of the unit sphere a:* + y* + z* == 1 
appears, under stereographic projection of the sphere upon the equa- 
torial plane, as the linear-fractional transformation (11. 5) of this 
equatorial plane. In order, therefore, to determine all possible Unite 
subgroups of the three-dimensional rotation group, it is merely necessary 
to determine all finite subgroups of the linear fractional group w-*w' 
of (11.5). We denote any element of this group 0 by the associated 
matrix 17 of (11 4) (±17 being regarded as identical). Thus the 
carrier space m which U operates is a ray-space rather than a linear 
vector space, the vectors x—(x\x^) and mx = (mx^, ma^) , m any 
complex number, bemg regarded as identical. Each element U of G 
other than the identity Ei possesses two characteristic rays either of 
which determines the other (since the scalar product x* 2 a;i of the two 
characteristic vectors of V is zero). We term these characteristic rays 


the poles of V. If the characteristic matrix of Z7 is AT we have TJX == X\ 

0 \ 

and it IS clear that all elements of G having the 


same poles constitute, together with E^, an Abelian subgroup of Q 
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^amce they can all be presented simultaneously in their canonical form 

A))- 

If ^ 18 a finite subgroup of G those elements of H which possess 
common poles constitute an Abelian subgroup K of II , and it is easy to 
see that K is cyclic In fact let U be that element of X other than 
for which 6, 0 < ^ < 2ir, is least, then for any other element V of ^ 
the angle <f> must be an integral multiple of 6. For otherwise we could 
find an integer ni such that 0 < <^ — m6 d 6 and FZ7"“ would be an 
element of K with angle <l> — m$ < 0, contrary to hypothesis Hence 
E = [Et, U, U^, } and wc shall denote the order of this cyclic group 

by h (the poles of U being said to belong to K and to be of order h). 
Let H be of order n and let K be of index ; in A {n = h]) 


M = El 4- -2^4 “H "h 

where Ei = E, Et= VtE, , E) — VjE are the left-cosets of E in 
H. Let Xi be a pole of U • Uxi ”■ (*1 == m®,, m any complex num- 

ber!); then VnV~^ Fsi = F®, so that F®i is a pole of VUV~^ and 
belongs to the cyclic group F^F"* of order k. The various poles 
* 1 , * 2 = F 2 ®i, VjXi are all distinct; for F,®i= F®®! would 

imply that ®i is a pole of F^'^F, or, equivalently, that V^q'^-Vp is in E 
contrary to the constiuctive definition of left-cosets. We term the set 
of j poles (®i, > each of order k, a set of equivalent poles. Each 

element of H sends any one of a set of equivalent poles into one of the 
same set (hence the name) , m fact if W is an arbitrary element of H, 
Wxp — WFj®! and WFj, being an element of //, lies in one of the cosets, 
Eq, say, of K in H, Hence W®, = F,®! = Xq. Again W®r and W®, are 
different, r^s, as their equality would imply, on operating by TF"’, 
®r — X,. Hence 7/ induces a group of permutations on the ; equivalent 
poles. If we denote the second pole of U by ®i-, Xi> may or may not 
appear in the set of equivalent poles determined by ®i; but if ®i> does 
appear so also wiU ® 2 ', ,Xj' (so that j must be even). In fact 
F®i — ®o forces F®!- = Xf since F®i, F®,- are the two poleh of VUV~'^. 
If, then, ®i- does not appear in the set the ; conjugate groups FjiiTFi,"’ 
have no element in common other than the identity whilst if ®i- appears 
we have merely ;/2 groups conjugate (in B) to E Now each of the 
elements of H, other than the identity element Eq, has two poles so that 
we have 2n — 2 in all (each pole counted as often as it appears). But 
each pole of a set ol j = n/k equivalent poles belongs to the k — 1 ele- 
ments, other than the identity, of a cyclic subgroup E of order k of H 
Hence we obtain, on summing over the various sets of equivalent poles. 
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i: (n/*:,)(ifc,— 1) — 2n — 2 
1 

r denoting the number of such sets. On division by n we obtain the basic 
relation 

( 11 . 6 ) i:i/ifc, = r — 2 + 2 /w. 

i>=i 

Since each 1 , > 2 the left-hand side ^ r /2 so that r < 4 — 4 /n ; also 
each fcp < n so that the left-hand side ^ r/n which implies, on multi- 
plying through by fi, r ^ 2 . Thus there are only two possibilities for r, 
namely, r = 2 and r = 3 

Case 1 r = 2. 

Here l/i;i -f- 1/1:2 = 2/n and since fci < n, fc2<n we must have 
/ci = ki = n Hence n is arbitrary and H = K ao that IT is a cyclic 
group (E, U, , ot order n All elements of H have the same 

two poles each of order v The corresponding subgroup of the three 
dimensional rotation group is the set of n rotations about a common axis 
through the angles 2 pir/n, p — 0, 1, , n — 1. 

Coie 2 r = 3 

Here 1/1*1 -|- 1/1'2 -f- l/l'i = 1 2 /n and so at least one of the three 

numbers (fci, lc2, 1 ,) = 2 Denotmg this one by fci we have 

l/ifcj -f l/fej = 1/2 + 2/n. 

If one of the numbers (1 j, fca) also = 2 we denote it by k2 and we see 
then that n = 21 3 must be even II has a cyclic subgroup K of order 
n/2 and this subgroup deteimines a set of 2 equivalent poles each of 
order jj/2 A" is a normal divisor of H (being of index 2) and so the 
two poles (a:,, Xi-) of the equivalent set both belong to K. The elements 
of H which are not in K are all of period 2 (since ki = k2 = 2) and any 
one of these permutes the two poles {x,, Xi>) of order n /2 The corre- 
sponding subgroup of the three-dimensional rotation group is the group 
consisting of 

(a) the set of n/2 rotations through the angles 4 pir/n,p'= 0,1, ,n — 1 

about a common axis NS; and 

(b) the set of n/2 rotations obtained by following each of the n/2 
rotations of (a) by a rotation through w around an axis perpendicular to 
the axis NS This group is known as the dihedral group of even order n. 

Of particular importance is the case n — 4 (the four group). Here 
H “ (J?2, JJ, Y, YV) where U is of period 2 Since UY is in the group 
and IS distinct from E2, U, Y we must have UY — YU When U is 
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presented in canonical form /{ — 0 — v, by 
period 2 its d — » so that f) — cos 0/2 — 0. 

of 17 IB 


U 



(11.4) and since Z7 is of 
Hence the canonical form 


Since V permutes the poles (1, 0), (0, 1) of U and is of period 2 it must 

be either ^ ^ or , It IS indifferent which choice we make 

the other being UV ■= Vf7. Hence the canonical presentation of the 
dihedral group of order 4 (the four-group) is 


(11.7) 


(JO- J)' 



(after calculating Z77 one must always remember that — U — JJ, by 
convention). 

If neither of the numbers (ki,ki) =2 one at least of them — > 3. 
Denote this one by ki so that 1/k, = 1/6 -|- 2/ft. Hence < 6 so that 
we have three possibilities 


1) 


n=12 

2) 

™ 4 j 

ft — 24 

3) 

fcg “ 

ft— > 60. 


In particular we see that if we have a finite subgroup of the three- 
dimensional group of odd order it must be cyclic, if it is of even order 
(the order not being 12, 24 or 60) and not cyclic it must be dihedral. 

Before proceeding to a discussion of these groups it is convenient to 
call attention to the following definition. If K is any subgroup of a 
finite group H the set of elements V oi H which transform K into itself 

t7iri7-‘ — K 


constitute a subgroup of H which contains K as an invariant subgroup. 
It IS known as the normalizer N ot Z (in E). li Z is^an invariant 
subgroup of n, N = H, whilst if Z coincides with p of its conjugate 
groups YiiZV<f'^, 3 = 1, the order of the normalizer is kp. 

Wefirstconsiderthecasel) forwhichfc, — 3 (fci = 2, ^2 = 3) , n=»12. 
Since fci — 2 there is a set of six equivalent poles and since the other 
two sets of equivalent poles are each of order 3 the set of six equivalent 
poles must be of the type (1, 1', 2, 2', 3, 3'). The normalizer N oi Z 
must, therefore, be of order 4 li Z ^ {E^, U), N — (^ 2 , U, V, YU) 
where Yxi — afi. It is clear that N is not cyclic smce is not a pole 
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of 7 and all elements (other than Et) of a cyclic group have the same 
poles. Hence N is dihedral (>- the four-group) and V is of penod 2 
and commutative with U. We now consider the set of 4 equivalent poles 
(*i» *aj * 4 ) determined by the cyche group K •= {Ei,8,8*) corre- 
sponding to ha — 3. 8 effects a permutation on ( 21 , Zz, Za, 24 ) containing 
the unary cycle (1) , this permutation cannot contain a binary cycle 
since then 8^ would contain three unary cycles which is absurd smce 8* 
has exactly two poles. Thus 8 —* (234) and no one of the numbers 2, 3, 4 
can be the “prime” of any other; e g., if 3 = 2', 8{zz) —Zz' forces 
8{Zi') = Zz and 8-* (22'). Thus the normalizer of Z is Z itself and 
K has four conjugate groups in H the only common element of any two 
of which 18 the identity. Hence H contains 8 elements of period 3, three 
of period 2 (namely U, V, UV) and the identity (the last four con- 
stituting the common normalizer of each of the three cyclic subgroups 
of order 2) Since no one of (z,. 22 , 2 s, 2 «) is a pole of 17, U effects a 
permutation (12) (34), say, and 7 and UV effect permutations of the 
same type Writing 7 -» (13) (24), f77 (14) (23) we see that E is 

(simply isomorphic to) the alternating group on four letters. Since the 
common normalizer N of each of the three cyclic subgroups {Ez, 17), 
{Ez, 7), {Ez, UV) of order 2 does not contain any element of period 3 
the three elements 8U8~^, 8V8~^, St77S'* constitute a cyclic permuta- 
tion of the three elements U, 7, 177 and S* effects the other cyclic 
permutation Hence we may, without lack of generality, write 8U8~^ 

= 7 , 8VS-^ — UV. On setting S = ^ 0 (with *5 -f /8j5 — 1) 

and adopting the canonical presentation (11.7) of the four-group 
(1, U, 7, UV) we find from SU — V8 that ± ta and from 
8V = UVS, a = ± la so that a — ± Hence aa — ^ and a — ± la 
so that — ± l/2t. There are four possibilities according to the various 
sign choices (in agreement with the fact that four of the 8 elements 
of period 3 effect the permutation U—*V, 7— » UV, UV — > U). Adopting 
the sign-pair a = — ta, = ta we find 


( 11 . 8 ) 8 

V2 


/g4r/4 

^e-er/4 




'l±i 

2 

1 — i 


i + t' 

2 

1 — t 


i 2 2 j 


The corresponding values of are (27r/3, 1/V3, 1/V3, 

1/V3)* The corresponding subgroup of the three-dimensional rotation 
group IS realised as follows : consider the 8 comers of a cube and denote 
the four corners of one face by 1, 4', 2, 3', the corners 1, 2 (and 3', 4') 



334 


THE CKTST.AXI,OaSAPEIC OBOtlFB 


being diagonally opposite each other. Let the four other corners be 
denoted by 1', 4, 2', 3 the comers (1. 1') being diametrically opposite 
each other and so on. Then the twelve rotations which send the tetra- 
hedron (1,2, 3, 4) into itself constitute a realization of H. Here U, 
V, UV are rotations through about the lines jorning the mid-points of 
opposite faces of the cube (or, equivalently, the mid-points of opposite 
edges of the tetrahedron) whilst the 8 elements of period 3 are rotations 
through ± 2ir/3 about the diagonals of the cube. This realisation of H 
IS known as the tetrahedral group. The essential result of the discussion 
just given IS the proof of the fact that there is, aside from the cyclic 
and dihedral groups, only one finite subgroup of order 12 of the rotation 
group. 

We now pass to the case kj = 4 (fci = 2, 1;. = 3), n = 24. Corre- 
sponding to kj — 4 we have a cychc subgroup of H of order 4 and an 
associated set of six equivalent poles of order 4 ; since all poles of order 4 
must be found in this set (ki ^4, ikj ^ 4) this set is of the type 
(®i, X 2 , Xt, ®i-, Xr, Xs') and so E has an normalizer in JI a group of 
order 8 which (being non-cyclic) is necessarily dihedral : 

N==^{K,VK)-, K={E2,U,V\W) 

V, in common with all the elements of the coset VK is of period 2 and 
IP = S is also of period 2. Smce K belongs to a set of 3 conjugate 
subgroups (no two of which has an element in common save E^) H 
contains 6 elements of period 4 and three elements (S, S', S") of period 
2 which belong to the same class of H (since when K is transformed 
into one of its conjugates K' the single clement 8 of period 2 in S' must 
be transformed into the single element 8' of period 2 m K'). Since 
fci = 2 we have a cyclic subgroup of order 2 of U and an associated set 
of 12 equivalent poles of the type (1, , 6, V, , 6') Hence in 

addition to the three elements 8, S', 8" of period 2, whose poles are of 
order 4, H contains 6 elements of order 2 (belonging to the same class 
of H) whose poles are of order 2 Corresponding to fcs = 3 we have a 
set of 8 equivalent poles of the type (1, 2, 3, 4, 1', 2', 3', 4'^ so that the 
cyclic subgroup £" (of order 3) belongs to a set of 4 conjugate subgroups 
of E (no two of which have an element in common save E>) Hence 
H contains 8 elements of order 3 and this exhausts the elements of H 
{E 2 , 9 elements of period 2, 8 of period 3, 6 of period 4) If neither 
S' nor 8" appeared amongst the four elements of period 2 in the coset 
VE all the elements of this coset would be of period 2 with poles of 
order 2, and hence the elements in the corresponding coset (VE)' of 
either of the two conjugate subgroups, (E)' say, would also all be of 
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period 8 ■with poles of order 3. Hence the two sets VK and (FJT)' 
would have at least two common elements since there are 8 elements in 
the two sets and there are only six elements of period 3 with poles of 
order 8, denoting one of the two common elements by V the two sets 
VK, VK' have at least one element, other than V, in common. But this 
IS impossible since K and K' have no element, other than E. m common. 
Hence either 8' or S" is in the coset VK. Let us denote by 8' that one 
of these two elements which lies in VK (it will appear immediately that 
both 8' and 8" are in VK) ; S' bemg m the normalizer of K transforms 
8 (the only element of period 3 in mto itself so that S' commutes 
with 8 

88' = S' 8 (so that 88' is of period 3). 


Under the various elements of H the element 88' of period 8 transforms 
into one of the set of three elements 88', 8' 8", S"8 , in fact if 88'-* S' 8" 
then 8'S -* 8"8' so that S'S" = S"S' and so on. Hence 88' must be 
one of the three elements 8, 8', 8" of period 3 (the other 6 elements of 
period 3 belonging to a class of six elements). Hence 88' = 8" — S'S 
Multiplication on the left by 8 gives 8' = 88", and multiplication on 
the right by 8 gives 8"8 = 8' Similarly 8 = S"S' = S'S". Hence 
the four elements {E^, 8, 8', 8") form a group of order 4 which (not 
being cyclic) is the four-group and which i.s an invariant subgroup of H 
Now no one ot the 8 elements of period 3 can belong to the iioiinalizer 
of the group [Ei, 8} of order 8 , for if W, of period 3, commuted with 8, 
of period 3 the product WS would be of period 6 and there arc no ele- 
ments of period 6 in H Applying the same argument to [E,, S'), 
{Es, 8") we see that any one of the 8 elements of period 3 effects a cyclic 
permutation of (8, S', 8") On writing 8, 8', 8" in the normal form 
(11 7) we find that one of the 8 elements of order 3 is of the foini 
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of (11.8). The complete set of 8 elements is got by multiplying the 
four group 
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by IT and V^^. Hence H contains the tetrahedral group as a subgroup 
of order 3 (hence invariant) To obtain the other 13 elements of B. •we 

observe that U (8 = U^) is of the form (o 1 ) smee it has the same 
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poles (1,0), (0,1) as 8. Then 5 — Z7* yields «* — ±: i so that a — e***’/*. 
There is no lack of generabty in taking the + sign since the other sign 
gives Z7’ (the reciprocal of 17). Hence 

0 \ 

VO 

Thus there is only one non-cyclic, non-dihedral subgroup of order 24 of 
the three-dimensional rotation group. In addition to the twelve rota- 
tions of the tetrahedral group it contains six rotations through angles 
± v/2 about the lines joining the mid-points of opposite faces of the 
fundamental cube and in addition six rotations through the angle v 
about the six joins of opposite edges of the cube. The group is known 
as the octahedral group since it sends the regular octahedron whose 
corners are the mid-points of the faces of the fundamental cube into 
itself. The octahedral group is simply isomorphic to the symmetric 
group on four letters. All of its operations permute the four diagonals 
of the basic cube and the isomorphism is given by S — > (12) (34) , 
S'^(23)(14), /S"-> (31)(24), W-»(234), I7-». (1234). 

We shall not discuss m detail the remainmg case hi == 2, fe 2 = 3, 
fca = 5, n = 60 for it is of no importance, as we shall see in the next 
section, for the theory of crystallography. It has a set of 12 equivalent 
poles of order 6, a set of 20 equivalent poles of order 3 and a set of 
30 equivalent poles of order 2. It is simply isomorphic to the alternating 
group on 5 letters and is known as the wosahedral group since its realisa- 
tion as a subgroup of the S-dimensional rotation group is the group of 
sixty rotations sending a regular icosahedron into itself Amongst the 
sixty elements are 24 of period 5 (rotations through ±. 27r/5, ±: 4ir/5 
about the six axes joming opposite corners of the icosahedron) , 20 of 
period 3 (rotations through ± 27r/3 about the 10 axes joining the mid- 
pomts of opposite faces of the icosahedron) ; and 15 of period 2 (rota- 
tions through ir about the 15 axes joining the mid-points of opposite 
edges of the icosahedron). 

2. The crystallographic groups. 

Let («, r, w) be a set of non-coplanar vectors and consider their linear 
combinations with integral (positive, negative or zero) coefficients. If 
all these vectors have a common initial point (not necessarily the origin) 
their end points are said to be the points of a space lattice. We under- 
stand by the term crystallograph%c group a finite subgroup of the full 
real orthogonal group each element of which sends each and every point 
of a space lattice into a point of the same lattice. We shall first con- 



CBTSTALLOOBAPHIC OBOUPB OF TEE FIBBT KIND 337 

aider the cryatallographic groups of the first hmd i. e those which are 
subgroups of the rotation group so that all their elements are proper 
(i e of determinant +1). Each such group, being a finite subgroup 
of the rotation group, must be one of the various types discussed m the 
previous section Not all of these, however, are possible crystallographic 
groups , in fact no pole of an element of a crystallographic group of the 
first kind can be of order > 6. To see this let 0 be the angle of rotation 
of an element O (other than the identity) of a crystallographic group of 
the first kind and let p be a point of the space lattice having the property 
that no point of tlie lattice (other than the origin if the origin happens 
to belong to the lattice) is nearer the origin than p. Denote 0{p), 
0~'^{p) by p' and p". Then the point jf" defined by 

belongs to the space lattice It will be nearer the origin than p, without 
coinciding with the origin, if 0 <.6 < -ir/S or if ir/Z < 6 < t/ 3 Hence 
the order of the poles of 0 cannot surpass 6 and if it is less than 6 it 
cannot surpass 4 The only possible orders are, accordingly, 2, 3, 4 and 6. 
Thus, as has been remarked above, no crystallogiaphic group of the first 
kind can contain as a subgroup the icosahedral group (since this group 
contains elements whose poles are of order 5) Since the trace of a 
(proper) orthogonal matrix whose angle of rotation is is 1 -|- 2 cos $ 
we have only the following five possibilities for the trace ol an element 
0 of a crystallographic group of the first kind 

1. TrO = 'i (0 = Ei) , 2 TrO= — 1 (O an element of period 2, 
■= tt) , 3 TrO = 0 (O an element of period 3. 9 = 2w/3) , i. TrO 
= 1 (0 an element of period 4, 9 = ir/2) , 5. TrO = 2 (O an element 
of period 6, 9 — ir/3) 

We denote our crystallographic group by fl" and regard it as a repre- 
sentation of itself 111 order to apply the theory of group representations. 
The representation of H, furnished by II itself, may or may not be 
reducible If it is reducible the components, as representations of a 
finite group, are unitary (any representation equivalent to a unitary 
representation being, as usual, termed unitary) , but they may not be 
real If they are real they are orthogonal since “ real, unitary ” is the 
same as “ real, orthogonal ” Let us suppose, to start, that H is reducible 
and contains, when reduced, three real components each necessarily of 
dimension 1 since the sum of the dimensions is 3 Since each component 
IB real and of finite period the 1X1 matrices of this component must 
be ± 1 so that each element of this component is either the identity or 
of period 2. There are at most four distinct elements in H (since we 
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must either take all signs + or one -f- and two — m order that each 
element of H be proper). If there are 4 elements in H, H is the four 
group (consisting of the identity and three rotations through ir one about 
each of the coordinate axes) , if there are but two elements in H it is 
the cyclic group of order two consisting of the identity and a rotation 
through IT about one of tlie coordinate axes It is clear that each of these 
groups sends any lattice having the origin as one of its points and its 
vectors (u, v, w) each parallel to one of the coordinate axes into itself. 
We have thus, so far. two crystallographic groups of the first kind. The 
two group IS denoted by Cj (to denote that it is a cyclic group of order 2) 
and the four-group by Da to denote that it is a dihedral group realised 
by adjoining to Ca a rotation through w about an axis perpendicular to 
the axis of Ci. Both groups Ca and Da, being Abelian, have only one- 
dimensional irreducible repieaentations The characters of these have 
been given on pp 99 and 103 

We next consider the case where II furnishes an irreducible representa- 
tion of itself Since the cJiaractcrs x(^) of of their 

squares is the order h of H We denote b> (na, Us? Us) the number of 
elements of II of peiiods (2. 3. 4. 6) respectively Then, since x(®s) = 3, 

9 -j- fla “f- -f- 4aB Jt = 1 -f- fla "I- rta U* -|- Wg 

so that fla == 8 -1- 3ii, implying ^ 9 Also H cannot be cyclic (all 
irreducible representations of a cyclic group being one-dimensional, a 
cyclic group being Abelian) nor can it be dihedral In fact a dihedral 
group D„ of aider 2ii possesees no inedunble representations of dimen- 
sion >2 To see this let « = er**!", n > 2, and construct the 2X3 

matrices A ^ o) Then the group (Es,A, , 

B,BA, ,BA""*) is a two-dimensional lepresentation of D,i The 
characters of this representation are all real and the sum of their squares 

n-1 «-i 

“ 2 + 2 + 3« = 2n (since the sum of the squares of the roots 

0 0 

of iE" — 1 = 0 18 zero and since runs over those ioots-»when c does). 
Hence the representation is irreducible On using c^, ; = 2, ,n — 1 
we obtain (« — 2) 2 X 3 representations of Dn If any one of these 
2-dimen8ional repiesentations were reducible it would be Abelian since 
all its matrices could be presented simultaneously in diagonal form On 

setting A] = it IS clear that BAjB-^ = Af^ so that in order 

that our two-dimensional representation be reducible wo must have ft = ft, 
i. e., f^t — 1 so that n must be even. If n is odd (= 2m 1) we obtain. 
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by giving in turn, the values 1, 2, ,m, m irreducible two-dimen- 

sional representations (no two of which are equivalent since the char- 
acter of Af, namely 2cos2;ir/fi, is different from that of Ak, namely 
2 cos 2hir/n, } = 1, ,«i). In addition to these two-dimensional 

irreducible representations we have two one-dimensionol representations 
namely the identity representation and the alternating representation 
(in which 1 IS attached to each element of the cyclic subgroup On and 
— 1 to each other element). Tlie fact that the sum of the squares of 
these various irreducible representations, namely Am -f- 2, is the order 
2n of the group assures us that there are no other irreducible repre- 
sentations If n IS even, = 2m, we obtain m — 1 irreducible 2-dimensional 
representations by setting ) = 1 , ,m — 1 and one reducible 2X2 
representation by setting j = m. In all we have m — 1 two-dimensional 
irreducible representations and 4 one-dimensional representations no two 
of these m -(- 3 representations being equivalent. The sum of the squares 
of their dimensions being 4m = 2n we know that there are no other 
irreducible representations. 

Eeturning, then, to our irreducible group H of dimension > 9 we 
know that it must be either the tetrahedral group (ft. = 12) or the octa- 
hedral group (ft = 24), since these are the only non-cyclic, non-dihedral 
crystallographic groups of the ffrst kind (the corresponding lattice being 
built from the fundamental cube 1, 2, 3, 4, 1', 2', 3', 4' of p. 334). 
Thus we have two additional crystallographic groups of the first kind T, 
of order 12, and 0, of order 24, each of which furnishes an irreducible 
representation (of dimension 3) of itself. We have given the character 
table of T, which is simply isomorphic to the alternating group on 4 
letters on p. 175 , and of 0, which is simply isomorphic to the symmetric 
group on 4 letters on p. 142. 

Before proceeding to a discussion of the remaining cases, namely, that 
in which the representation of H is reducible containing two components 
and that in which H is reducible containing three components not all of 
which are real it is convenient to establish a theorem connecting the 
order of a finite group with the characters of a given representation of 
the group. For any irreducible representation of a finite group S the 
sum of its characters is divisible by the order h ot H , the quotient being 
unity for the identical representation and zero for all others, since this 
quotient tells how often the identity representation is contained in the 
given representation Since any representation of H is a linear com- 
bination with (positive or zero) integral coefficients of irreducible repre- 
sentations the sum of the characters of any representation r of S’ is 
divisible by ft. The squared characters of F are the characters of r X r 
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BO that the sum of these squared characters is divisible by h , similarly 
the sum of the cubed characters (which are the characters of r X r X I*) 
is divisible by h and so on. Thus the sum over all elements of H of any 
polynomial with integral coefficients (positive, negative or zero) in the 
character x of any representation of H is divisible by h. If there are 
r distinct characters and mj denotes the number of ele- 

r 

ments of H for which x ■“ we have 2 divisible by h where 

1 

/ IS any polynomial in x with integral coefficients. If all characters x* are 
integral we may choose for f(x) the product (x — 

(x — ) and we find that 

(11.9) — D<‘*))(ii<‘> — 1 ><®>) (r*** — !)<’■>) 18 divisible by A. 

We now consider the representation of H which is furnished by H 
itself and denote by x the characters of one of its irreducible components. 
Then the quantities x are the characters of an irreducible representation 
of H (the conjugate representation) and it is clear that H contains these 
two representations equally often For H contams the irreducible repre- 
sentation, whose characters are x> l/h^TrOx(0) times (the summation 
being over the elements 0 of H) and this is the same as 1/A STr(0)x(0) 
simply because Tr{0) is real. It follows that if H is reducible it must 
contain at least one real component of dimension 1 ; for at least one of 
its components is one-dimensional and if this is not real all the com- 
ponents are one-dimensional, a second one-dimensional component being 
the conjugate complex of the first. The third component is, then, cer- 
tainly real since the sum of all three (being TrO) is real. This real 
component (being unitary) has all its elements ±1 If an element 0 
carries the value + 1 for its real one-dimensional component, the char- 
acters of the remaining two-dimensional component A (which may or 
may not be reducible) have the following possible values (see p 337) 
1. TrA=%(0 ’=‘Es) , 2. TrA = — 2(0 an element of period 2, 
9 — ir) ; 3. TrA — — 1 (0 an element of period 3, 9 — 2ir/3) ; 4. TrA 
— 0 (O an element of period 4, 9 — ir/2) ; 6. TrA — 1 (/) an element 
of period 6, 6-=ir/3). There remains a sixth possibility occurring 
when 0 has the value — 1 for its real one-dimensional component ; each 
matrix A of the two-dimensional (unitary) component must have deter- 
minant — 1 so that it IS of the form a — 5 ) ’ ** ^ ’ since 

TrO — TrA — 1 is real a is real. Hence the characteristic numbers of A 
are ± 1 and the sixth possibility is: 6. TrA =0 (0 an element of 
period 2, 9 — w). This sixth case can only occur when the two- 
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dimensional component is irreducible, in fact if it were reducible it 
would contain two conjugate complex one-dimensional representations so 
that the characters of the two representations could not be d: 1. We 
denote by (rii, rii, tia, fit, tti, n«) the number of elements of the various 
types. Smce all elements of 0 are distmct all matrices A are distinct; 
for an equality between two of the matrices A would force the corre- 
sponding one-dimensional real components to be equal and hence the two 
corresponding elements 0 of S' to be equal. Hence ni(A = Ei) =» 1; 
nj(il == — E2) = 0 or 1. 

We first consider the case where the two-dimensional representation 
[A) IS reducible, the one-dimensional components being conjugate com- 
plex (and not real, the case where II contains 3 real one-dimensional 
components having been already discussed). Then »« = 0 and we deal 
with the two cases Wa = 0, nj = 1. 

1) Wa = 0 , this implies ■=■ 0, n, — 0, since the square of an element 

of order 4 or the cube of an element of order 6, would be — Et. 
On setting m, == «i = 1, = 2, o*** = — 1 in (11. 9) we find 

that 3 IS divisible by h. Hence h — S and we have the cyclic group 
Oi (the plane lattice containing the points 1, (w ■= e**^*/*) 
being sent into itself by O3, the space lattice obtained by parallel 
displacement of this lattice in a direction perpendicular to its plane 
IS sent into itself by C3). 

2) rij = 1 Here the reducibility of the representation {^4} gives 
5?iy(x'’)’ = which coupled with == h gives 2nj{ (xO* — 1} 
= h. On setting n, = 1, n* = 1 we obtain h = 6 — n, so that 
A, < 6. From 2n> (xO" “ we obtain ft ^ 4 Since ft ^ 5 we 
have only two possibilities • 

a) ft = 4, a, = 2 This is the cyclic group C*; the plane lattice 
containing the pomts 1, i t being sent mto itself by Ct. 

b) ft = 6, ni -= 0, tis -t" nj == 4. Since to each element A of period 
3 (or 6) corresponds an element — A of period 6 (or 3) we 
must have nj = nj = 2. The group is the cyclic group Ct ; 
the corresponding plane lattice containing the pomts 1, — 

Dealing next with the case where {^1} is irreducible we again treat 
separately the cases 112 = 0, 1. 

a) «2 = 0. The irreducibility of {d} gives 5nj(x0' = ft whidi 
coupled with 5nj =— ft yields Sn/{ (x^)* — 1} = 0, i. e. 714 -j- tie •— 8 
so that ft ^ 4 (smce nj 1). From (11. 9) we see smce mm 2, 
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•— — 1, v'"’ "=0, = 1 that fe IB a divisor of 6 Hence 

fc = 6 so that n* = 0 (4 not being a divisor of 6) ne = 3 so that 
H contains three elements of period 3. H cannot be cyclic (for it 
would have then only two elements of period 3) Hence ns = 0, 
n, = 8 so that H is the dihedral group Da the corresponding lattice 
containing the points (cos2ir/3, ± sm 37r/3, 0), (0,0,1). Da is 
simply isomorphic to the symmetric group on 3 letters and we have 
given its character table on p. 100 

b) W 2 == 1 On setting = 2, »<*> = — 2, = — 1, ii<*>«=0, 

^( 0 ) = 1 vre see from (11.9) that h is a divisor of 34 From 
h = 'Sin,{x*y h^8. Since H is reducible h^24 (the only 
allowable group of this order being the irreducible octahedral 
group). Hence h = S or h = 12 and we have either H* or Da 
(the tetrahedral group h = 12 being ruled out since S is reducible 
and the cyclic groups Ca, Cia being ruled out since no pole of an 
element of H can be of order > 6). Dt has one irreducible repre- 
sentation of dimension 2 and 4 of dimension 1 and nj = 1, na =■ 0, 
«< = 3, n, = 0, Mo = 4, whilst Da has two irreducible representa- 
tions of dimension 2 and four of dimension 1 and = 1, = 2, 

1)4 = 0, «» = 2, fle = 6. 

We have now exhausted all possibilities for crystallographic groups of 
the first kind There are eleven different groups (including the identity) 

B , C,, Di ,T,0, Ca, Ca, Ca , Da, Da, Da. 

The four sets (following the identity E) correspond to the following 
situations 

Ca, Da , II reducible into 3 real components 

T,0, 7i irreducible 

Ca, Ca, Ca, U reducible into 3 components one real and the other two 
conjugate complex 

Da, Da. Da , II reducible into two components. 

From each ot these eleven crystallogiaphic groups of the first kind we 
obtain a new group ot double tlie order by adding the elements — 0, 
where 0 is any element of H. The elements — 0 are all improper and 
the crystallographic group of the first kind is a subgroup of index two 
(hence iiivaiiaiit) of the “extended” group {S, — H] We may denote 
the elements H by {0,Ea) and the improper elements by (0, — Ea) and 
it is clear that the “ extended ” crystallographic group of the first kind 
IB merely the direct product of the original crystallographic group of the 
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first kind by the cyclic two-group 1 = {E,, — Ea) . The lattices asso- 
ciated with these extended crystallographic groups are symmetric about 
the origin (the group containing the element — Ea)- If the crystallo- 
graphic group contains a rotation through v x 3^ = — x, y—*y' 
=— — y, z—>z' — z the extended group will contain the product of this 
hy — Eai 0 the refiection x—*x' = x, y—*y' = y‘, z—*z'-— — z in the 
“ horizontal ” plane z = 0 We denote the extended group by adding 
the label h (= reflection in a plane perpendicular to the axis of rotation) 
to the symbol for the crystallographic group of the first kind . Thus 
C'a,*, Di,i, , Ta, Oh, Ci,h, Co.*, B,_h, Da,h. The two groups C, and Da do 
not contain a rotation through w about the vertical axis but Da contains 
a rotation through ir about a horizontal axis so that the group found by 
extending Da contains a reflection in a vertical plane i e a plane through 
the axis of the cyclic subgroup Ca of Da We denote, accordingly, the 
extended group by Dao, the extended group of Ca we denote simply by 
Ca SO that Ca 18 a cyclic group of order 6 generated by — L, {L^ = Ea). 
Thus we have the following eleven crystallographic groups containing 
the central reflection — Ea 

{Ea,“—Ea), Can, Da, h, T*, 0*, Cs, C 4 *, Ce.*, Da,v, Ea,h, Dah. 

It IS clear that the remaining crystallographic groups cannot contain 
the central refleetion — Ea In tact if a crystallographic group is not 
of the first kind its pi open elements constitute a subgroup of index two 
so that if it contains — Ea it must be of the type { 11 , — 11 ) ]ust dis- 
cussed Let us consider then a possible crystallographic group K which 
IS not of the first kind, (hence, of even order), and which docs not con- 
tain the centra] reflection — Ea Let {fl} be its subgroup of index two 
foimed by its proper elements (so that {//} is a crystallographic group 
of the first kind). Then if 0 is in ff, — 0 is not in K (for if it were 

— 0 0~^ = — Ea would be in K) If, then, A is any improper element 
of K, so that each improper element of K is of the form AO, 0 in H, 

— AO IS a rotation which is not m H The collection [11, — AH) con- 
stitutes accordingly, a crystallographic group of the first kind of the same 
(even) order as K , tins ciystallographic group being such that it has a 
subgroup of index 2 Conversely from any crystallographic group of 
even order and possessing a subgroup of index 2 [H, — AH) we obtain 
a crystallographic group {H, AH) containing improper elements but not 
containing the central reflection — E 3 (since Ea is not contained in the 
coset — AH of H). If our crystallographic group of even order possesses 
several subgroups of index 2 we obtain several crystallographic groups 
from it in this way and we have to examine whether or not these are 
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distinct. From C2 we obtain the group (F3, 8) where 8 is the reflection 
x-*af •^x, y— a— • — * m the horizontal plane « — 0. 
From Ci we obtain the cyclic group of order 4 generated by a:— »ar' 

— y, y— »y' = — x, z— »«' — — z. From Co we obtain (7j,» for (7* 
contains the element a:— — x, y-^y' — — y, z— »«!' — * outside 
its cyclic subgroup and so our new group contains x-*3f ~ x, y—*yt 

— y, z— >z' = — z ] e the reflection in the horizontal plane z — 0 
C>.» IS a cyclic group of order 6 generated by the element x—*x' 

— J(— *+V3y)) y-»y'“i(V3a: + y), z-»z' z. From D» 

we obtain Co,* since D, contains x-*af = x, y->y' = — y, z— »z' = — z 
so that our new group contains x-*x' — x, y -* j/ = y , z-*z' ^z. 

From 0 we obtain, similarly. Tv The four-group D, has three subgroups 
of index 2 , let us denote the four elements of as follows 

(a:,y,z), (— a:, — y,z), (a:, — y, — z), (— x,y, — z) 

where the symbol ( — x, — y, z), for example, denotes the rotation 
X of = — X, y — * y' = — y, z — » z' — z. If we take (a:, y, z), 
( — X, — y, z) as our II our new crystallograiihic gioup is 

<,x,y,z), (— a:, — y,z), (— a-,y,z), {x, — y,z) 

which IS a Cat (the C. around the z axis with the added reflection 
a:— *ar' = — x, y—*y' = y, z— »z'>=z in the yz plane) If we take 
(a:, y, z), (x, — y, — z) as our H we obtain 

{r,y,z), {x — y, — z), {x,y, — z), {x — y,z) 

which IS again a C. » (rotation through tt about the x axis followed by a 
reflexion in the xy plane). Both groups are the same being trans- 
formable one into the other by the permutation matrix x—^af = z, 
y y' = y , z— »z' — X Similarly if we take the third Cs for H we 
obtain the same C.v Thus Dj yields only one crystallographic group 
Cj.v- The remaining crystallographic groups of the first kind possessing 
subgroups of index 2 are Dt and D#. Each of them yields two new 
crystallographic groups Let us first discuss Dt This dihedral group 
of order 8 has 5 irreducible representations one of dimension 2 and four 
of dimension 1 (p. 339) Let L denote the element of order 4 and M 
the element of order 2 which generate thus C, = (E3, L, L’‘, X *) ; 
Dv -= {C*, MC,} , L* = E, = E. Then MLM — X», ML’^M — X», 
ML*M = L and the five classes of Dt are E3, {L, L*) ; i*, ; 

{ML, ML^) In addition to the cyclic subgroup of index 2 we have two 
other subgroups of index 2 , (F„ L*, M, ML^), (F,, i®, ML*, ML). The 
cycbc subgroup yields the crystallographic group Ct,v since — Jf is the 
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reflexion x—*af — — x, y— >y' — y; z-*s^ — z m a vertical plane. 
The other two groups are 

(E„ L\ M, ML^ ; —L, — L‘, — ML’', — ML) 
and (^„ L=, ML*, ML, —L, — L“, — ML^, — M) 

These are simply isomorphic in the order written so that each is a repre- 
sentation of the other. Now M, being a rotation through ir has the trace 
— 1 whilst ML, being the substitution x—*3f = — y; y— — — a; 
z—^if = — 2 has also the trace — 1 so that the characters of the two 
classes {M, ML^), {ML, ML’^) of i> 4 , in the representation of Dt which 
18 furnished by Di itself are the same namely — 1. Hence the two 
groups ]ust written down are equivalent (since, as representations of 
each other they have the same characters). This group yielded by JD* 
(other than the Ci,v) is a I)2,e. In fact the substitutions (E,, L^, M, ML^ , 
~L,—L*, — ML‘, — ML) are (a:,y,s), {—x, — y,z), {x — y, — z), 
{—z,y,z), {y, — x, — z), (—y,x, — z), {—y, — x,z), {y,x,z),\h.e 
first four constitute a and the last is a reflection in the vertical plane 
X — y ~ 0 Da.B 18 a dihedral group of order 8 whose cyclic subgroup is 
generated by the element — L Finally Da, of order twelve, has two 
irreducible two-dimensional representations and four one-dimensional 
representations (p. 339) The six classes are 

Ea, {L,^), {L^,L*), L\ {M,MU‘,ML*), {ML,ML>,ML^), 

with characters 3, 2, 0, — 1, — 1, — 1 respectively In addition to the 
cyclic subgroup of index 2 which leads to the new crystallographic group 
Ca,v we have the two subgroups of mdex 2 ; 

(F„ L\ L*, M, ML\ ML*) 

(F„ L*, ML, ML*, ML*) 

We thus obtain the two groups 

{Ea, L*, L*, M, ML*, ML*, — L, — L*, — L*, — ML, — ML*, — ML*) 
{Ea, L*, L*, ML*, ML, ML*, — L, — L*, — L*, — M, — ML*, — ML*) 

which are simply isomorphic, in the order written Each may be regarded 
as a representation of the other and since they have the same characters 
they are equivalent They furnish a 2>3,», m fact the first six, say, 
{Et, L*, L*, M, ML*, ML*) constitute a Da whilst — L* is the reflection 

a:— — X, y— »y' — y, 2->2' — — z 

in the horizontal plane z — 0. 

Besuming, then, there are in all 32 crystallographic groups Of these 
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11 are of the first kind i e. contain only rotations, 11 contain the central 
reflection — Ea and 10 do not contain this central reflection but contain 
improper elements. 


3. The character tables of the 32 crystallographic groups. 

Although there are 32 distinct crystallographic groups this does not 
mean that there are 32 different cheracter tables Several of the 32 
groups may be simply isomorphic so that they all have the same char- 
acter table. The groups differ in the sense that they are different 
representations of the same abstract group For convenience of reference 
we shall denote in this section the group (Ea, — Ea), which consists of 
the identity and the central reflection, by the symbol I (= inversion) 
and the group which consists of the identity and a plane reflection by 
the symbol 8 

Of the 31 crystallographic groups other than the identity three, namely 
Ga, I and 8 are all representations of the two-group (= group of permu- 
tations on two letters) . This contains two classes and has two irreducible 
representations Fi, Tj each of dimension one. Ti the identity representa- 
tion, has the characters (1, 1) and Fj, the alternating representation, 
has the characters (1, — 1) The characters of Cz, I, 8 are, respectively 
(3,-1) (3,-3), (3,1) so that 

C2 = Fi-f2Fj, /==3F2, S = 2Fi-fF2 


Of the remammg 28 crystallographic groups three, namely. Da, Cj.*, 
Ca.v are the four-group. This group has four irreducible representations 
all of dimension one and we have given its character table on p 103, 
we rederive it here so as to prepare for the more complicated gioups to 
foUow. Denoting Ca by {E, L), L- = E and setting M* = E, ML = LM 
the four-group is (E,L, M,ML). We obtam, by the method of p. 
338, the two-dimensional representation {Ez, — Ea, B, — B) where 

B The diagonal canonical form of B is il-l) , since 

the characteristic numbers of B are ± 1. Hence the tvijp-dimensional 
representation is the sum of the two one-dimensional representations 


F,= (1,-1, 1,-1), F.= (1,-1, -1,1) 


These together with the identity representation Fi = (1, 1, 1, 1) and 
the alternating representation Fj = (1,1, — 1, — 1) constitute the four 
irreducible representations of the four-group. The characters of D2, 
Gzm Ca,v being, respectively, (3, — 1, — 1, — 1), (3, — 1,1, — 3), 
(3, — 1, 1, 1) we have 
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i?2 = r2 + Fa + r4; Ca.* “Fa -|- ZFa; Ca.u — Fi + Fa + F 4 . 

There is but one crystallographic group Ca isomorphic to the cyclic 
group of order 3. This cyclic group has three irreducible representations 
all of dimension one, their characters being 

Fa— (1,1,1); Fa— (1,«I,«D*), Fa = (1, «*,«.) ; 

Since the characters of C3 are (3,0,0) we have 

Ca — Fi Fa Fa* 

Of the remaining 24 groups two, namely. Da, Ca.* are simply isomorphic 
to the symmetric group on three letters: {ErLfL^, M, ML, ML^), 
L’‘ = E,M^ = E, ML = L‘M Each of these two groups has, therefore, 
three irreducible representations one of dimension 2 and two of dimen- 
sion 1. Arranging the classes in the order E, (L,L‘), (M,ML,ML ^) ; 
Fi, the identity representation, has the characters ( 1 , 1 , 1 ) , Fo, the 
alternating representation, has the characters ( 1 , 1 , — 1 ), and F,, the 
two-dimensional representation, has the characters (2, — 1,0). Since 
the characters of Da, Ga,v are, respectively, (3, 0, — 1), (3, 0, 1) we have 

Z), = Fa-FFa, Cb,» = Fx -h F,. 

Of the remaining 22 groups two, namely, C 4 and Ca arc simply iso- 
morphic to the cyclic group of order 4. Each of these has, accordingly, 
four irreducible representations all of dimension 1 , their characters being 

Fx-(1,1,1,1), Fa- (l,i, — 1, — t). 

Fa- ( 1 ,- 1 , 1 ,- 1 ), r4(l, — 1 ,— 1 ,*). 

The characters of Ct and C'a being (3, 1, — 1, 1) and (3, — 1, — 1, — 1) 
respectively, we have 

(74 ■= Fi -f- F, -i- F 4 , Ca — Fa -h Fa -f F 4 . 

Of the remaining 20 groups three, namely Da, Ct,v, Da » are simply 
isomorphic to the dihedral group of order 8. Each of these groups has, 
accordingly, 5 irreducible representations one of dimension 2 and four 
of dimension one. On denoting the dihedral group of order 8 by 
{Ca, MCa) where Ca — {E,L,L^,L''), L* = E, M^ = E and arranging 
the classes in the order E, {L, L^), L^, {M, ML^), (ML, ML^) the char- 
acter table of the group is as follows (F, — the identity representation. 
Fa, the alternating representation. Fa, F 4 — the two one-dimensional 
representations into which one of the two-dimensional representations 
breaks down, and Fa — the two-dimensional representation). 
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Character Table for the dihedral group of order 8. 


Ts 

Ta 

r* 

r. 


(M,ML^) (ML,ML‘) 



The characters of Dt, Ctv and are (3,1, — 1,-1, — 1), (3,1, 
— 1, 1, 1 ) and (3, — 1, — 1,1, — 1), respectively, so that 

fl^-Ta + r., C'^.r-Ti + ra, Z>a,„ - Ta + T. 

Of the remaining 17 groups three, namely Co, Cs, Cs.j are simply 
iBomoiphic to the cyclic group of order 6 Each of these groups has, 
accordingly six irreducible representations all of dimension 1 with the 
characters 

ri= (1,1, 1,1, 1,1), T^^ (1, — a.,- 1, 

r, = (1, «, «», 1, 01, 0,*) , To « (1, — 1, 1, — 1, 1, — 1) 

To = (1, 0)“, 01, 1, O)*, Ol) , r* = (1, O), 0)*, 1, O), 0)®) 

where o> =>= The characters of C*, C», C,,* being (3, 2, 0, — 1, 0, 2), 

(3,0,0, — 3,0,0) and (3, — 2,0, 1,0, — 2) we have 

Cg = r, + Ta -1- Fa, Cj = Fa -f- Fo Fo, Co.* = Fa + F^ + Fo 

Of the remaining 14 groups four, namely, Dt, Co.*, Ha.o and i>8.» are 
simply isomorphic to the dihedral group of order 12. They have ac- 
cordingly (p 339) SIX irreducible representations of which 2 are two- 
dimensional and 4 one-dimensional. On denoting the dihedral group 
of order 12 by (Ce, MCo), where (7a ■= {E, L, L*, L®, L*, L‘), L® » E, 
and writing the six-classes in the order E, (i,i'), {I?,L*), 
L*, (M, ML‘, ML*), (ML,ML‘,ML‘) the character table is as follows 
(F, denoting the identity representation, Fg the alternating representa- 
tion, Fa, F* the two one-dimensional representations contained in the 
reducible 2X2 representation, and F,, F, the 2 two-dimensional irre- 
ducible representations) 
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Character table for the dihedral group of order 12. 


Ti 

r* 

rs 

r« 

r, 

r« 




{M,UL',ML‘) (ML,UL',UV) 



Since the characters of Da, C»v, Da.*, Da » are (3,2,0, — 1, — 1, — 1), 
3, 2, 0, — 1, 1, 1), (3, 0, 0, — 3, — 1, 1) and (3, — 2, 0, 1, 1,-1), 
respectively, we have 

Do — Ta 4- Fa , Ca „ = r, + To , Dj « = Fa + Tj , D»,» = F, + Fa 

Of the remaining 10 groups one, namely T, is simply isomorphic to 
the alternating group on four letters It has four irreducible repre- 
sentations of which one is of dimension 3 the other 3 being one- 
dimcnsional We have given the character table on p. 176 T is itself 
irreducible being the three dimensional irreducible representation. 

Of the remaining 9 groups two, namely, 0 and Tv are simply iso- 
morphic to the symmetric group on 4 letters Each of these two groups 
has, accordingly, 5 irreducible representations of which two are of 
dimension 3, one is oi dimension 2 and 2 are of dimension 1 We have 
given the character table on p 142, 0 is that three-dimensional irre- 
ducible representation whose characters are (3, — 1,0, — 1,1) whilst 
Tv is the other three-dimensional irreducible representation whose 
characters are (3, 1, 0, — 1, — 1). 

The remaining 7 groups are D^.*, Th, Oh, de,*, D,,* Bach is 
the direct product of the corresponding one of the crystallographic 
groups (Dj, T, 0, C 4 , Ca, D,, Da) of the first kind by the two-group 
1= [E„ — Ea) Each has, accordingly, twice as many irreducible 
representations as the corresponding group of the first kind, the char- 
acters of these being obtained by the rule given on p 101 Thus, for 
instance, if A denotes the 6 X 6 character table for De given above then 

the 12 X 12 table for Da.x is 
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4. The symmetrized Kronecker square of an irreducible representa- 
tion of a crystallographic group. 

The character tables for the various crystallographic groups are so 
simple (most of the irreducible representations being of dimension one) 
that it IS a trivial matter to analyse the Kronecker product of any two 
(not necessarily distmct) irreducible representations of one of these 
crystallographic groups. B. g., from the character table of the group De, 
p 349 we read 

r. X r, =. r, + r, + n = r, X r«, x r„ = r, + + r.. 

The Kronecker square of an irreducible representation with real 
characters always contains the identity representation exactly once. In 
fact this IS a general property of any irreducible representation with real 
characters of any finite group, for the irrcducibility of r gives Sxx — ffi 
the order of the group, and the reality of the characters forces Sx* = ff- 
But (l/tf)Sx“ IS precisely the number of times that r X f contains the 
identity representation 

It IS important for some purposes to have the symmetrized Kronecker 
square [r]( 2 ) (see p 78) of an irreducible representation of a crystal- 
lographic group. Denotmg by ii the characters of r those of [r](2) 
are given (p 90) by 

?2(») = 4(si* +* 2 ) 

where Si’ furnishes the characters of the ordinary Kronecker square 
r X r = [r] 2 . The quantities Sz (being the sum of the squares of the 
characteristic numbers of a typical matrix A of r) are the characters 
x(j 1 “) Thus the analysis of [r](2) is readily obtamed. In the case of 
the dihedral group of order 8 (whose chaiacter table is gneii on p. 348) 
we have for Ts 

S2*= (4,0,4,0,0); (2.-2,2,2,2) 

so that g' 2 (s) = (3, — 1, 3, 1, 1) implying 

[r,],2,-r, + r2 + r. 

Similarly for the dihedral group of order 12 whose character table is 
given on p 349. For T, we have = (4, 1, 1, 4, 0, 0), Vo = (2, — 1, 
— 1, 2, 2, 2) BO that ? 2 (*) = (3, 0, 0, 3, 1, 1) implying 

[rs]<2) “ Ti To 

For r« we have Si® = (4, 1, 1, 4, 0, 0), Sz = (2, — 1, — 1, 2, 2, 2) so 
that [ra](2) has the same analysis as [rs](2) . 
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[re](2) = Ti -j- Fe 

For the three-dimensional representation T of the tetrahedral group, 
whose character table has been given on p IT'S, we have Si* = (9, 1, 0, 0), 
Sa= (3, 3, 0,0) so that = (6>2, 0, 0) implying 

[r](s> = Fi + Fj + Fa -)- r 

For the two-dimensional representation F^ of the octahedral group, 
whoso character table has been given on p 142, we have 

(4,0,1,4,0), S2= (2,2, — 1,2,2) 
so that 52 (a) = (3, 1, 0, 3, 1) implying 

[Fs](2) = Fi -|- Fa 

For the three-dimensional representation O we havesi“ = (9, 1, 0, 1, 1 ) , 
Sa == (3, 3, 0, 3, — 1) so that 5a(a) = (6, 2, 0, 2, 0) implying 

[0](2,=F,-fFa+0 

For the three-dimensional representation Tv wo have the same analysis 
r?’»](2) = Fi -|- Fa -|- 0. 
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THE LORENTZ GROUP 

We shall discuss m this chapter the Lorentz group and its representa- 
tions and shall see that, in contrast to the situation for the orthogonal 
group, the proper Lorentz group is not connected but consists of two 
separated connected pieces. 

1. The four-dimensional Lorentz group. 

The matrix of the quadratic form 

j/Fx (a:'')* + (a:*)* + (a:*)* + (a:>)* 

is 

1 0 0 o" 

0 10 0 — El 0 \ 

0 0 10 ““V 0 

0 0 0 ij 

and we say that a real homogeneous linear transformation 

(12.2) x-*y = Lx 

IS a Lorentz transformation if it leaves the quadratic form x'Fr invariant, 
L IS termed a Lorentz matrix Since imder (12 2) x'Fx goes over into 
y'Fy -= x'L'FLx the criterion for a Lorentz matrix is 

(12.3) L'FL = F. 

It IS clear from the very definition that the collection (L) of Lorentz 
matrices constitute a group O', the unit element being E,. From (12 3) 
we read (det L)* = 1 (since det L' =“ det L) and so det L = ±1. Also 
F IS a Lorentz matrix (since F' = F,F^ = Et) of determinant — 1 
so that, if M 18 a Lorentz matrix of determinant — 1, L — FM is a 
Lorentz matrix of determinant 1 and M = FL. The collection {£} 
of Lorentz matrices of determinant -f- 1 constitute a subgroup O of the 
full Lorentz group known as the proper Lorentz group (the Lorentz 
matrix L being termed proper when its determinant = -t- 1) ; G is of 
index 2 in O' and is, accordingly, an mvariant subgroup. 

On writing (12.3) in the form L' ~ FL~^F we see, from the group 
property of Lorentz matrices, that L' is, with L, a Lorentz matrix. On 
equating the elements in the first row and column of both sides of (12. 3) 
we find 

(12.4) 

352 


(12 1) F = 


(ii*)*— wr — wv — (1.^)*- 1 
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80 that ^ 1 or, equivalently, ! | ^ 1. Hence there are two 

types of Lorentz matrices, namely, those for which ^ 1 and those for 
which Zi' £ — 1. If we have two matrices L, K of the first type so also 
IS their product LK ; m fact the element in the first row and column of 
LK — + Z,‘/fci> + Za^ifci* + I A* and 

^ {(*»*)*+(?.*)•+ (i4‘)*}{(fca*)*+ (k^>r + From (18.4) 

we have (Zj*)* + + (^<‘)* < and on writing this relation 

(which IS valid for any Lorentz matrix L) for the Lorentz matrix K' we 
have (fci»)» + (ifci*)> + (fci*)> < (fci‘)» so that | hV + Z.^V + \ 

< Zi^ii* proving that the element m the first row and column of LK > 0 
(a result which implies that it is also ^1). It is clear that — is a 
Lorentz matrix and if L is a Lorentz matrix for which Z,* ^1, — L is 
a Lorentz matrix for which Zi* — 1. Hence the subgroup (?'+ of the 
full Lorentz group 0' which consists of all those Lorentz matrices for 
which Zi‘ ^1 18 of index two (and hence is an invariant subgroup) 
Similarly the subgroup &+ of the proper Lorentz group O which consists 
of all those proper Lorentz matrices for which Z,* > 1 is of index two 
(and hence is an invariant subgroup). The two cosets of 0\ in O', or 
of Ot in 0, are quite disconnected, in fact if L is any member of (?'+ 
and M is any element of 0' which is not in O'* the element in the first 
row and column of L — so that \L — M\ ^8 (the equality 

holding, for example, when L = £«, Jf — F). We shall see in the next 
section that each element of 0 may be connected with Et by a continuous 
curve lying entirely in ff,; and this implies, on taking the negatives of 
the matrices involved, that the coset of 0* in 0 is connected each ele- 
ment being connectible with — E^ by means of a continuous curve lying 
in this coset. Thus 0 splits up mto two disjoint connected pieces; and 
as Ot IB separated from its coset m 0'* (simply because the determinant 
of a matrix is a contmuous function of its elements) it follows that O' 
breaks up into 4 separated pieces 

1) every element connected with ^4 

8) The coset — of 0^ la O, every element connected with — Et 

3) FOt‘, every element connected with F 

4) — F(?+; every element connected with — F 


8. The two-valued two-dimensional unimodular representation of G,. 

Let B. be the 8X3 Hermitian matrix 




\a:* — ta* 



of, 3^, 3^ real 
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and let A be any unimodular 2X2 matrix. On writing K AHA* 
it 18 clear that K is Hennitian and that det £ — det J? so that if 


K 




yO_yl )> 


real 


the transformation II K ~ AHA* mduces a real homogeneous linear 
transformation x-*y => Lx which has the property that 

-(y“)*+(y')'+ (=-detZ) 

= _(a;0)2+ (a;i)2^. (a: 3 )»( detff). 

We write 


fc*- = + x‘, =• x^ — ta;*, h" = x^ ti“, h* — xI’ — a:* 

h=^rx, x — T-% 


fl 

1 

0 

o' 


fl 

0 

0 

r 

0 

0 

1 

— 1 

11 

1 

0 

0 

— 1 

0 

0 

1 

1 

0 

1 

1 

0 


— 1 

0 

oj 


lo 

t 

— % 



so that h —* k = Ty = TLx = TLT~^h. 

But the transformation H—*K = AHA* implies h --*■ k ^ (A y, A)h 
so that 

TLT-^^AyA, L = T-^(AXA)T. 

The 4X4 matrix 4 X -4 is 



U] Qi^ 

0-2 

02*02’ 


ai‘62® 


02*52“ 


*1*02* 

»2*di' 

02“02’ 

<hW 


a2%i' 

02*02“ 


and a simple calculation shows that the element m the first row and 
column of L = T~^(AyA)T is -|- Oi'a,* + 02 ^ 02 * + as’^dj®) 

Since this ^ 0 it must be ^ 1 and we see that all Lorentz matrices which 
furmsh, by means of the equation 

(12.6) L^T-^(AXA)T 

a representation of the 2 X 2 ummodular group {A) belong to the sub- 
group 6'+ of the full real Lorentz group O' Furthermore 

det (4 X 1) - det {A X E,) (E^ X A) 

— det(^, X4) det(E,X^) 
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(since ^ X is transformable, bj means of a permutation matrix into 

~ (detX)*X (deti!)* — 1. 

Hence the matrices L — T~^(A X A)T belong to the subgroup G+ of the 
proper Lorentz group O. It remains to show that they exhaust this sub- 
group Q^., 1 . e. that 0 furnishes a representation of the 2 X ^ imimodular 
group [A), and that, conTersely, the 2X2 unimodular group {^1} 
furnishes a two-valued representation (L—*±A) of the subgroup (?+ 
of the proper Lorentz group O. 

Before domg this we shall show that every Lorentz matrix which is of 
the type L — T-'^(A X A)T may be put in the form L — e^ where 8 
IS a skew-symmetric real matrix, and, conversely, that every matrix of 
the type e^^ is a Lorentz matrix of the type T~'^{AXA)T. This 
theorem together with the theorem that 0^ is exhausted by the matrices 
L — T'* {AX A)T imply that 0^. is connected In fact L = is con- 
nected with Et by the elements L{t) — 0 ^ ^ 1, of G+. We first 

observe that any 2X2 unimodular matrix A may be written in the form 

A — e^. In fact if A can be reduced to diagonal form PAP~'^ = 

we have merely to set PBP~^ “ ^ log a) ' cannot be pre- 

sented in diagonal form its characteristic numbers must be equal (and 
hence both -|- 1 or — 1 ) , if they are both -|- 1 we can find a P so that 

PAP~^ (o l) suflBces to set PBP''^ ”” (o o)' 

square of this is the zero matrix so that PBP-^ ■— 

implying •= A Finally if both characteristic numbers of A — — 1 
we deal with — A obtaining e^ = — A which implies e^ — A where 
P = C -I- tirPj. Since ± A yield the same L we may choose the sign 
which gives Tr B — 0 and we shall suppose this agreed on 
On setting, then, A — e® we observe that this implies 

J.XPz — e®x«>, E^XA — e^^B 

(for (B X Pa) (B X Pa) = (P* X Pa) etc.) Hence 

(4 X i^) — (A X Pa) (Pa X ^) — e(E,XB) 

(since the matrices P X Pa and E^X P commute) so that 
L — T-^{A X A)T — «?-‘[(®xE.)+(EiXE))r 
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An elementary computation yields 


(12.7) T-^BXE^)T 




f 61^ + 62’ 
61* — 62’ 
62^ + 61* 
1(62* — V) 


6,‘ — 62* 62^ + 61* t{62" — 61®)" 

61^ + 62“ 62^ — 61“ ^(62^ + 61*) 

61^—62^ 6 i' + & 2’‘ t(62* — 61O 

— t(62‘ + &i*) i(6i‘ — 62“) 61" + 62* ^ 


T'^iEi X B)T — conjugate complex of T-^(E 2 X B)T. 
Since 61’ + 62* = 0 it follows that 


£ = eS^ 


where S is the skew symmetric real matrix 

' 0 p q r ^ 

_ — p 0 n — m 

— q — n 0 I 

— r m — I 0 

V -y 

p^R P (=real part of) 6,* — 62*, q = R F(6i* + 62^) 
r — 7 P (= imaginary part of) — 62*, 1 = 1 P(6i‘ — 62*) 
m = l P(6 i» + & 2‘), « = PP (62* — 6x“) 

(Observe that the R P and 7 P of a complex number are both real, the 
7 P being the coelBoient of t) Conversely given S we have 

— 62* = p + *'^ 7 + hi* = ? + , 

62' — bi® — fi — vr and b,’ + b2“ = 0 

so that 

n? Rl &i‘=4(P + »0, 6/ i(p + tl) 

' ■ & 2 ' = i{9 + « + t(m — 0}; 6,' = J{g — n+i(«i + r)}. 

Hence every is an element of G+ of the type 
e«^' = L = T-^{A X A)T 

and every element of G+ of the type L = T~'^{A X A) T may be written 
in the form e®^ 

We have now to prove the result that G+ is exhausted by the elements 
L of the type L ~ T-^(A X A)T. This is done by means of a factori- 
sation of an arbitrary element L of G* into a product of “plane” 
Lorentz matrices which is essentially the same as the factorisation (10 2) 
of a proper orthogonal matrix We denote by Lj(6), j = l, 2, 3, the 
“ plane ” element of G« . 
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®'o “= cosh 9 ®o + sinh Oxf ^ ^ 
of I = smh 0 *0 + cosh 6 x] * <• = ®r 


{r=fi=0,r^j). 


If L 18 any element of G* the element m the first row and second column 
of LLi(d) IS smh d -f- Zo^ cosh 6 and since Z,’ > we can determine 
a real ^(= 6 ,) so that this is zero. Proceeding m this way we can 
determine ^ 1 , 82 , 6 ,, all real, so that I<ii(Si)i2(S2)2'a(5s) has all its 
elements m the first row, save the first, zero. Since this product is an 
element of the element in the first row and column must be -f- 1 
so that 

Since Oa can be factored into a product of three plane rotations (which 
are also plane Lorentz matrices) we see that 

(12.9) l = Q °J/.a(-e»)ii(-M^(-ex) 


may be written as the product of six plane Lorentz matrices To a plane 
Lorentz matrix of the type L,( 8 ) corresponds a 2 X 2 unimodular 
matrix A, 


Ai 




whilst to a plane Lorentz matrix of the type £ 2 ( 9 ) corresponds the 
2X2 unimodular matrix 


A2 


' ^ Vsinh 6/2 


smh 9/2\ 
cosh 6 / 2 } 


and to a plane Lorentz matrix of the type L^iO) corresponds the 2X2 
unimodular matrix 

. . / cosh 5/2 — t8inh5/2\ 

“ ' ' smh 6/2 cosh 5/2 / 

(all of which statements are readily verifiable by means of (12. 5) and 

(12. 6).) To each of the three “ plane” factors ^ corresponds 

a 2 X 2 unimodular unvtary matrix T' (cf the derivation of (10 2)) 
and so to L corresponds an A, namely, 

A = XJAt ^^ — 5s) A2( — 52 )j1i ( — 5,) 

(for the matrices L of G* which correspond, by means of (12. 6), to the 
2X2 unimodular matrices {^1} constitute a representation of the 2X2 
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'unimodular group {.d.}). Hence every element of G* is of the type 
(12. 6) or, equivalently, every element of is of the type and 
conversely. 

3. The theory of semi-vectors. 

It follows from (12. 6) that 

TLT-' — XA)(AX 

so that L — MN — NM where 

( 12 . 10 ) M — T-^(AXE2)T; N T-^EiX A)T. 

The collection of matrices {3f} constitute a group which is simply iso- 
morphic to the group (il) of 2 X 2 unimodular matrices; m fact (Jf) 
can be presented by a proper choice of basis m the form 

(12 11) M^E.XA-^"^ y. 

Similarly N can be presented by a proper choice of basis in the form 

»). 

Now the transformation x-*y — Mx implies E-*K — AH and since 
det — > 1 it follows that ilf is a complex Lorentz matrix, i. e. a matrix 
with complex elements for which M'FM F. Similarly N is a complex 
Lorentz matrix. The collections {if} and [N] constitute subgroups of 
the complex Lorentz group (for {A X Fz) (B X -Es) “ (AB X Ei) etc.) 
and each element of (if) is commutative with each element of (N) for 

(A X E^) (S, X B) = (4 X B) ■= (B* X B) (A X B*). 

A vector x in the common carrier space of {if} and {N} has been called 
(by Emstein and Mayer) a semi-vector for the following reason: if 
— Na: and y—»z — ify (where if and N are furnished by (12.10)) 
then x—*z=— MNx — Lx where Xr is a proper real Lorentz matrix for 
which Zi* ^ 1 , and all real Lorentz matrices of this type are obtamable 
m this way. To get the proper Lorentz matrices for which Z,* ^ — 1 
it IS evidently sufficient to follow the transformation M by the trans- 
formation — N. It IS clear that ± M yield the same L and that the 
theory of semi-vectors is merely a description of the two-valued repre- 
sentation of Gt by the 2X2 unimodular group (cf. (12. 11)). It may 
be observed that if we follow x-*y^ Mx by any element of the other 
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group we obtain x-*z — Lx where L is now a complex Lorentz matrix. 
Indeed 

L-T-^(AXB)T 

and this implies 

H-*K-ASB* 

so that det E — det H. 

The matrix M of (12 10) may be written m the form where 
9 iF — X Ei)T IS given by (12.7). It is important to observe 
the special nature of SiP : it is of the type 

tfft tn'' 

« — m 

0 I ’ 

1 0 j 

where l = i(iz* — Ji‘) , m = — »(62* -f- 6i*) , n — 62* — 61*. 

An easy calculation yields SiFSiF-^ — (1* + m* + n‘)E, so that if we 
write 1’ + m* + »* ■“ 

gSif „ cos ^2 + (sin 6 / 9 )SiF «=> cos 9 J?2 + sm / 

where 1 BiF/B, P—= — Bs- Similarly each matrix N can be written 
in the form N = e®*'' where now SiF is again special in the sense that 
S2FS2B —■ — (p* + ?’ + r’)B2 = — <^'^2 so that — cosi^Bi 
4- sm J* — — Bj but 


(12.12) BiB. 


0 tZ 

t2 0 

tf» — n 


(12. 13) 


S,B — 


0 — ip 

— %p 0 

— ig — r 

— XT q 




Since S1P82B — 


'ip-^-mq-i-nr x{nq — mr) t(lr — np) t{mp — Iq) 

— i(ng — oir) Ip — mq — nr {lq-\-mp) (Zr + np) 

— %{lr — np) Iq-f-mp mq — nr — lpmr-)-nq 

^ — t(mp — Iq) Ir-j-np mr-j-nq nr — Ip — mq 


SiF and 81F commute • SiFSsF — BtFSiF (for an interchange of StF 
and SzF is equivalent to an interchange of (2, m, n) and (p, q, r) coupled 
with a change of ^ to — i) ; this fact merely reflects the commutativity 
of M and N, 
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4. The derivation of irreducible representations of the Lorentz group 
from irreducible representations of the attached orthogonal 
group. 

On denoting by B the 4X4 symmetric, unitary matrix 

it IS clear that P =■ so that the relation (12. 3) may be written 

m the form BL'B~^ B'^LB = or, equivalently, O'O — Et where 

(12.15) 0-~B-^LB. 


Hence as L rune over the full (real) Lorentz group O', 0 runs over a 
subgroup of the full (complex) 4X4 orthogonal group. We have seen 
(cf. the derivation of (12 9)) that any element of O' may be factored 
in the form 

where Li, Xj, L, are plane Lorentz matrices and ^i, are real , 0, 
being a, proper or improper, 3X3 real orthogonal matrix If we assign 
to 4)» pure imaginary values — ul>i, 0, =■ i^,, 

real, Li, Xj, Xa are no longer Lorentz matrices but they are unitary 
matrices. Thus, for instance. 


Xi(^i) =-Xi(t^,) — 17i(V'i) 


cos i sin ijii 0 o' 
i Bin cos 0 0 

0 0 10 

0 0 0 1 ^ 


Since B is unitary it follows that the 0 of (12 15) is unitary when the 
parameters (<|>i,<(>a, <(>3) which occur in the specification of X are assigned 
purely imaginary values Since O is orthogonal it must be real (for 
0 *=- 0 ' implies 0 = 0 ). Hence we obtain a real orthogonal group by 
assigning purely imaginary values to the parameters <^1, 1^ </>, of X (the 
remaining three of the six parameters of X being assigned real values). 
Conversely if 0 is any element of the 4X4 real orthogonal group with 
parameters (i/'i, V'2> </>4i ^») “id we assign to the parameters 

(^i, V'2> ^a) purely imaginary values, the remaining three being kept 
real, we obtain, from (12. 15) an element L of the real Lorentz group. 
The correspondence between 0 and X is evidently not one to onb; when 
any one of the three parameters ^1, ^3 is increased by an integral 

multiple of 2ir we obtam the same element 0 but when one o:ptae three 
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parameters (<> 1 , ^ 2 , <>») of L is increased by an integral multiple of ^ 
we do not obtain the same value of Z. 

Let now r= be any representation of the 4X4 real ortho- 
gonal group. Then by assigning to ^ 1 , purely imaginary values 

we obtain a representation f of 0". The basic result we need here is 
that if T ts irreducible so also is P. The reason for this is clear . The 
(assumed) reducibility of f finds its expression in the vanishing of 
certain analytic functions of the six parameters of a typical 

element Z of G'. But if these analytic functions vanish when the six 
parameters are assigned arbitrary real values they must vanish identi- 
cally , 1 . e they must vanish when the six parameters are assigned arbitrary 
complex values. In particular they vanish when 4 > 2 , «/>i) are assigned 
pure imaginary values the remaining three being kept real But this 
would imply the reducibility of T. Hence we obtain from any irreducible 
representation of the 4X4 real orthogonal group an irreducible repre- 
sentation of the full Lorentz group by the mere formal process of assign- 
ing purely imaginary values to the first three parameters ^ 1 , ipi, ^ 9 . The 
same argument shows that the representations of 0' obtained in this way 
from reducible representations of the 4X4 real orthogonal group are 
reducible and completely reducible (simply because any reducible repre- 
sentation of the real orthogonal group is completely reducible) The 
same argument yields the orthogonality relations; the equivalence of 
representations having the same characters and so on 

It is important to realise the somewhat striking nature of these results. 
The parametric region for the Lorentz group extends to infinity . 
— 00 <. <t>i < <x>, j = 1,2,3 and so the concept of group-integration is 
not available (the total "volume” of the group being infinite) We 
express this fact by the statement that the Lorentz group is not compact 
However we are able to obtain the results stated by placing the burden 
on a closely related group, namely, the 4X4 real orthogonal gioup. The 
closeness of the relationship being simply that we obtain one group by 
assigning real values to certain parameters whilst we obtain the related 
group by assigning purely imaginary values to these same parameters. 
This closely related group is compact (in fact unitary) and we are able 
to invoke the results flowing from the powerful method of gioup in- 
tegration The device applied here is termed by Weyl the “unitary 
trick” Whilst realising its importance we must also be aware of its 
limitations. Just because the trigonometric functions are periodic (which 
IS merely another way of saying “ ]nst because the real orthogonal group 
18 compact ”) we obtain only very special representations of the Lorentz 
group from the known representations of the orthogonal group ; namely 
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those which arise from periodic functions of the parameters ^i. 
This point will be made clear by considering the 8X2 proper Loientz 

group. A typical element L is of the type £ + 

and the associated element 0 of the proper 8X2 real orthogonal group 

IS ± ( V The irreducible representations of this latter 

\ — sin ^ cos ^ 

group are all one-dimensional and of the type 

B =- 

where m is an integer, positive, negative or zero. From these we obtain 
the one-dimensional representations 

D{4>) m an integer, 

of the Lorentz group but we fail to secure the representations where m 
18 any complex number other than an integer. Nor have we proven the 
complete reducibility of any reducible representation of the Lorentz 
group. For example 

arbitrary complex number, 

IS a reducible two-dimensional representation of the two-dimensional 
Lorentz group which is not completely reducible. 


( cosh <l> smh ^ 
sinh <!> cosh ^ 
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